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In this note i t  is establ ished thac, for an el l ipt ic dif ferential operator with smooth

a lmost  per iod ic  (u .p . )coef f ic ients ,  the c lass ica l  Favard condi t ion is  equiva lent  to  the

existence of an inverse operator that is an almost periodic pseudodifferential oPerator

of a certain type.

I. Let A be a differential operator in R" of the form

,4 :  l .  ao(x)D" ,  (1),H
where x  €  Rn,  a= (a t ,^ .  .  .  s  dn) ,  the d .  are  nonnegat ive in tegers ,  lo l  =  o t  *  .  .  .

^ & t
+  d n ,  D o =  D ; t .  .  .  D ; ' ,  D i  -  i - '  d / d * . .  W e  w i l l  a s s u r n e  t h a t  t h e  f o l l o w i n g  c o n -

d i t ions are sat is f ied:

a) the ao(") ^re uniformly a.p. functions on R';

b)  loq"J" ) l  S Copfor  any mul t i - index B and for  each a wi th  lo l  S* ;

c) rhe operator (1) is uniformly el l ipt ic, i .e. there exists an e ) 0 such that

l la , ( r )g" f=e l6 l - ,  EeR" .  (z )t ,H^

We note that i t  fol lows from condit ions a) and b) that al l  of the derivatives OB a .,Q)

are also uniformly a.p. functions on R'.

We introduce the hul l  H(A) of the operator A, consist ing of the operaror" I  =

>14<*7* ( x )Da  fo r  wh i ch  t he re  ex i s t s  a  sequence  l h r l ,  k=  I , 2 ,  . .  .  ,  o f  vec to rs  i n  R '

such that

,,I-,. 
sxp I a"(r*hn) -a"(x) | :0, la | <m. (t)

We note that (3) implies, in view of condit ion b), the uniform convergence of. any

of the derivativ es DF a o(* + h u) as k - + *, which in turn implies that any operator

i  e U(i l  sarisf ies condir ions a), b), c).

Ve now formulate Favard's condit ion:

F)for any A e H(A), the equation Au = 0 has no bounded solut ions.

This condit ion f irst appeared in a classical paper of Favard [Z] in the case n =I,

i .e. for ordinary dif ferential equations. Favard proved that this condit ion guarantees

the uniform almost periodicity of.  any bounded solut ion u(x) of the equation Au = l ,

where f is a uniformly a.p. function. An important addit ion was made to the Favard
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rheory by Muhamadiev B], who proved in the same situation the solvabi l i ty in the class

of bounded funcrions of the equation Au = l .  Later, Muhamadiev extended the Favard

theory and the solvabi l i ty theorem ro the case of arbitrary z (see L4]),  i .e. to the case

of part ial  dif ferential equations. In L4] he proved, in part icular, that condit ion F) im-

p l i es  t he  i nve r t i b i l i r y  o f  A :  C -+y  -  Cy ,  whe re  0<y  <1 ,  Cy  i s  t he  sPace  o f  bound -

ed functions on R' satisf ying aHij lder condit ion of order T, and C^+y is the sPace

of bounded functions on R' al l  of whose derivatives of order 1m are bounded and

whose derivatives of order m belongrc Cr.

We inrroduce here, in addir ion, rhe space C;(R") consist ing of the functions /(x)

€  C-(R")  a l l  o f  whose der ivar ives are bounded,  i .e .  lD?(x) l  
(Cof .or  any mul t i - index o-

(the consranrs C o, of cour.se, depend on /).  We note that every bounded solut ion u of

the equat ion Au = 0 belongs ro C;G") by virrue of rhe standard a priori  est imate.

Z.  We wi l l  use the c lasses APLT,5,  APL-*  o f  pseudodi f ferent ia l  operators  and

rhe corresponding c lasses APST,D,  APs*  o f  symbols  in t roduced in  L5] .  The re la t ion

a(x, () e APS\. g means, f i rst,  thac 0i Ala(.,  f)  i t  for any mult i- indices a, B a con-

rinuous function of ( e R" with values in the space CAP$X\ of uniformly u.P. func-

t ions of the z-dimensional variable x and, second, that the estimates

lAu"0*Fa(r, E) |  (C"p (t+ |  
'g 

i  )  ' ' -or"t+otot (4)

are sat is f ied.  Here,  as usual ,  we wi l l  assume that  0  < D < 1 and 0 < p  < 1 .  A lso,  by

def in i t ion,  AP.S-- : f r *APST,0.  An operator  A = Op(a)  wi th  symbol  a(x ,  f )  i t  def ined

by the osci l lat ing integral

Au(r): (2n)-" [  [  ei !-u) 'Ea(r, E) w(i l  i tv dE, (;)- - .  
J  J

where x. ( denotes the usual scalar product in R',  and dy and d( are the Lebesgue

measures in  the cor resPonding n-d imensional  spaces.  By APLT,5 and APL-*  a te

denored the c lasses of  operators  o f  the form A = Op(a)  wi th  a  e  APS\ ,5  and a €  AP.S--

respect ive ly .  An operator  A e APLT,E maps S(R")  in to  S(R")  and Cf(R")  in to

CT(R")  ( " " . ,  for  examPl" ,  b ] ) .

Ve inr roduce,  in  addi t ion,  the more rest r ic ted c lass APL: t  o f  c lass ica l  a .p .  Pseu '

dodifferential operators whose symbols a(x, 0 ,  {PST,o admit an asymPtotic exPan-

s ion in  funct ions a*_, ( * ,  0 ,  i=  0 ,  1 ,  .  .  .  ,  that  are homogeneous in  f  o f  degree

m  -  j ,  i . e .

a^- : ( r , /E)  :1" ' -J&, , - j ( r ,  E) ,  f )0 ,  lE l  +0 '

More precisely,  we wi l l  wr i te A e APL!,  i f  A:  Op(a) wi th a(x,  f )  e C-(R2")

and there exists a collection of functions o- -.(*, f) e C-(R" x (R" \ O)) satisfying

condirion (6) such that (i) d? df o^-i(., f) i" 
' for 

any multi- indices a and B a contin-

uous funct ion of  € wi th values in CAP(R"\  ana ( i i )  i f  9(0 € C-(R"),0G):  0 for

l f l  S  r /2  and 0G) :1  fo r  l f  I  Z  1 ,  then

a(x,E) 
I 

o (E) a--: (r, E) e APs':,;*

for any natural .rumber N.

We can now formulate the main result.

(6)
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Theorem l. Suppose A is an operator of the form(I) satisfying conditions a), b), c).

Then

1)  tbere ex is ts  an inuerse A-r  e  ApfA of  A i f  condi t ion F)  is  sat is f ied;

2)  conuerse ly ,  condi t ion F)  is  sat is t ' ied i f  there ex is ts  an inuerse A-L e  Aef f ; ,a

o l  A  (M  i s  any  rea l  number ,  0<  p  <  1 ,  0S  6  <  1 ) .

Remark I.  The fact that the operarors A and A-l are rhe inverses of each orher

is  mostconvenient ly  unders tood and ver i f ied in  the spaces S(R")  and Ci (R") ,  which

are maPPed by these operators into themselves. Closure then permits one to obtain

the inverse of A in other spaces. For example, i t  is possible in this way ro prove the

inver t ib i l i ty  o f  A:  H"(R")  -  Hr_- (R")  as wel l  as  the inver t ib i l i ty  o f  A in  a  ser ies  o f

other sPaces (see, for example, the scales of spaces considered by Muhamadiev t4]).

Remark 2. Theorem l remains val id for systems of the form (t) i f  the ao(r) are

N x  N matr ices.  In  th is  connect ion,  i t  i s  necessary  thar  condi t ion (Z)  Ue rep laced by

the condit ion of uniform el l ipt ici ty in the Petrovski i  sense and that one of the fol low-

ing three condir ions be satisf ied:

1 )  ao& \  =  de  =  coos t  f o r  l a l  =  m ;

i l  n is odd;

i l  there exists a real number do such thacarg trr(x, f l  l6o (mod 2n) for al l  of

the eigenvalues , l ,r(x, f)  of the matrix a_(x, f)  = I14= * €"ooG\.
This requirement was introduced by Muhamadiev [4] ana guaranrees the absence

of topological obstructions to invert ibi l i ty rhat auromatical ly vanish in the scalar case.

3. Proof of Theorem I. Ve wil l  make use of the fact that i f  condir ions a), b), c)

are satisf ied, then A has a paramerrix, viz. an operaror B € APL;T such that

BA:I*T r , ,  AB: I*TI ,  (z)
where  T .  e  APL-* ,  i  =  1 ,2  (see  L ; ] ,  L6 ] ) .

Let us now Prove assertion 1) of the theorem. Suppose condition F) is satisfied.
We will avail ourselves of a result of Muhamadiev [4] on rhe exisrence of a bounded
inverse A-r : C y - C*+y of A^: C*+y - Cy. It follows from Theorem 2.2 ot[6] that
the relat ion A- l '  -  B" '€ 'APL-* .ur-6" proled by establ ishing that A-1 maps
CAHR") n cI(R') into CAP(R"). But this obviously follows from rhe just-mentioned

result of Muhamadiev.

Let us prove asserrion i l of the theorem. Ve note that if the
APL\.5 has the symbol bG, 0 ( i .e.  n = op(b)) ,  then each of  the
coefficienr, 7o(") given by formulu" (3) also has an inversr_ E ,

6 (* ' '  E): l im b ( t*h 'o '  l )  '

operator B: A-1 €

operators A with

A P Ly ,s with symbol

where IA i l  i "  a  subsequence of  the sequence { } * l  in  (3) .  Tak ing inro  accounr  the fact

that B maps Cf(R") into Ci(R'),  *e at once obtain the val idity of condit ion F).

Theorem I is proved.
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