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INCREASING ASYMPTOTIC SOLUTIONS
oF THE KORTEWEG-DE VRrES EQUATTON

AND ITS HIGHER ANALOGUES
uDc 538.s47

. I. N. BONDAREVA AND M. A. SUBIN

We consider the Cauchy problem for the Korteweg-de Vries (KdV) equation

ttr- 6uu* * u.rr, = 0,

ul t=o = uo(x).

An extensive literature is devoted to the KdV equation and other equations integrable by
the method of the inverse problem of scattering theory and its modifications (see, for'example, 

[l] and the bibliotraphy there). In this literature decreasing or period; (t; ;;
' solutions are mainly considered, although there are some results concerning increasing

solutions (see, for example,[2lor [3]).
In this note we show that if in problem (l), (2) (or in the Cauchy problem for one of the

higher KdV equations) the initial function ,o(x) has an asymptotic expansion in increas-
' ing powers of x, understood in the same sense as asymptotic expansions of symbols in the

theory of pseudodifferential operators, then it is possible to find an asymptotic solution of
this problem explicitly (up to functions of the Schwartz class .S(R) in x). This solution for
the /th KdV equation is defined for all r if and only if uo1)-- oqxlt/(t-t)) as lxl.- m
(equation (l) conesponds to the cale / - 2). If o is replaced by O the solution already
becomes defined only on a finite interval in t, while if uo(x) contains in its asymptotics (as
x - *@ or -co) a term lxft+cr/<t-t), withe ) 0, then thereexists no solution belonging
to the class considered on any interval (or even half-open interval) of the r-axis containing
0.

l. We recall the formulas defining the /th KdV equation in the formalism of Gel,fand
and Dikii [a]. This equation has the form

( r )
(2)

(3, ) u,  = (370x)R,(u),

where R{u) are polynomials in u, tr', u",... (here ,' = u*,, ul, = uxx, etc,)defined by the
recurrence formulas

t t t l
Rr*r = -/  )  n*n1,_* + -) RrRi_** 4u X R*R,_* _ i  **Rr_^.*,

/< :0  *=O / r=0 &= t

and the initial conditions

Ro= l /2 ,  Rr  = r / .
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In particular, it follows that R, :3u2 - u,,, and (3r) has the form (l). Moreover,
functions R, satisfy the simpler recurrence relation

Ri*r = -R'," * 4uRi t 2u'R1.
we now introduce the class 4* of formal power series of the form

@

u- 2 crx"i,
j =o

the

(4)

(s)

w h e r e  , t 1 C ,  a r € R ,  d o )  d r l a z
series of the form (5) give the asymptotics of genuine functions a(x) as .r -+ * rc. The
asymptotics as x r - co are glven by analogous series with x replaced by -x. We denote
the colresPonding class of series by F;. It is convenient to describe both asymptotics as
r + +rc byapairof series, i .e.,  an elementof thespace Fo- 4. o {.

Further, for any interval 1 c R (open or closed) let C-(/, .ql ; denote the set of series
of the form (5) where c, - cie) € c-(1). The meaning of c;1/, { ) and c-(1,4) is
similar. In all these classes of formal series there are natural operations of differentiation
(with respect to I and x) and multiplication. Substitution of series of this form into (3r) is
therefore meaningful. To simplify notation we henceforth consider only asymptotics as
x "' * o, and we shall also assume that c > 0. The following result is proved with the
help of (a) by induction on /.

Lruun l. Il u e F! or u € C*(1,4* ), then R,(e € fi: or R,(u)€ C-(I, fi,l
respectioely- The leading coefficient ro.t (of the power xt"1 in thc expansion of R,(u) can
hereby be expressed in terms of the leading coefficient cs (of x") in the expansion of u by rhe
formula

ro, t :  AFto,  At  = ( / l ) - ,  .  2 , -  r (z l  _  t ) t t .

By virtue of thislemma the leadingcoefficient on the right side of (3r) for u e C-(1, 11r Ihas the form A,lactoxt"-1. Therefore, if n satisfies (3r) on a nontrivial interval r and
co(t)=0 on /, then we must have /a I <c, i.e., a<(/- l)-1. In particular, if a
solution of the Cauchy problem for (31) with initial condition u0 e ry e*isis in any one of
the classes C*(1,4t ) (t.te 0 € /) and if, us 4 { tor any c.'< c (i.e., the coefficients of
xo in the expansion of zo is nonzero),then a < (/ - l)-t. Thus, a solution z e { with
leading coefficient co(r) = 0 (which can always be assumed with no loss of generality) can
exist only for d <(r- l)-r. In the case a - (r- l)-r we obtain for co(lj the equation
to: B,c[, where B=A/a. It has a solution defined on the ray (-@,rr) or (lo,*6q)
depending on the sign of the initial condition co(O). In the case c < (/ - ii-r *. out"in
for cs the equation ie = 0, whence co(l) : cs(0) -- const.

2' We shall now @nsider the description of the remaining coefficients in the expansion
of the formal solution.

LEruue 2- I-et ,l = {ai}f be the collection of all the exponents in the expansion of
ue C*(1, 4+), where d <(/- l)-t. Then thte set of exponents in the expansion of
(d/lx)R1@) Qhe right side of (3,)) is contained in the set F o7 att numbers of the form

k

a -  )  o , ,  - z ( t - k )  -  l ,  k :  1 , 2 , . . . , 1 ,
p = l

(6)

,_ 
where ir,.. - 7i1, ar€ any nonnegatioe integers (not necessarily distinct).
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The proof follows easily by induction on f with the help of @.
To ascribe a meaning to equation (3,) with initial conditions (2) where uo e {+ it is

now necessary to extend the collection Ao: {or.}f consisting of the exponents in the
expansion of uo to a minimal collection I which does not change on adjoining all numbers
dof theform(6)constructedonthebasisof anynumbers ei, ,  . ,c,^of thecol lect ion24,
i.e., to a collection A such that ,l c ,q.It is clear that the correrponding minimal set I
exists and is unique; however, it is not immediately evident that it is discrete and upper
semibounded.

'Lruur 
3. I-et Ag = {1;}i be a discrete collection of numbersc, € R such that d = supj di

<(/- l)-t, and let A be the minimal set formed on the basis o7 ft *nfrn contains Aoand
satisfies the condition F C A. Then A is discrey and 

lupr., 
B < (/ - l)-'.

For the proof we observe that we can adjoin to Aothe number - 2, and in place of (6)
we can write

Setting Bi: oi - (, - l)-r and 
-F 

- a - (/ - l)-r, we obtain F:2,0,4", whence it is
evident that the set B - (d - (/- l)-t: aeA| is contained in the set 6-: {)iu !e\i,:
no 

1?: !e> 0), i.e., E is the semigroup generated by the set {B/}f. Since F7 -=b uod th.
set {Br}f; is discrete, B is also discrete and f c(-€,01; all the assertionjof Lemma 3
follow from this. We note that B < 8,,, p'= l;...,1, and equality is possible only if / - I
of the numbers B:n ur"-.qua1 to 0. Thi's implies that d = o,o, p = 1,...,1, and the equality

:, 
= 

:,a_t: 
possible only under the condition that / - I of the numbers di are equal to

(t - l)-r. From this it follows that equation (3,) for u € C-( I, F: ) of thd form (5) and
for a collection ("rlf =z{ goes over into an equation with coefficients c7, j = 1,2,.,..,
having the following form:

i f  c < ( l -  t ) - ' ,

i f a = ( / - l ) = , ,

where the P, and Qi arepolynomials and the Erare constanis. Applying induction onjr, we
see that if a < (/ - l)-r, then the cr(r) are polynomials in l, while if a - (t - l)-t, then
c, e C*(.I), where / is that intervai.on which co(t) is defined. In summary we obtain the
following result. 

i i

TrrsonEu l'. a) If q < (/ ' l)- t, then problem (3), (2) with initial condition ilo € Fj has
a unique solution n € C-(R, F: ), and in expansion (5) for this solution c6 = const and the
cr(t) are polynomials in t for any j = 1,2,. . ..

b) If u:(l - l)-t, then problem (3r), (2) with initial condition uoe Fj has a unique
s o l u t i o n . u e  c * ( I , F : ) ,  w h e r e  / = ( - o e , / o ) ,  / o  ) 0 ,  o r  I : ( t s , * - ) ,  / o < 0 .  I f  h e r e
uo 4 Fj with q' < (l - l)- t, then no solution ln c-(R , Ff ) exists for any p.

c) If o> (/- l)-t and uo€4*\4f-,,- ' , rhen p'roblem (3r), e) has no solution
u e C*Q, Fp* ) for any B and any interoal I containing 0.

The assertions of the theorem remain true with the classes ̂ f replaced by ,l; and d.

I

c - -  )  o r r -  l .
p = l

u, -  I  
P,( 'o,  cr,"  ' ,c i -r) ,

'  
IE i t ,o  

t c , *  
e r (ca rc1 r . . . , cy_ r ) ,
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3. We say that

lx l; oo, where
a function u(x, r) € C-(R X I) has asymptotics fr e C-(1,4) as

u ( x ,  t )  - cf (t)x",,
[ *

l >
\ . / : 0

i  o  ( rX- r ) " ' ) ,
j=o I

i f

luturl,, 
*x, t) - /v l l

a" t ( r ) ( r x ) " ' l l =  40 , .  . * , r l x f n+ t -m ,  t  eJ , x2  l ,
j = o  J l

where.,/ is any bounded interval of R such that -I C I; k, m, and N are any nonnegative
integers. In this case we write u - fr. If ao € C-(R) and no e Fo, the meaning of the
expressior u0 - zo is similar. A standard argument of the theory of pseudodifferential
operators (see, for example, [5J, 53) shows that for any formal series ilo E { there exists a
function uo e C*(R) with asymptotics zo. It is proved similarly that for any fr e C*(1, Fo)
there exists a function u € C-(R X /) such that u - u. This remark makes it possible to
pass from formal solutions to asymptotic solutions. Namely, we call a function u(x, r) €
c-(R x I ) an asymptotic solurion of the cauchy problem (3), (2) if

u, - (070.x)R,(a) € c-(/ ,  s(R)), uL:o - zo(x) € .s(R),
where C-(1, S(R)) is the space of smooth functions on l with values in S(R) understood
in the obvious sense. From Theorem l we obtain the following result.

THEoReu 2. If the initial datum uo has asymptotics fro € 1, where cr < (/ - l)- t, then
the Cauchy problem (3), (2) has an asymptotic solution u(x, t) € C-(R X /), where I is the
same sort of intensal as in Theorem | (in particular, for (t - l)-t ir li possible to take
1 = R). The asymptotic expression il of the solution u(x, r) is a forma! solution of (3,) with
initial condition frL=o = io. If uo € f"\ F11-1y-t, then problem (3), (2) has no solution with
asymptotics in any class C*(1, Fp).

For the KdV equation (i.e., in the case t : 2) the first author has proved that if
d < (/ - l)-r, then in the situation of Theorem 2 there also exists a genuine solution of
problem (l), (2) differing from the asymptotic solution by a function in C-(R, S(R).
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