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PSEUDODIFFERENTIAL ALMOST-PERIODIC OPERATORS
IN THE SPACES L?(R%) AND B2(RD)
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Pseudodifferential almost—periodic (p.a.) operators were introduced in [1], in which a certain Speciy|
Nl -representation of the algebra of these operators was studied, as well as related questions on the indey .
and invertibility in the space L?@®™M). Analogous questions were considered in [2] for differential operator,
but in H6lder spaces of p. a. functions and in spaces of p.a. Stepanov functions. In [3] the Schrodinger operi
ator was studied in the space B*@®"™) of p.a. Besicovich functions. This last space, which is Hilbert but
nonseparable, is extremely useful for the study of p. a. operators. This was shown by the author in [4)
(cf., also [5]), where the space B*(R") was used to construct an Hilbertian scale of spaces of Sobolev type
(and other analogous scales) and various theorems were proved on the action of p.a. operators in spaces
of p.a. functions.

The aim of this paper is to prove a theorem on coincidence of the spectra of a pseudodifferential
p.a. operator In the spaces L?(R™) and B2@®DY).

We remark that the characters of the spectra of an operator in these spaces can be different: e.g.,
the Laplace operator, which has a continuous spectrum in L2®D), has in the space B*(RP) an orthogonal
basis of characteristic functions.

This paper consists of five sections and an Appendix. In §1 we introduce the necessary definitions
and notations. In $§2 and 3 we prove two important auxiliary theorems concerning the relation between
quadratic forms of operators in the spaces L*(R") and B?®™). In §4 we sketch a theory of formally adjoint
pairs of operators in Hilbert space and its application to concrete operators. Finally, §5 contains the
formulation and proof of the principal theorem.

In the Appendix we present a variant of the Kronecker —Weyl theorem, used in §3.

§1. Definitions and Preparatory Considerations

The symbol R™ will denote the n-dimensional coordinate vector space over the field R of real num-
bers. Kx e RD, thenx = (x;,. .., Xp), and we define |xlw = sup Ix§]. The symbol Z will denote the ring

I<i<n
, of integers. As usual we define Dy = t-1p /8x§, D= (Dy, ..., Dy), D =DM, .. DZN for any multi-index
a=(0g, ..., o0p) (@j € Z, aj = 0). If o Is a multi-index, then by definition || = oy +...+ap. HT>0,
then the symbol K will denote the following cube in R™:

Kr={z:z=R", |z|.<T/2).
The volume of the cube K, using the Lebesgue measure in R? (denoted dx) is equal to TR,

A set E — R is said to be relatively dense if there exists a L > 0 such that (z + Ky) N E = @ for any
z & R" (here z + K, denotes the cube Ky, translated by z).

The symbol CAP@R") will denote the Banach space of uniformly p. a. functions, i.e., functions such
that for any ¢ > 0 there is a relatively dense set in R? of ¢-almost-periods [a vector 7 & R® is called an
e-almost-period for the functlon f(x) if sup If(x + 1) — f(x)| < €]. An equivalent definition of a uniformly

==R"
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a. function: f € CAP®R™), if f is bounded and the set of translations -+ r)}T RN i8 precompact in the
:,‘;pology of uniform convergence. If in this case DYf & CAP(R®) for any multi-index y with 1yl = m, then
we shall say that f = CAP™RD),

We remark that CAP™ R™) is a Banach algebra. We define CAP*®R™) = nca POERD),
By the theorem of the mean for f € CAP®R™), the limit

Mif)=lim=2 | f(z)dz a.1)
T-~T" iy -
exists uniformly with respect to z & R™ and does not depend on z (the proof is analogous to E!xe casen=1,
which is considered, e.g., in the monograph [6]). This limit is also unlform with respect to any compact
family of functions from CA PR"). We note that the compactness of a set ¥ — CAP®R™) is equivalent to the _
uniform boundedness, equicontinuity and equi-almost-periodicity of all furictions f = . The definitions
of all of these concepts follow the one-dimensional case (cf., [6]). We shall only show that the equi-almost-
periodicity of a set F < CAP(RM) means that for any & > 0 there exists a relatively dense E — R™ whose
elements are generalized e-almost-periods uniformly for all f .

We now define in CAP(R™) the scalar product .

(1. ) e=M{f()2(2)}.

{The notation (f, g) will be needed for the usual scalar product L*(R™).] We introduce the Hilbert
space B?@®"M), which is the completion of CAP@RD) in the Hilbert norm, Induced by the scalar product 1.2).
In the space B?(R™) the exponentials el - X form an orthogonal basts, where ¢ € RP, £-x = g%, +... +
tpXp- Linear combinations of such exponentials, also known as trigonometric polynomials, form a linear
space, denoted Trig®™), and it is dense in B?®™) and CAP®RY).

Now let a(x, ¢) & C*®®™), m, p, and 6 be certain real numbers. We shall write a(x, £) & APS?“ if
for any muiti-indices a and g the function B?aﬁab , ¢) is a continuous function on R‘g‘l wlth values in CA P(Rg),
satisfying the estimates

1.2)

|0%0%a (2, ) < Cap (1 + [fym—riastom. a3
Throughout the following we assume that 0 <6 < p < 1.,
We define the operator A = Op(a) with symbol « (x, ¢) by the formula’
Au(z) = (2n)"fe* “~Ya(z, b u(y)dydt, @.4)

which can easily be made meaningful (on the right side of (1.4) we have an oscillating integral), f ue
CAP®R™) (cf., e.g., [7-10] or [4]). The set of all operators A = Op(a) with a & APS;5 will be denoted
APLE“J;. The corresponding pseudodifferential operators will be called almost-periodic. An operator .
Aes APL}?‘,ﬁ will map either of the spaces CAP®®R"™) or S®") into itself (this latter is the Schwarz space’
of functions all of whose derivatives decrease as |x| — < more rapidly than any power of |x!). Ithas a
formally adjoint operator A* = APL s (in L2R®) and B?(R®) one and the same - cf., [4]) and therefore
has a closure in these spaces. An operator A € API{.',"; can be continued to a continuous operator in the
spaces L'®R") (cf., [8]) and B2®™) (cf., [4]).

We, furthermore, recallthe definitions of the classes APHS"::';"J and APHL;""'omO of hyperelliptic
symbols and operators (cf., [4]). We say thata(x, t) & APHS{,":'U“’O ifagx, t)e APS,',“,G and if there exists
an R > 0 such that for |11 = R the following estimates hold

la (2, &) > CJEI™, @.5)
[689%a (2, Bl < Cap la (z, )| [t1—vat+om 1.6)
The symbol APHLZ ™0 will denote the corresponding class of operators. If A & APHL:!'Gm". my >0,

8ad A = A+ then A is essentlally adjoint in L?®®) and in B2®D),

if a priori it is considered on'C:’(R“) and
TrigRD), respectively (cf., [11, 4]).

$2. The First Theorem on the Connectlon between Quadratic Formas

We introduce a family of real-valued functions ¢ () € CTR"), T = 1, satisfying for some n= R '

the following conditions:

g



. ¢r(@)=1 for |z|<T; P
or(2)=0 for |z|.=T+T4 P
|D'gs () | <C T, 3

here v is a multi-index, and C:, does not depend on T. The existence of the family ﬁ{- (:() is eastly verifieq
‘fvor 8nyyfixed neER Th;oughouz what follows % will be fixed and will satisfy the condition

0<u<1. 2.4)
isfyin,
d that a family of functions ¢ () sat g
THEOREM 2.1. Suppose that the numbe;njx is t;lxledz, aé)n< pata B ind oniigtha bl CAPw(Rn)'
conditions (2.1)-(2.4) is given. Let Aj = APLp,G' j=1,2,0=
j=1,2. Then

5= Jim 2 2.5)
(43uy, Astta) s ::1‘-::} F(Al(q"r“l)v A, (‘{»"r“a)l

Proof. We first note that (2.5) may be rewritten in the form
. . 1 + .
(A5 Agtty, Ug)n = 1119\ I (AT A, (pruay), rite)

djoint operators

= he composition of operators and adj

finlag AJA, = A, we see from a theorem on t 1

from [Ti3 tl:‘a‘tli Ez A1 PLM+M,, Standard polarization arguments allow us to limit ourselves to the case
p

uy = uy = u. Therefore, itis sufficient to prove that
A | 2.6
(Au,u)p =Tlin: Fry (A(gru). Prue),
m
where A € APL, 5, usCAP R").

n-i+n
We note first that the volume of the set {x:T =Ixlo =T + T} does no;e:gr;czl‘%')r , and since
% < 1and | &)t < Cy, where C, does not depend on T, 1t follows that for f

M= ,}_i:l’%inth(f)/(x)df- @.7)

Therefore,

.8)
(Au,u)p = lim ,,.L (Au. ru). e

>

Fquating (2.6) and (2.8) we see that it remains to be proved that
’ lim ;‘;(A(‘—q‘r)u.q’rll)::o
Twco

for
lim — (u,(1 — 1) A(gru)) = 0.
* Taoe T

Substituting A* for A, we see that it is sufficient to prove the relation

9
lim —= (1 — 1) A(qru), 1) =0. e
Toxe T"

Denoting the expression under the limit sign by I(T), we obtain

i3:(x—v)
I(T) = ¢ (1 = 4n) A(@ru). 0) = [ —qr (e pet e

47 (W) (y) i (7) dydidr = TL" j‘(q (e — |r — gty
(1= 29" [a (2. B (1 + BV — 2" (7 (y) u(y)) u(z) dydzdt.

gince
If A were a differential operator, then the continuation of the prgg&xould be obvious firoml(Z—J)-’r ) x
he volume of the region, where (1 - o)1 * 0, does not exceed CT , while the funct on‘f . xe e
j\.(fp vu) is bounded. Therefore, the idea of the calculations below consists of using estimates that g
T : N

f the operator A. .
pseudolocal character o » N
To begin let 7(x) = Cy®M), ¢6x) = 1 for 'x1 s 1, 4&) = 0 for Ix| = 2, We choose 6 >0 and divide
interval I(T) into a sum of two intervals I(T) = [;(T) + L,(T), where
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@.1 T

N TL,. TR =0 T80 = e g e yiry>
<= A" [a @, B+ V] (1 — A (o r () 0 () 107 dydids,

and I,(T) differs from I,(T) in the fact that in place of (& —y)fT‘o) under the interval we have [1 — y(x ~
T8
) TN

We choose 6 such that the following conditions hold:

0<d<<n. (2.10)
n+bn<<|. (2.11)

We first consider the integral I (T). The expression under the integral sign has for m — 2M < —n — 1
the bound C (1 +1£1)™~! g0 that the integral with respect to ¢ is bounded. In addition I1x =yl = 2T0, |Xlp =
T,and lylo =T +T™, 0 by (2.10) we have T < Ixley = T + 3T and the volume of the region of integration
with respect to x and y does not exceed CTR*%*00 gincen ~ 1+ w + 06 <n by (2.11), it follows that
L(T)—~0forT — +c,

We now consider the integral I,(T). In this integral I1x —y| > T9, Integrating by parts we obtain
(t14]2]) - (1—Ag) et =,
which guarantees the absolute convergence of the integral with respect to x. We obtain

ILi(T)= 8 Coplap(T),
le+Bi<2L

where a, B are multi-indices and
La =g (1= 9@~ 779 (1 = gz (N4 + oy
X1z — g™ e VDR — AyY [a gz, B+ /D] 4P (1 — AYY (0r(4) 1 (v)) T(5) dydede.

We choose fixed numbers M and L such that for m — 2M =< -n ~ 1, 2L > n + 1, We note that in the ex-
pression under the integral sign (2.12) 1¥lo=T + T® < 2T, therefore it is bounded by

CUHlr—=y) = (1|2 = (8 7™,
which in turn may be estimated by
Clt+lzh) = (1)) oigee-e,

Taking into account the fact that both regions of integration with respect to y have volume no greater
than C 2T)", we obtain

[ L (T) | <CT2-2804n,
Choosing N so that 2Né > 2L + n, we obtain
Tug(T) >0 for . T - 40,
from which it follows that L(T) — 0 for T — + . '

§3. A Second Theorem on the Connection between

Quadratic Forms
Xuadratic Forms

Throughout this section the symbol I" will denote a certaln directed set, a partlally ordered set with
an order relation > satisfying

YV YET Ir=y(y. YV (127, y=H").

EMisa set, then the mapping f: T — M will be called a net of points in M. The Image of a point y under
this mapping will be denoted f and the entire net will be written in the form {fy}y « r- ¥ M s a topological
8pace, and {fy}y « 1 18 8 net of its points with f = M, then the relation lim f,, =fmeans that for any neighbor-

hood U of the point f there exists v, = Y3 (U) such that fyEUfory= yo,ry (=3 W

Llet Fi<...cFyc... be any Increasing sequence of precompact subsets ¥, CAP®R"), We shall
Use a et {d"y}'y « r of functions ¢, € CAPR™) such that the following conditions hold:
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1) v,fx) = 0 for all x = R, where i (0) > 03
2) Ve > 0 YN Fyp = yo(e, N) W > 79 ¥r ERY
it follows from the condition dx(r) = 0 that 7 is a generalized ¢-almost-period forallf €Fwn;

3) if we denote g, &) = My{J, &y - x)d;y@)}, then for any function w & S@®D) the following relation
holds:

lim ‘_S"w (2) gy () dz = 1c(0) 3.1
[the functions g.y(x) & CAPRD) form a generalized é-shaped sequence for S®RM)];
4)dL>03AC>0Vy ET
fi+lz)) *e(z)dz<C. @.2)

LEMMA 3.1. For any increasing sequence of precompact subsets ¥, CAPR™), there exists a net
{zLy},y oT of functions d'.y e CAP(RD) satisfying conditions 1)-4).

We shall leave the proof of this lemma until the end of the section.
Now suppose that operators A E APL;njﬁ, j=1,2, 0=6<p= 1,aregiven. We define A = A;’A,

We choose a fixed number m' > m and define

and let A = Op(a), wherea = APSZ' 5 m =m; +m,.

F = [otoka(- It + 18y~ ®.3)
Kn
(¢, a, and B are parameters). It is easy to verify that the sets ¥~ are precompact in CAP®R™). On them

we construct a net of functions Uyfx) & CAP(RD) satisfying conditions 1)-4).
THEOREM 3.1, Let vj € S@RM), Aje APL;njb,-j =1, 2; suppose that sets Fy= CAP(R?) have been

selected according to formula (3.3), and that a net {s,}, . r is given that satisfles conditions 1)-4), We
define

vy.1(2) = foi(u) $r (z—p) dy-

Then
v +(z) =CAP~(R") and n;n(mu,’ 1w Agvz 1) 5= (Aiv1, Awa).

Proof. It is clear that it s sufficient to prove the relation

li{_n (4v,, vy)s=(Av, V), 3.4
where A = Op(a) e APL;,n’ 5 Vv = SERM), the functions y(x) are constructed on a sequence of sets ¥,
defined by (3.3), and

vi{) =[v(y)¥r(z—y) dy. @.5)

It follows in the obvious way from (3.5) that v, (x) = CAP(R"M), Furthermore, rewriting (3.5) in the
form
vi(z) =[v(z—y) %) dy,

we see that for any multi-index o
Dev(z) = [Dv(z—y) ¥:(y) dy = (D™v) (¥) s (z—y) dy,
from which it follows that v, &) € CAPRD).
We shall now show that

tim M {|v:(2) | = (v, v) @8

(this is a particular case of (3.4), when A is the unit operator). We have

3.7

H (o) () )=o) e Ml (2—y) $i(z—2) } dyda.

r

Noting that My{uy(x ~y)inx = 2)} = My{uyix = ¢
y-2= t in the integral (3.7), we obtain

Mo =[v(4+0)502) g1 (1) dedt =10 (t) g2 (8) dt,

wherew(t) = | vz + tv@)dz & S®RD), with w(0) = (v, v).
pote further that a polarization applied to (3.6) glves for

= 2y} = By — 2) and making the change of vartable

It is now clear that (3.6) follows from (3.1), We
any u, v € SRN)
(u,v).

l;m (uy, vy) =

Now setting u = Av, we obtain

lrl',m((Av) n V1) = (4v.v). (3.8)
we introduce the difference
di(2) = Avy(z) — (Av)4(2).
Fquating (3.8) and (3.4), we see that to verify (3.4) it is sufficient to prove that
li‘m(dh v1)2=0. 3.9
By definition we have
' Avy(2) = (2m) e = (z, §) v (2—y) ¥ (y) dydadl;
(A0):(2) = (2a) ™[>0 (2—y, 8 v (a) 9 (y) dadbdy= (2m) [ "~ (z—y, 8)(z —y) py(y) dsdtdy
(the integrals must be understood as oscillating).
From this
di(z) = (2m) [ €™~ [a(z—y, t) —a(z, §) Jo (2—y) ¥, (y) dudidy. 3.10)

Transforming the oscillatory integral (3 10) into a convergent in
. tegral -
ration by w1, e o8¢ g gral by means of a standard inte

dy(r) = 207" [eF I g a0 (1A fa (e — b

—a(@ D HERT( = 200 (2 — ) vy (y) dzdzdy, @1y
where the natural numbers M; and M, are chosen so that
2Mi>n, 2M;>m—+-n. @3.12)

We note that condition 2), combined with 3.3),

e implies that for any ¢ > 0 there exists & I such that

(4~ A" {(a(z — 3, &)~ a(z, i)t + Ty () < & (1 + [E)™ 20y ).

Recalling, in addition,v = S®™), we obtain for 2M; > n and ior M; and M,, satlsfying 3.12)

N ot 4 o= )01 gl (g py—ting, ) 2

M; and taking into account the obvious inequality
12—yl S 1+ la—2]) (14 |2—y)),

from which, choosing M, =

We obtain
ldi(2) | <eCu f(1+|2—y ) ¥u(v)dy
or
Idi(2) | <eCuf(14+1p]) ~¥r(z—y)dy,
" (3.13)
Tre M is any even number satisfying M > n,
It follows from (3.13) that
l(dnv,).|=lM,(d,(x>v'(z)}I<M.(Id,(t)llvv(x)l)<e€.v.rj(1+|y|)"‘(1+ISI)"Hs(%(t—y)W(t—!))dvdi. )







