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THE FAVARD-MUHAMADIEV THEORY AND

PSEUDODIFFERENTIAL OPERATORS
UDC 517.43
M. A. SUBIN

In this note it is established that, for an elliptic differential operator with smooth
almost periodic (a.p.) coefficients, the classical Favard condition is equivalent to the
existence of an inverse operator that is an almost periodic pseudodifferential operator

of a certain type.

l. Let A be a differential operator in R” of the form

A= Zu 2 (2) D%, (1)

lal<sm
where x € R”?, a= @, ...,a ) the o are nonnegative integers, |a| = Ayt ..
+a, —D 1, D *n, D '_1 a/ax] We will assume that the following con-
ditions are sar15f1ed
a) the a(x) are uniformly a.p. functions on R”;
b) \D'Baa(x)| < Cug for any multi-index B and for each a with |a] < m;

c) the operator (1) is uniformly elliptic, i.e. there exists an € > 0 such that

Y w@e

lal=m

=¢glEl™, EeRe (2)

We note that it follows from conditions a) and b) that all of the derivatives D’Baa(z)
are also uniformly a.p. functions on R”.

We introduce the hull H(A) of the operator A, consisting of the operators A=
2‘a‘<maa(x)D for which there exists a sequence {bk}, k=1,2,...,of vectors in R"
such that

lim sup laq(z+h,)—d.(2) =0, lal<m.
h—> 400 xeR”? (3)

We note that (3) implies, in view of condition b), the uniform convergence of any
of the derivatives DAa (x + b i) as k- + oo, which in turn implies that any operator
A € H(A) satisfies conditions a), b), c¢).

We now formulate Favard’s condition:

F) for any Ae H(A), the equation Au=0 has no bounded solutions.

This condition first appeared in a classical paper of Favard [2] in the case 7 =1,
i.e. for ordinary differential equations. Favard proved that this condition guarantees
the uniform almost periodicity of any bounded solution u(x) of the equation Au = f,

whete [ is a uniformly a.p. function. An important addition was made to the Favard

AMS (MOS)subject classifications (1970)s Primary 35)30; Secondary 35505, 47G05, 35J45,.

Copyright © 1976, American Mathematical Society

1646



theory by Muhamadiev [3], who proved in the same situation the solvability in the class
of bounded functions of the equation Au = f. Later, Muhamadiev extended the Favard
theory and the solvability theorem to the case of arbitrary 7 (see [4]), i.e. to the case
of partial differential equations. In [4] he proved, in particular, that condition F) im-
plies the invertibility of A: Cm+'y y’ where 0 <y <1, C is the space of bound-

ed functions on R” satisfying a Hilder condition of order y, and C,, , is the space

of bounded functions on R” all of whose derivatives of order <m are+zounded and
whose derivatives of order m belong to C_ .

We introduce here, in addition, the space C}(R™) consisting of the functions f(x)
€ C*(R™) all of whose derivatives are bounded, i.e. |D%(x)| <.C, for any multi-index o
(the constants C,, of course, depend on f). We note that every bounded solution # of

the equation Au = 0 belongs to C°°(R") by virtue of the standard a priori estimate.

2. We will use the classes APLp 5 APL™ of pseudodifferential operators and
the corresponding classes APSp 5 APS™ of symbols introduced in [5]. The relation
alx, £) € APS _§ means, first, that ag, aﬁa( £) is for any multi-indices a, 3 a con-
tinuous functlon of £ € R” with values in the space CAP(RY) of uniformly a.p. func-

tions of the n-dimensional variable x and, second, that the estimates

|0:%0.2a (2, §) | <Cap (1| §]) 7042 4

are satisfied. Here, as usual, we will assume that 0< 86 <1 and 0<p < 1. Also, by

definition, APS™®=()_ APST

I'.o+ An operator A = Op(a) with symbol alx, &) is defined

by the oscillating integral
Au(z)=n)" [ [ erta(z, Huy)dy dt, (5)

where x + ¢ denotes the usual scalar product in R”?, and dy and d¢ are the Lebesgue
measures in the corresponding n-dimensional spaces. By APL'/’;'S and APL™" are
denoted the classes of operators of the form A = Op(a) with a € APS’;’,,S and a € APS™%
respectively. An operator A € APL7 5 maps S(R™) into S(R™) and C(R™) into
CZ"(R") (see, for example, [5]).

We introduce, in addition, the more restricted class APLZ’l of classical a.p. pseu-
dodifferential operators whose symbols al(x, £) € APST  admit an asymptotic expan-
sion in functions am__l.(x, 8,7i=0,1, ..., that are homogeneous in & of degree
m— j, i.e.

am—j(x7 tg) =tm_'iam—i(xv g)y t>0’ ’gl 7&0' (6)

More precisely, we will write A € APLT, if A = Opla) with alx, &) € Cc*(R*)
and there exists a collection of functions a_ (x, & e C(R" x (R” \ 0)) satisfying
condition (6) such that (i) 32 aﬁ ( £ is for any multi-indices a and 8 a contin-
uous function of & with values in CA P(R™) and (ii) if 6(&€) € C(R™), 6(£) = 0 for
|£] < 1/2 and 6(€) = 1 for |£] > 1, then

a(x, E) - Ze(g)am—j(.’[,g) EAPS’:';N

for any natural aumber N.

We can now formulate the main result.
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Theorem 1. Suppose A is an operator of the form (1) satisfying conditions a), b), c).

Then

1) there exists an inverse A~! € APLC'I” of A if condition F) is satisfied;

2) conversely, condition F) is satisfied if there exists an inverse A~! € APL[;;" 5
of A (M is any real number, 0<p<1,0<8< 1)

Remark 1. The fact that the operators A and A~! are the inverses of each other
is most conveniently understood and verified in the spaces S(R") and C}(R"), which
are mapped by these operators into themselves. Closure then permits one to obrain
the inverse of A in other spaces. For example, it is possible in this way to prove the
invertibility of A: H (R") » H___(R") as well as the invertibility of A in a series of
other spaces (see, for example, the scales of spaces considered by Muhamadiev [4]).

Remark 2. Theorem 1 remains valid for systems of the form (1) if the a(x) are
N x N matrices. In this connection, it is necessary that condition (2) be replaced by
the condition of uniform ellipticity in the Petrovskii sense and that one of the follow-
ing three conditions be satisfied:

1) ayx)=a, = const for |a] = m;

2) n is odd;

3) there exists a real number @, such that arg )\].(x, & # ® (mod 27) for all of
the eigenvalues /\].(x, &) of the matrix a_(x, &) = Zlalzm &% (x).

This requirement was introduced by Muhamadiev [4] and guarantees the absence

of topological obstructions to invertibility that automatically vanish in the scalar case.

3. Proof of Theorem 1. We will make use of the fact that if conditions a), b), c)
are satisfied, then A has a parametrix, viz. an operator B € APLC'I” such that
BA=I+T,, AB=I+T,, (7)
where T . € APL™, j=1, 2 (see [5], [6]).
Let us now prove assertion 1) of the theorem. Suppose condition F) is satisfied.
We will avail ourselves of a result of Muhamadiev [4] on the existence of a bounded

inverse A=1: C Cm vy of A: C y C It follows from Theorem 2.2 of [6] that

the relation A~ ly— B € APL™" can+be proved by establishing that A1 maps
CAP(R™) N CP(R™) into CAP(R™). But this obviously follows from the just-mentioned
result of Muhamadiev.

Let us prove assertion 2) of the theorem. We note that if the operator B = A-le
APL 5 has the symbol b(x, &) (i.e. B = 0p(b)), then each of the operators A with
coeffxcxents a %) given by formulas (3) also has an inverse Be APL s with symbol

b(z, E)——:}}Eob(x-i-h’,,, E),

wheref:v{b;} is a subsequence of the sequence {bki in (3). Taking into account the fact
that B maps C3’(R") into C}(R™), we at once obtain the validity of condition F).
Theorem 1 is proved.
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