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EQUATIONS OF KORTEWEG-DE VRIES TYPE IN CLASSES OF
INCREASING FUNCTIONS

I. N. Bondareva and M. A. Shubin : : UDC 538.574

The solvability of the Cauchy problem is proved for the Korteweg-de Vries
equation and similar equations in the space of C®-functions for which

oM (x) =of|x|*-*), k=0, 1, 2, ..,

where o < 1, and also in the similar space with o replaced by O and a > 1.

INTRODUCTION
Interest in the Korteweg-de Vries equation

ut+uux+uxx:=o . 4 ) (0 1)

rose sharply at that time in the 60's when the inverse problem method was discovered, allow-
ing one to integrate this equation explicitly in the class of decreasing functions. How-
ever, the inverse problem method does no work in classes of increasing functions, and only
isolated examples of solutions are known (for example, the solution u(x, t) = x/t, which

Yu. I. Manin has called apocalyptic). It is clear heuristically (from considerations of

the speed of solitons, for example) that the solution of the Cauchy problem for the Korteweg-
de Vries equation is impossible in classes of functions which grow faster than x| as [x]| -

» (see also the remark in [2] to the effect that the solution does not exist in the class

of functions which can be expanded in powers of x as x + = when the leading term of the series
is proportional to x® with a > 1). The existence of a solution of the Cauchy problem with

initial condition

uli=o=uo(x), o | (0.2)

growing more slowly than |x| (with certain conditions on the derivatives of u,) was proved

by Menikov [1]; however, the properties of the solution constructed in [1] are not discussed.
The basic idea of Menikov is to discard the term ugyy, to solve the Cauchy initial value prob-
lem for the resulting gas dynamics equation (this problem is clearly solvable by the method
of characteristics), and then to seek a decreasing correction. The corresponding uniqueness
of the solution is established in [1] only for this correction: there are no uniqueness
theorems in the class of increasing functions. This gap was filled by the authors in [a],
where such a uniqueness theorem was established. We also note that the existence of a solu-
tion of the Cauchy problem with given asymptotic expansion in the form of a power series

‘in x as [x| » >is proved in [3] (this asymptotic expansion must satisfy the equation in
(2]). In the present article, we remove the assumption that there exists an asymptotic ex-
pansion in the form of a power series, and we consider a wider class of functions which have,
instead of a power series asymptotic expansion, appropriate bounds on their derivatives.

We prove the existence of a solution of the Cauchy problem (0.1)-(0.2) and certain more gen-
eral problems in these classes (the uniqueness of the solution in these classes follows from
results in [4]). The results in this article have been partially announced in [5].

1. FORMULATION OF THE PRINCIPAL THEOREMS

We consider the equation of Korteweg-de Vries type

U+ utte+ QU+ b+ Ugrr =g (1.1)
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with initial conditions

ult=o=g(x). ' (1.2)
We suppose that the function g(x, t)eC®(R x [0, T]) satisfies the following conditions:
6fd;"g(x, )=0(1x!*™™) uniformly in te|0, T], (1.3)

where a < 1. We denote the class of such functions by ¢*([o0, T], §2), Suppose also that
Pes, j.e., that ¢ eC*(R) and
e (x) =0([x|=-*),

(1.4)

and that the coefficients a(x, t) and b(x, t) satisfy the conditions ;
asC>([0, T], 39, beC=([0, T}, §). (1.5)

THEOREM 1. Suppose that (1.3), (1.4), and (1.5) are satisfied. Then the problem (1.1)-

(1.2) has a solution ueC*([0, T], §o

Suppose that ¢(x) satisfies the estimate (1.4), where o([x]|*7k) is replaced by O(‘x[a‘k);
we denote the class of such functions by S©, Suppose that g satisfies the estimate (1.3)
with o(|x|®~M) replaced by 0(|x|%™Mm); we denote the class of such functions g by c*({o,
T], s%), :

In this case, we have the following theorem.

THEOREM 2. Suppose that ¢ < 1, geC>([0, T], s%), 9es®, aec™([0, T], §°), beC®([0, 'T],
S1). Then the problem (1.1)-(1.2) has a solution ueC®([0, T], S2).

2. BOUNDS FOR THE SOLUTIONS OF THE FIRST-ORDER EQUATIONS

We consider the first-order equation

Vt+vvs+av + b= ; (2.1)
with initial conditions '
v|1—o=uo(x), : , . (2.2)
where a and b are as in (1.5), and .
 wedhgece(o, 71, ) p<1. | (2.3

Proposition 1. Suppose that T > 0. Then for any A > 0 there exists e > 0 such that
if, for te[o0, T], : :

la(x, )|<A, |b(x, D<A+ |x]), lg(x, HI<A+ |x]), }

| [9 (£) [<<A(1 + x[), (2.4)
1800 DI<e(+ 107, 16,65, 1<, lutx, D1<e, oj(0)<e, (2.4")
then the problem (2.1)-(2.2) has a solution veC*([0, T], §B).

For the proof of this proposition, we will need the following lemma.

LEMMA 1. (Gronwall) Suppose that
V=V(x, heC'(R"x(a, b)) v x=x(f)—

*
is a solution of the differential equation x = V(x, t) which satisfies the initial condition
x(ty) = x,, where toe(a, b), x,eRn, Suppose that
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Vx, ) <A () 2] +B (1),

where A, BeC((a, b)), A 2 0, and B 2 0. Then the solution x(t) is defined for all te(a,
b), and

¢ t

1O 1<exp (§ A(0) ) [ 1,1 + [ B(o) exp(—-StA(s) ds)dt], tet, b).
ts 1,

e

Proof of Proposition 1. We write the system of equations for the characteristics:

{é=z+bu,0;

1= —alx, Hz+g(x, O o 2.5)
with the initial conditions
x(0) =x,;
{z(O):zo.

We denote the solution by x(t, Xos 2Z9), z(t, x,, z,). We put y(t, x0) = x(t, x,, v,(x,)).
If 3y/3x, # 0, then by the implicit function theorem, X, can be expressed in terms of y lo-
cally, i.e., x, = x,(t, y). We show below that 1/2 < 3y/8x, < 2, from which it follows that
the function x, = x,(t, y) is defined for all yeR and all te[0, T]. Thus the equalities

y = y(t, x,) and Xo = Xo(t, y) are equivalent. We let

we

. 2t x)=2(l, x, vo(x)); | O (2.6)

then the solution v(x, t) of (2.1) is obtained from the solution of the system (2.5) by the
relation
U(x, t)=§(tr X()(t, x))- (2.7)

From (1.5) and (2.4) we get the following estimate for the right-hand sides of the system
(2.5): :

[zl +16(x, )|<|2| +C (x| +1),
laz| +1gI<C(l2] + x| +1).

Thus the system (2.5) satisfies the hypotheses of Lemma 1, from which it follows that the
solution x(t, x4, z,), z(t, x,, z,) exists on the entire interval te[0, T] and that

lx(t %0, 20)|+2(t, %0, 20) [C(1+ |25 +]2]). _ (2.8)
Putting z;, = vo(x,) and taking into account the fact that v,eSB, we get from (2.8) that

l9(t, %) ISC(1+x0]), te[o0, T]. (2.9)

We show that 3y/dx, # 0 on the entire interval te[0, T] and for all x,. Differentiating
the identity y(t, x,) = x(t, x,, vo(x,)) with respect to X,, We get

dy dx . dx
T =04 (%) — .
dx, dx, + 0( G) oz, : ) (2 10)
For the system (2.5) we write the variational equations
d ox 0z ox
—_ = b ;
| dt ax 0xq + 0% Oxy

idx_:az bdx;

dt 0z, 0z | * oz

4 o —(—a.z+ )_gj_x_ a2 ) (2.11)
dt 9x, 2T L ox, ax,
L0 agqg) g
dt 3z, ¥ 3z, 3z
In additioﬁ, the initial conditions
ox , 0z [ _ Ox ’ _ 0z I -0
- Oxy |t=0 0z, |t=0 T8z, =0 9xy Jt=0

are fulfilled.
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Applying Lemma 1, from the estimates (2.4), (2.4"), and (2.8) we get the fact that
[ox/8x, ]|, [0x/8z,|, and [82/32,|. We apply Lemma 1 to the third equation in (2.11). Esti-
mating the right-hand side, we get

0z

d 0z
— — <L+ C ;
dt  ox, SCe+ 0xq
therefore
l 9z <exp(CT)eT <e,,
Xo

where €, > 0 as € + 0. In what follows, we will use e to denote other small constants hav-

ing the same property, that €5 > 0 as € » 0, and the other constants in the estimates remain
fixed.

We apply Lemma 1 to the first equation in (2.11) using the estimate

d ax |
——(<e +¢ .
dt ox, | 1 F 9%, ,

Thus we have that
T

'-a—x|<exp(87’) (j'edt+ x) <l+te,
dx, §

from which it follows that »
d ox

-;;-W S&te(l+e)<e,.

Integrating with respect to t and taking the initial condition (2.11) into account, we get
that

| o ,

o 1< (2.12)
Using the boundedness of [8x/3z,| and (2.4'), we estimate the second term in (2.10):

. ox 1

vo(xo) P <T ’ (2.13)

From (2.12) and (2.13) the required estimate follows:

1/2<M<2, %R, te o, TI.

Xy

By the same token, the inverse function xo(t, y) is defined for all y=R and te[0, T], so
that (2.7) gives a solution v(x, t) which is defined for all xeR and t€[0, T]. 1In what fol-
lows, in order to avoid confusion, we will write y instead of x as the argument of the func-
tion v, so that henceforth v will always denote v(y, t),.

We show that veC®([0, T1, SB). Differentiating (2.7) and (2.6), we get
O 3z dx,

a7 0z 0z
N 0x, 0x, 0z,

where z,(x,) = vo(xg). Calculating the derivative of v of arbitrary order n 2 1, we have

e ¥z iy, Ok"x,, (2.14)
——— ky.. .k cee :
oyn TP oxb gk ko ! '
kit k=, o % %
kj>0.
1<on
amz . Fetpy  ghiy "7z, - (2.15)
= Reky ... k cee .
axT 2 PUTP axkeg gk )
° kot Thy=m, 070 0 4o
kj>0for >0, *
o<p<<m
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' v ' oz d*
To estimate S We must estimate P and V‘? for p 2 0 and k 2 0. In order to estimate
¥z . AR ’
E‘_g' we estimate oozt

1. We prove the first estimates

ak -

——axi =0(]x!"™), (2.16)
0 [(Zg=20(xy)

3k -

o =0(I%]'"™ . (2.17)
0 lze=24(x4)

uniformly in te€[0, T]. For simplicity of notation, we do not write the substitution Zy, =
zo(xo) explicitly, but we assume it implicitly, so that the left-hand sides of (2.16) and

ot K
(2.17) are denoted simply by E:—and %—, respectively. For k = 0, (2.16) is satisfied by
0 0
virtue of Lemma 1 applied to the second equation in (2.5), and (2.17) holds by virtue of

(2.8). We now prove (2.16)-(2.17) by assuming that they are true if we replace k by any
L < k. Differentiating the system (2.5) k times with respect to x,, we get that, for k 2 1,

k
d okx 0kz w6 otix 0 Px
—— =+ Ch,...k cee , (2.18)
dt ok axk VT oaxp axl k : .
° O etk k. * 0 Oxy?
ki>0 .
d oz o, Fa 3 ot L
-, - k... 5 LI % Fe had
a oy kot otk y=k, o oxg 9" %o %
ki>0 npy j3=0
&
wg M . »
+ Y e I (2.19)
7 X
kb -k, 0 oxy
k>0
. N o6 kx| . ' . . .
Isolating the term 5 aEin the sum on the right-hand side of (2.18), we write this equation
(]

in the form .
d Okx dokz b Okx o

— — ———— r

“ ok ok T ad TO (2.20)

where r = o([x[?7k) as |x| » ®, uniformly in te[0, T]. Similarly, (2.19) can be written
in the form

d ok otz _ akx
dt-ﬁ— a ax: +(gx Zax) axg +ry (2'21)

where r, = o(lxls‘k) as |x| +> o, uniformly in t€{0, T]. Applying Lemma 1 to the system
(2.20)-(2.21), we get the estimate

13 k .
|+ L l<ca+ ™ O (2.22)

axg ok
Applying (2.22) and Lemma 1 to (2.21), we get (2.16).
2.” We show that '

Okz = 1—k ~ | 2.23)
azg 250 0( lxol )’ (

o =0(1x "™ (2.24)
azg Zg=24(xy)

uniformly in te[0, T].
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As above, we omit the substitution zo = 2,(Xy) in the proof.

Differentiating (2.5)

k times with respect to Z9, we get
d 0ok k2 " ' c ?y oy 0kﬂx (2.2
d{ azg - azg i E k:...kp 0xP azgl e e azhp * : . )
byt ke, =k, 0
ki>0
d ok ¢ a oy akpx gtz
7 = ke ..k oo —
dt oz TP oxp o Kp  azke
0 ket Thy =k, 0 0z, 0
kj=>0for j>0;%-<k
R
k 1] %y P
—a —';; 2 Ch,...t, Zf g,: 2 (2.26)
X (4
0 btk =k, 0 2,
k>0
For k = 1 by Lemma 1 we get
Ox 0z
— |+ ]| —|<C.
9z , Iazo =

We establish the estimates (2.23) and (2.24) by assuming that they are true if k
The terms with derivatives of order < kin
The terms in the sums on the right-hand side of
o(|x,|Bk

by 1< k,
o([x,[*7k) or by o(|x,|B—Ptp—k) =
we get that
023
3. Finally,
i,

Eiuk
oz

<C(1+ |x,)'*.

e

& 37
0Ox, 0z,

uniformly in te[0, T], for z, = zo(x0), as |x,| » .

simialr to that for (2.23)-(2.24)

=0(lx," )

& .1
Oxy 0z

(2.25) are bounded by o( | x|
(2.26) are bounded by o(|xy [ ~Ptp—k+1
); therefore, using Lemma 1 for (2.25)-(2.26),

is replaced

(2.27)

This estimate can be proved by a method

PP < o, | 1Ky
)

if we apply Lemma 1 to the system
d gty gk, A wp  ohthy 3oty
—_——— T okt e
dt Oxg 02} axf oz, ekl o axl azh oxp 3z
Ry . ‘+kp=k, 0 9
[
ki+1,'>0 ‘
4 M, —  opg hitly T
——T T = — Chyly.. .k [ ee
dt axk ozl M AP PR WA WA kp 32’0 Ox’ 3zl
¢ k.+...+lzp=k, oo 0xg a?o 0 0
Iyt o=,
i+li>0f°r >0
k47
Fanads " Cos , g ghitly 6P+"x
—a —— buly. . .k - .
axk az! YETTPR gxp ki g kp 3,ip
0 9% kit =k, 0 "o 0xg” 0z,
b=,
k,‘+li>0

Using (2.15), (2.16), (2.22), and (2.27),

term with p = 0 can be estimated as o([xols-m), and the terms with p

o x| TRoTPHBky =~k o(|xo [B~m).

Thus

Mz
axg

we can estimate 3Mz/dx, M,

=o(lx!*™), m=o0, 1, ...

In the sum (2.15), the
# 0 as

(2.28)

uniformly in te[0, T] as [x,| + .

the left-hand and right-hand sides o
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In order to estimate 0*xy/0y* we apply the operator 0%/dy* to

f the equality ®
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