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EQUATIONS OF KORTEWEG-DE VRIES TYPE IN CLASSES OF

INCREASING FTINCTIONS

I. N. Bondareva and M. A. Shubin

The solvability of the Cauchy problen
equation and similar equations in the

gtr t ( , r ) :o( l . r la - r ) ,  t :0 ,  l ,  2 ,  . . . ,

where a  s  1 ,  and a lso in  the s imi lar  space wi th  o  rep laced by O and c  > 1 .

INTRODUCTION

fnterest in the Korteweg-de Vries equation

k* uur* ltrxr:O

is proved for the Korteweg-de Vries
space of C--functions for which

uDc 538.574

( o . t )

( 0 . 2 )

rose sharply at that time in the 60ts when the inverse problem method was discoveredr nllr

ing one to integrate this equation explicit ly in the class of decreasing functions. How-

.r"r, the inverse problem method does no work in classes of increasing functions, and onl'

isolated examples of solutions are known (for example, the solution t(x, t) = xlt, which
yu. I .  Manin has cal led apocalypt ic) .  I t  is  c lear heur ist ical ly ( f rom considerat ions of

the speed of solitons, for example) that the solution of the Cauchy problern for.the Korte'

de Vr ies equat ion is impossible in c lasses of  funct ions which grow faster than l* l  as l* l
- (see also the remark in t?l to the effect that the solution does not exist in the class

of functions which can be expanded in powers of x as x + - when the leading term of the s

is proport ional  to xc wi th a
in i t ia l  cond i t ion

illt:o:|fok) '

growing more slowly than l*l (with certain conditions on the derivatives 9f to) was prove

by t ' tenikov t l l ;  however,  the propert ies of  the solut ion constructed in t l l  are not discus

The basic idea of Menikov is to discard the term uxxx, to solve the Cauchy init ial value

lem for the resulting gas dynamics equation (ttris pioUtern :.s clearly solvable by the meth

of characteristics), and then to seek a decreasing correction. The corresponding rrniquen

of the solut ion is establ ished in t l l  only for  th is correct ion:  there are no uniqueness_

theorems in the class of increasing functions. This gap was fi l led by the authors in t4l

where such a uniqueness theorem was established. We also note that the existence of a so

tion of the Cauchy problem with given asymptotic expansion in the forn of a power series

in x as l"l 
-+ > is proved in t3] (ttris asymptotic expansion must satisfy the equation in

tzl). I; th. pr."ent article, we remove the assumption that there exists an as)rmptotic e

pansion in the form of a power series, and we consider a wider class of functions which h

instead of a power series asymptotic expansion, appropriate bounds on their derivatives.

We prove the existence of  a solut ion of  the Cauchy problem (0. t ) - (0.2) and certain more g

.r"i problems in these classes (ttre uniqueness of the solution in these classes follows f

resul is in t41).  The resul ts in th is " i t i . l .  have been part ia l ly  announced in [5] .

1. FORMUI,ATION OF THE PRINCIPAL THEOREMS

We consider the equation of Korteweg-de Vries tyPe

th* uu'*  au* bur* 'uxxr:  E
( 1 . 1 )
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with in i t ia l  condi t ions

u l , : o : q  ( r ) .
( t . z )l {e suppose that the function g(x, t)ec-(R,. [0, T]) satisf ies the fol l0wing condit ions:

alOlSG, t):o( tx!"-.)  rrnifonly in I  e [0, ?f,  
( t . l )

;H: ;.:. ]'.rl: -t!$iirtlio"t'"" 
of such functions bv c-( [0, rl, ss) . suppose also that

*Gr (x )  :o ( l x l " - * ) ,

and that the coeff icients a(x, t)  and b(x, t)  sat isfy the condit ions

THE.REM 1'  suppose t l l t  (1 .3) ,  (L .4) ,  and ( r .s)  are sat is f ied.(1.2)  h&;" lu t ion ueC-( [0,  TJ,  Sa

2 ' Bom[Ds FoR TIIE soltnroNs oF THE FrRsT-'RDER EQUATT'N'
l{e consider the first-order equation

suppose that  g(x)  sat is f ies the est rT: t "  (L ,4) ,_r l , " r :  o( lx l " - l  is  - replaced by 9(1,
we denote the class of such functions by go. s6;;" that g'satisf ies the estimate (t .r
; i : tr ; t f  

xf c-m; replaceJE ( l ; l i :" t1, 
"r" 

d"r,ote' irre crass of such functions e by c-([0,
fn this easer we have the following theorem.
lrIEoRFl' t  2'  suppose that a < 1, g€c-([O, TJ, sa), g€sa, aec-([0, TJ, so), bec-([g, j3 t ) '  Th . "  ahe  p robrem ( r . r ) - ( r .2 )  t " "  .  so ru t ion  uec - ( [0 ,  T ] ,  sa ) .
The proof of Theorems I and 2 uses an idea of Menikov tll which consists in neglecti't 'ht-term uxxx.and solving the. resuriiig ri."ilo.J"r'Lq,r_"rion by the rnethod of characteriswe r.erate this process' in the conctuiing 

lt"p .r"i 'g 
-tt" 

""yritotic sun of the resurtingsolut ions of the f irst-order equationsr 3s is usual in the tt" i .y of pseuaoaii i"rential oerators (see [6J' for example); ;;-;;;i an. matter reduces to tn! solution of the cauchy
i;':i;Trtlnin:.:iil: :f fli:'i;;-u"iJ"eing 

to the ichwarz "p"..-s(n) in x, and ir surric

( t . a )

( t . 5 )
Ttren the problem (1.1)-

( 2 . 1 )

( 2 . 2 1

( 2 . 3 )
e > 0 s u c h t h a t

( 2 . 4 )

( 2 , 4 t  )

with in i t ia l  condi t ions

u t * a a r * a a  l b a " : g

o l  t :o :  uo ( . r ) ,

where a and b are as in ( f .S),  and

uo e SP, ge C- ([0, rl, So), p < l.

if, ,ffi 
suPPose that T > o. Then for any A

la(x ,  t ) l<  A,  Ib(x ,  t )  l<  A( t  +  lxD,  Ig  @,  t )  l<  A( t  +  lx l l ,
l ook ) t<  A ( t  +  ; r1y ,

Ia , (x ,  l ) f<e( l  +  l *D- t ,  lb , (x , t ) f (e ,  lg , (x , t ) f (e ,  too(x) l (e ,
then the prob lem (z ,L) - (2 .2)  has a  soru t ion vec- ( [0 ,  TJ ,  sB l .

For the proof of this proposition, we wirl need the following lemma.
LEMl,fA l. (Gronwall) Suppose that

V :V (x, t l  e Cr (R" x (a, b)) H x: x (t)_
is a solut ion of the dif ferenlt l l ,"o"at ion i  = V(x, t)  which satisf ies the init iar conditx ( to )  =  *0 ,  where  to .@, - i l ,  XoeRr .  Suppose  tha t
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where  A,  BeC((a ,  b ) ) ,  A  )  0 ,
b ) ,  a n d

t

tx(r)t<*p (5
t.

Proof  o f  Propos i t ion  l .

fn  add i t ion , the in i t ia l  condi t ions

f  V(x ,  t )  l< / ( r )  l r l+  B  ( t l ,

and B

A (rl dr

[.le wri

I
t

\ r  :  ,  n r

) [ lr, I + J a (r) exp (-l / 1sy as) ar],

te the system of equations for

i : r * b ( x ,  t ) ;
z -  -a (x ,  t ) z *  g (x ,  t )

t)  :2 (t ,  xo(t,  x)| .

estimate for the right-hand

te(a,

t  e , [ to ,  b) .

the characterist ics:

Q . s )
with the in i t ia l  condi t ions

Ir (0) - .ru.
lz  (0)  -  zo.

[ . I e  d e n o t e  t h e  s o l u t i o n  b y  x ( t r _ x o ,  z s ) ,  z ( t ,  x o ,  z o ) .r f  ,sy/ 'xo *  o,  then by t ie impl ic i t  iunct ion theorem,
c a l l y ,  i . e . ,  x o  =  x o ( t ,  y ) .  W e  s h o w  b e l o w  t h a t  I / 2  <
the  func t ion  xo_ -  xo(a , - t )  i s  de f in "a- io .  a l l  yen  andy  =  y ( t ,  x o )  a n d  x o  =  x o ( L ,  y ) . r " - " l " i v a r e n t .  [ , t e  1 e t

a (x,

From ( t .S)  and (2 .4 )  we ge t  the  fo l low ing( 2 .  s ) ;

W e  p u t  y ( t ,  x o )  =  x ( t ,  x o ,  v o ( x o ) ) .

lo,can be expressed in terms of  y fo-
0y/0xo < 2, from which it follorr" th"t
a l l  t€ [0 ,  TJ .  Thus  the  equa l i t ies

2 (t, xsl : z(t, xs, uo(ro) );
then the solut ion v(x, t)  of (2.t) is obtained from the solut ion of there lat ion

l z l + l b ( x , , )  l < f z l  +  C ( l x l  +  t )
la r l  + , l s l<c(  l z l  +  l . r l  +  l ) .

Thus the systern (z's) satisfies the hlpotheses of Lenrna r, from which it follows that thes o l u t i o n  x ( t '  X 0 ,  z s ) ,  ' ( t ,  X o ,  z ) . x i s t s  o n  t h e  e n t i r e  i n t e r v a l  t e [ g ,  T ]  a n d  t h a t

l x ( t ,  xo ,  z i l l+ lz ( t ,  to ,  zo) l (C( t+ l ro f  + ta l ) .  (  Z .B)
Rrtt ing zo = vo(xo) and taking into account the fact  that  voe$F, we get f rom (2.g) that

l s ( t ,  xo l l<C( l+ lxo l ) ,  /e [0 ,  n .
I {e show that \y/oxo # 0 on the ent i re lnterval  te[o,  TJ and for al r  xo.t h e  i d e n t i t y  y ( t ,  x o )  =  x ( t ,  X o ,  v o ( x o ) )  w i t h  r e s p e c t  t o  x o ,  w e  g e t

- L -  d x  ,  - . ' t . .  d l
dxo': ta + oo (ro) 

fr'
For the system (2,5) we wri te the var iat ionar equat ions

( 2 . 6 )

system (Z.S)  by the

( 2 . 7 )

sides of the system

( 2 . 9 )

Differentiating

( 2 .  l 0 )

d  d x  d z  . .  d x
: - + h  _ _ .

dt dxs dxo 
' -t 

dru 
'

d  d x  0 z  . ,  d x
: _ r f  _ -

dt dzo 0zo 
' "t 

dro
d d z h r A q

* *:(-a?+s') ; f- '* '
** : ( -a?+s')+- '*

( 2 . 1 1 )

are  fu l f i l l ed ,
#L:; *,1,:o : t' +ilu:o : #1,:o : o
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.  App ly ing  Ler rna  1 ,  f rom the  esr imates  (2 ,4 ) ,  (2 ,4 r ) ,  and (Z .S)  we ge t  the  fac t  tha tf  axlaxo |  '  lax/  azol  ,  and laz/azor:-  
- i l - ;pprv 

Lemrna i  to the third equarion in (2.  11) .  Est:mating the r ight-hand side, we get

l*+l="-.1+l'
l+l <.*o Qr)er(E'

rn what followsr rle wil l use .j- to denote other small constants hav-that e5 + 0 as e + 0, and the oCher constants in the estimates remain

to the f i rst  equat ion in (2.LL) using the est lmate

l*#l=" ' l#i

therefore

w h e r e e r + 0 a s E + 0 .
ing the same property,
f i xed .

tte apply Lenuna I

Ttrus we have that

from which it follows that

Integrating with respect to
that

l+ l* .*o(,n ( j  edt +,)  = r  *e,,

l++l(er*e(r +ez)(es'
t  and taking the in i t ia l  condi t ion (Z. t t )  into aceount,  we get

!+L- r  l< , . .
l o x o  |  

-

us ing  the  boundedness  o f  lax /azo l  and (2 ,4 '1 ,  we es t imate  the  second te rm

la ,k t+1q1.
l -  d z o  |  4

From (2 '72)  and (2 .L3)  the  requ i red  es t imate  fo r lows:

(2 . r2 )

i n  ( 2 .  1 0 ) :

( 2 .  1 3 )

order n

( z . t t  )

I t2 <.9s v, xol 
<2, roe R, I  = [0, ?].

d ' o  
- - '  9 - 1 v '

By the same token, the inverse funct ion xo(t ,  y)  is  def ined for ar lyeR and te[0,  T] ,  sotha t  (2 '7 )  g ives  a  so lu t ion  v ( * '  f ) - * t r i " t  i "  a l f inea  fo r  a l l  xeR and t . [0 ,  TJ .  rn  what  flows' in order to avoid confusion, we wil l write y instead of x as the argument of the fut ion vr  so that henceforth v wir l  a lways denote v(y,  t ) .
we show tha t  vec- ( [0 ,  TJ ,  S ts ) .  D i f fe renr ia t ing  (z . l )  and (z .o ) ,  we ge t

where  zo(xo)

du :-L dto-
0g dxo

a7 dz oz'  ; i l :6+fizo&o)'
= vo(xo) .  ca lcura t ing  the  der iva t ive  o f  v  o f arbi t rary

dorto

;rr;'

d ' , ' -  T t  r .  . E  * , r o
ogn 

- 
o,*.!oo:n, 

u'" 'ho@ 
,t,  

' '

t i >0 .
l€P<n

dmz

o"t dhp4w (2 .Ls )
h 1 1 ' . . . a h o : m .

&i >o for  l>0,
o(P(rn
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To

a6
4,  

we

1 .

. Anu dE
estimate 

Tuif,rmust 
estimate 

@ 
^na

estimate 
W{

We prove the f irst est imates

%_
dgk

for p In order to estimate

#1,,:^,u: 
o( l'o I o-o)'

#t:,., '.,:o( Ito lt-o)

( 2 .  1 6 )

( 2 . 1 7 )

un i fo rmly  in  t . [0 ,  T ] .  For  s imp l ic i t y  o f  no ta t ionr  we do  no t  wr i te  the  subs t i tu t ion  zo  =
zo(xo)  exp l i c i t l y ,  bu t  we assume i t  imp l ic i t l y ,  so  tha t  the  le f t -hand s ides  o f  (2 .L6)  and

(z. t l )  are denoted simply I  
aot  '  dhr

by 
; i - . "d f f ,  

respect ively.  For k = 0,  (2. t0)  is  sat isf ied by

vir tue of  Lemma I  appl ied to the second equat ion in (Z.S),  and (2, t1)  holds by v i r tue of
Q.8).  We now prove (2.L6)-(2.L7) by assuming that they are t rue i f  we replate k by any
L

d dkx dhz 1-t Pb trx a'or
d t  4 :@ *  

o , * f rop -k . ' o 'F  w ' '  w ' ( 2 .  t 8  )

d dhz

vq E  . c k ' ' o r # #h s l . . . l k o - k ,
4120 npn i10

a'ot af,z dhz_ _ a _ T
Oxio a'T 0ro

+  S  r ,  . o , g *  a k P x
l r  . c k , . . o o # W  W  

Q . L e )
trS ' -*er-t '

rsolat ing the term ++in the srrrn on the r ight-hand side of (2.18), we write this equatox ox'6

in the form
d ihx dhz ab 'hx

: -  - - ?

(2 .20)d t  a4  a r | ' �  d *  a "3  ' "

uniformly in te[O, TJ.  Sini lar ly,  (Z. tg)  can be wri t ten

d  | h z  0 h 2 . ,  . d h x

A q: 
-a -a4- + lgt-zaJ4 *','

where r, = o(fxl9-t) as l*l -> @r uniformly in te[O, T]. Applying Lenuna 1 to the
(Z .ZO)- (2 .2 I ) ,  we ge t  the  esr imate

l#l . l#l*r(r* I 'or) '*.
Apply ing  (2 .22)  and Lemma 1  to  (Z .Z t ) ,  we ge t  (Z . tO) .

2. '  We show that

#t.:,.t,.r 
: o ( Ito l t-u)'

#1,,:,",,n 
: o( I to l t-o)

w h e r e  r  =  o ( f  x l t - t )  a s  l " l  *  - ,
in the form

( 2 , 2 L )

systen

( 2 . 2 2 )

(2 .23)

( 2 . 2 t  )

un i fo rmly  in  t€ [0 ,  T ] .
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As above, we ornit the
times vith respect te z.o t

subst i tut ion
we get

z o  =  z o ( x e )  i n the  proo f .  D i f fe ren t ia t ing  (Z .S)

d dhx lhz
: - +

dt d4 dtt 
' ^ OPb lk'x

ukr. . .hp 
dr ,  W

(2 .  zs )

Q.zo)

( 2 . 2 7 )

proved by " method

dhpx

@kt* . . .+ho:h,
ri >o

d dhz : -
dt d/3

t ; f  . . . 1& . :1 ,
rrzofor i jo;r..<t

- " f t +

: -  T]
l J  

chr r r . . .kot ,

l .+.. .+tD:[ '
t .+.. .+l^_1,

ftti>og{, i>o

F. d\a dh-rx f ot dkrzu . r " ' h p A r r W  
W W -

ch,..-kp## akpxw

This estimate can be
to the system

TI
IJ

. . . * h o : 1 ,
hi>6

F o r k = l b y L e m n a l w e g e t

l#FI* l=.
we establ ish the estimates (z.zz) and (2.24) uy assuming that !h"y are true i f  \  is replaby L< k'  The terms with derivatives of order < k i ;  (2.25) aie bounaeauy of lyl  ; t .r ]) ,=.g( 

lxo IThe terms in the s'ns on rhe r ight-handside of (2.26) ". .  b;; ; ; ; ;  by o(fxof _n+p_k+l) _o( l*o l ' -k)  or  by o( fxofF--r+n: [ j "= "? ' i . r1a: i ) ,  ; : ; 'J fore,  us inglL*.  l  for  (z .zs)- (z.26)we get that

ffil.l-'#l = r ( r * lro t)'-0.

l * + t z l , f t , * +
twrF#l:o(l 'ol ' -u- ')

3.  F ina l1y ,

uni formly in te[0,
s imialr  to that  for

r ) :  I : :  l o  =  
? o ( x o ) r  B S  l * o l  +  @ .

(2.23)- (2.24)  i f  
-we 

appiy  Lemma I

dhttx

@
d

dt
- ou*tr, 

* 1_l - dp6 6k,itry doo*tr,-w -t'*' 
!'o:o'ck't'" 

ol,fi ffi ''' 
ffi't'*;,;!,!;'

aft*tz

w
d

dt
dPa 6hr*lrt auo*t r, dho*lr,

f f i f f i -A-r iM

us ing  (2 .15) ,  ( z . to ) ,  (2 .22 ) ,  and  (z .z t ) ,  we  can
te rm * i t l  p  =  0  qan  be  es t ima ted  as  o ( f  xo lB* ) ,
o(  f  xo I  

t - *o -P+F-kr  -kp)  
= o(  f  xo f  F-m1.

Thus

r. . APg Akr*.t,r 6ko+Ioy''h't'"'hptp 
d- affi{ ffi

estimate }mzf67om.
and the terms with p

a^z . n--
# : o ( t x o t F - ' ) ,  r n : 0 ,  l ,  . . . .
u n o

+ @. fn order to est imatedkx/ lyh ve

fn  the sum (2.15) ,  the
# o a s

(2 .28)

apply the operator 0+16gt 2o
unifor:n1y in t€[0, Tl  as  l "o  I
the left-hand and right-hand sides of

2328
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