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The authors prove the uniqueness of the solution of the Cauchy problem
for the Korteweg - de Vries equation on [0 TIXR. 1n theclass of functions
u(t, x) that satisfv the following conditions as | x| + « uniformly

with respect to t=[0,T]:

u&ﬂ=oﬂﬂk-§%=0m. n=1,2,3, ...

Menikoff [1] proved the existence of a solution for the Cauchy problem fcr
the Korteweg~ de Vries (KdV) equation under an initial condition from some class
of increasing functions. In this paper, we will establish that the §olution is
unique in a somewhat broader class of functions.- In [1], uniqueness of the solu-
tion was proved only in the class of functions that have a cértain asymptotic
benavior as |x| + =. In classes such as Menikoff classes [1], i1t 1s also pos-
sible to prove that a solution exists (this was done in [2] for somewhat narrow-

er classes). Thus, in these classes a solution exists and is unique.

The basic idea of this paper is to utilize a variant of Holmgren's prin-
ciple, applied to a linear equation in which the coefficlents are expressed 1n
terms of unknown functions. The existence of a solution of the conjugate equa-
tion (in the class of decreasing functions) 1s proved on the basis of the same
ideas as in [2], which offered a solution for the equation that specifies the

discrepancy between the asymptotic solutions of [3] and the actual solutions.

1. Consider the Cauchy problem for the K4V equatlon:

UeH Uy + Urer =0, U]tmo=Ug(X). A (1)
© 1985 by Allerton Press, Inc. ‘
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Wwe will ccnsider only smooth solutions u=u(t, x).=C=([0, T|XR). We set uM=gry/gxn,

» under the following conditions:

g™ (x) =0 (|x|'"") tor |x|—=o00, n=0,1,2, .., 12)
iT was shewn that there exists a smcoth soiution cf crcolem (1], defined T2r 212
¢ and x. The solution obtained in [1] satisfies the conditions
1 um (¢t x) =o({x|'"™) for |x|=>4 00 uniformiy with respect to ,té[—T, T, (3)

where n =0, 1, 2, ... and T > 0.

The following theorem implies, in particular, that the solution of problem

(1) 1s unique in class (3). Thus, the class of initial conditions that satisfy

(2) is invariant relative to the flux specified by the K4V eqﬁation.
Theorem 1 The solution of problem (1) is unique in the class of functions
usC=([0, T] XRY), such that as |[x| + =, unifofmly with respect to te[0, 7]
, u(t, x)=o(|x[); um(¢, x)=0(1), n=], 2, 3, .. - . (4)
Of course, instead of the segment [0, T] we can employ [-T, 0].

Remark. Menikoff [1] proved the uniqueness of a solution u of problem (1)

which differs from the solution v of the problem
Ut+00:m0, U|tmg=up(x)

by virtue of a function that decreases rapidly enough for the energy inequalities

to be employed. -

2. Let us begin the proof of Theorem l. For simplicity, we will confine
ourselves to real solutions, and we will assume that all the functions under con-
sideration are real-valued. Assume that u and v are two solutions of.problem (1)
that satisfy condition (4). Then the function w = u‘- v also satisfies condi-

tion (4) and is a solution of the oroblem
W+ UWz+ U0+ Wiz =0, W|tag=0. V (5)

We wish to show that w(t, x) = 0 for te[O,._T],"xeR. For this it is sufficient
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to establish thatk for arkbitrary tfe|0, T} and zg =2,(x)=Co" (R)

(w(ty, -), 2,(-)) = j'w(t,,, x)2,(x) dzx =0 (6)
{here and henceforth, (-,' -) and |-l denote the scalar product in space L3*(R'%:) and

the corresponding norm). Assume that we are given function z=z(t, x)sC"v([O. to], S(Rx))
(here S(Rs) 1s an ordinary Schwartz space of functions of the variable *ER).

Integrating by parts, we obtain

P ) 2t N =(w )+ (@, 2)=

=(—Ul;— 00— W,y 2) + (W, 2)=(w, (u2);—02+ zm + 2t)°

Now, if we assume that z is the solution of the problem

2t+ (U2) = Va2 + Zexx =0, O<t<te; z|ime, =20(x), - M

then we obtain
(ﬂ’(t;~'), z(t, -)) =const,
from which we have
(@ (s, +), 20()) = (@(0, -), 2(0, -)) =0

in view of the initial condition for w (see (5)). Thus, expression (6) is ob-
served in this case. Therefore, to prove Theorem 1 it is sufficlent to establish
that problem (7) is solvable in the class of functions 2.&C=([0, t], S(Rs)) for any

initial given 2e("(R) and for any te|(0, T].

~. -

We can replace t by 1:O -t in (7). .This means that in (7) we must add a
minus sign in front of Zes the initial data will be specified for t = 0, while.
the problem should be solved for \te[0,%] 1in the same class of functions z. 1In
exactly the same way, we can replace x by -x', and this causes ~t'_he signs in frontA

of Zy and z to change.

XXX

' Now the following more general theorem implies that problem (7) is solvable.
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Theorem 2. The problem

2+ 024+ 02+ 2022=0, 2Z|tmo=2(x) ' - | (8)

has a solution z&€=([0, T], S(Rs)) for any initial condition ze&S(R), if the coef-

-
(=
o
-

ents a,beC~([0, TJXR) satisfy the following conditions as |x| > = uniformly

with rescect to &[0, T]:

.a™(t, x)=0(1), n=0, 1, 2, ..; (9)

bt, =o(lx]): bW(E, )=0(1), =1, 2 3 « - (10)
3. Theorem 2 can be proved in the same way used for the proof of solvabil-
ity of the Cauchy problem for the analogous equation in [2] (whiéh is even more
complicated, in that it contains a nonlinear term; see Eq. (2) in [2]). We will

describe the principal steps of this proof.

To simplify the notation, we will assume that functions a(t, x) and b(t, x)
are defined for all teR and satisfy conditions (9) and (10) uniformly with re-

spect to te[—T, T] forany fixed t > 0 (under the conditions of the theorem, ob-

viously, we can continue the specified functions a and b to theseAfunctions).

Consider the difference scheme

k1 (241, 021, n) + D D241, a+ 8}, 02141, a+ 81, aDo2i41, =0, (11)

specified on a net consisting of points (tj’ xn), tJ = Jk, x_ = nh, where k > 0

n
and h > 0 are steps of the net, while jaeZ; here Zy o = z(tJ, xn). ~In (11),

, .
DO’ D,>» and D_ denote the following difference operators, which act with respect A

to the variable Xpt

Dop (%) = (21) ' [p (Xa+1) —p (%a-)], - i N ‘
D.p(x4) "h.'[P(xaﬂ)—?(xn)l- D_p(xa) "h-l[P(xa)-?(xn-l)]- ) '

We introduce two norms on net functions. z = z(xn):

128=2Zal (I WzIE=12E + 1Dk + 1D,k

Moreover, for functions zeC=(R:.) we set
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i“2”[2= lzil*+ Hxze )2+ [l Zexll2.

The following lemma, whose proof is analogous to the one given in [2], means

that difference scheme (11) is solvable and stabtle with respect to the norm |-lja

Lemma 1. For any K > Q there exist positive constants ty and L such that
if |llzlfll«K and k is sufficiently small, then scheme (1l) is solvable with re-

spect to 2=z(f, -) for Q < tj < tg» and flz(¢, )ll<L in this case.

Now we need to employ norms with weights <x>N on net functions, where <x> =

=(1+|x]|2)" The proof of the following lemma 1s analogous to the proof in [2].

Lemma 2. For any N > 0 and any integer n > 0 there exist C > 0, hy > 0,

0

kg > 0 such that for 0 < tj < tgs B < hy, k< k, we have the bound

(0" Diz(ty )< C:
As in [2], local existence of a solution can be derived from Lemmas 1 and 2.

8y analogy with [1], we can prove the following a priori estimate.

Lemma 3. For any C > 0 and T > O there exists a K > 0 such that if z =
=2z(t, x) 1sa solution of problem (8) with initial condition Zys for which [jj2of|]<C,

then [llz(f )ill<K for 0 < t < T.
From this and from the local existence theorem, as in [2], we obtain that

there exists a solution of problem (8) that is defined for all te|[0, T].
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