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INCREASING ASYMPTOTIC SOLUTIONS
OF THE KORTEWEG-DE VRIES EQUATION

‘ AND ITS HIGHER ANALOGUES
UDC 538.547

I. N. BONDAREVA AND M. A. SUBIN

We consider the Cauchy problem for the Korteweg-de Vries (KdV) equation
(1) o u,—6uu, +u., =0,

(2 - : Ul=o = up(x). ,
An extensive literature is devoted to the KdV equation and other equations integrable by
the method of the inverse problem of scattering theory and its modifications (see, for
'examplc, [1] and the bibliography there). In this literature decreasing or periodic (in x)
solutions are mainly considered, although there are some results concerning increasing
solutions (see, for example, [2] or [3]). . o '
In this note we show that if in problem (1), (2) (or in the Cauchy problem for one of the
higher KdV equations) the initial function uy(x) has an asymptotic expansion in increas-
. ing powers of x, understood in the same sense as asymptotic expansions of symbols in the -
theory of pseudodifferential operators, then it is possible to find an asymptotic solution of
this problem explicitly (up to functions of the Schwartz class S(R) in x). This solution for
the /th KdV equation is defined for all ¢ if and only if u,(x) = o(|x["/¢~ 1) as | x|~ o
(equation (1) corresponds to the case / = 2). If o is replaced by O the solution already
becomes defined only on a finite interval in ¢, while if uo(x) contains in its asymptotics (as
x = +00 or —c0) a term |x['*9/U=D with ¢ > 0, then there exists no solution belonging
to the class considered on any interval (or even half-open interval) of the r-axis containing
0. : '

1. We recall the formulas defining the /th KdV equation in the formalism of Gel'fand
and Dikil [4]. This equation has the form
(3) . u, = (a/ax)Rl(”)’
.where R(u) are polynomials in u, u’, u”,... (here ' = u,, u” = u_, etc.) defined by the
recurrence formulas '
I ‘ ' ' ' / :
Ryy=-23 RRY_,+ 3 RyR;_,+4u 3 RR = 3 RyR; 44
k=0 k=0 k=0 k=1

and the initial conditions

Ry=1/2, R,=u.
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