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In [1] Hormaner introduced a class of pseudodifferential operators (VDO's) in R'
whose symbols satisfy estimates that are uniform in the spatial variable. The algebra
of such operators was subsequently studied by Kumanego l2], l3], and by a number of
other authors. In this note we construct analogous algebras of operators on an arbitrary
unimodular Lie group. Here we have to impose conditions not only on the local symbols
but also on the operator kernels, which must decrease off the diagonal more rapidlv
than any power of a weight function of the distance, where the weight function must
have intermediate growth between the volume function and an exponential (in R' such
a condition was not written previously in explicit form, because for a power weight
function it follows from standard estimates of the symbols, and the case of more general
weight functions was not considered). For uniformly elliptic operators we give estimates
of the Green's function, and we construct complex powers of operators of the type under
consideration. We note also that analogous algebras of operators on discrete groups were
constructed in [5], and uniformly properly supported iDDO's on Lie groups and Sobolev
spaces on Lie groups were studied in 16].

l. Let G be a connected unimodular Lie group of dimension n, 6 its Lie algebra,
dg Haar measure on G, and p the left-invariant metric on G induced by a left-invariant
Riemannian metric. Let B(g,r) : {h: p(S,h) < r} be the ball of radius r about a point
g,  and V(r)  the volume of  th is  bal l .  We choose a basis  Xr , . . .  ,Xnin 6 and regard i ts
elements as left-invariant vector f ields on G. For any multi- index o : (ot,...,ar), with
ai € Z and a, ) 0, define X" : X?' Xft^, so that Xo is a left-invariant differential
ope ra to r  on  G  o f  o rde r  l o l  :  o r  *  a * . . - l  un .

We introduce a positive nondecreasing function {. ' : [0.+oo) * (0,*oo). having the
following properties: there exist positive ,^{ and C such that

d ( r  +  s )  <  C r7 ,N ( r ) r1N1s1 ,  r . s  )  0 ,  V ( r )  <  C4 'N ( r1 ,  r  )  0 .

Since V(r) increases no more rapidly than an exponential as (r + m V(r) < C)o', r > 0),
we can take y''(r) : er (is tb. On the other hand, on nilpotent groups, where V(r) has
power  g row th ,  we  can  a l so  t ake  $ ( r ) : 1 * r  o r  $ ( r ) :  e "  w i t h  0  <  a  <  1 .

We shall use the usual Hcjrmander classes of symbols S- and VDO's .L- (see, for
example, [7]). Choose some coordinate neighborhood t/" of the identity e € G with
coordinates rr,...,o, regarded as defined in a neighborhood of the closure of U. and
as fixed throughout the whole article. In the neighborhood Us : gLI" of a point g we

consider  the coordinates , !n)  , .  . , "1!  ,obta ined f rom 11,  . . .  , . rn  by le f t  t ranslat ion by
( a )  lg :  x \ " '  - '  Ln '  r r .  whe re  Lnu (h )  :  u (gh ) .
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DEFINITION 1. The classLIL^(G,r/) consists of the iIrDO's A€ L^ on G such tha.
the following conditions hold:

a) The family {An: Cf (Un) - C-(%)} of restrictions of A to Un forms a family of
operators in L^(U) that is uniformly (with respect to 9) bounded in the coordinates
^ k )  - ( o )
r l  t " ' t & n

b) The kernel Ka(9,h) of A satisfies the estimates

lxtr xph K Ak, h) l < c.B.ulrl,bk, h))l

where o and p are arbitrary multi-indices, e and M are arbitrary positive constants, and
the lower index g in the notation Xfr means that we are considering the operator Xo
applied with respect to the variable g.

Condi t ion a)  means that  in  the coordinates r !e) , . . . , r#)  the operator ,4n can be
written as a sum An : an(r,D") + ftn, where as@,t) € S*, with the constants in

the estimates for the symbol an chosen independent of g, and Rg is an operator with
smooth kernel whose derivatives (in the same coordinates) are all estimated by constants
independent of g.

ExAMPLE. A differential operator A - D611*a.(g)X' belongs to UL^(G,t!) if

and only if lXPa,(g)l < Coa for any multi- indices o and p with lal S m.
It is easy to see that the class [/tr--(G,rb) : [ ' l-.*UL^(G,'ry') consists of the

operators -R with kernel Ka €C-(G x G) satisfying the estimates

lxi xfx p(g, h)l < C,BN'l' l,bk, h))l *

On G we introduce the Schwartz space S(G,rb) with weight iy' consisting of the func-
tions / € G-(G) with finite seminorms

I  / l l r  :  s u p  l r p ( p ( e ,  s ) ) l k  l X "  f  ( s )  ,  k  : 0 , r , 2 , .  . . ,

r3i<:*
which determine a Fr6chet space structure on S(G,t/). A" operator Ae L^(G,ll) gives

a continuous mapping of S(G, r/) into itself. Further, let LzG) be the usual space of
square-integrable (with respect to Haar measure) functions on G.

THEOREM I  a )  I f  A€UL^ ' (G , t ! )  and  B  €UL^ , (G , { ) ,  t hen

A B e I J L ^ ' t ^ , ( G , v l .

b) A A€UL^(G,$), then A. eLIL*(G,t l , ,) (here A* is the operator formally adjo' int
to  A act tng in  L21G)) .

c)  I f  A€ULo(G,$) ,  then A extends to abounded operator  on L2(G).

We single out in LIL*(G,r/) the subclass UL^(G) of uniformly properly supported
itrrDO's, i.e., operators A € UL*(G,r/) with kernel Ka such that Ka(g,h) :0 for

pb,h) ) Ce. Then [/L*(G) is a *-subalgebra of UL^(C,I/) that does not depend

on 4,. Each operator A € UL^(G,rl,,) can for any € > 0 be decomposed into a sum

A:  B , * / i e  w i t h  B ,  e  L IL * (G) ,  KB , (g ,h ) :0  f o r  p (9 ,  h )  >  , ,  and  ,? .  €UL- - (G ,1b ) .
lf m€ C, then the subclassesLlL!l(G,r/) and ULXG) of classical pseudodifferential

operators of order rn are singled out in ULR'^(G,r/) and ULR'^(G). Namely, A €
ULX(G,,/) (or A e LrL!l(G)) for an operator A € (JLR"^(G,T/) (respectively, A €

ULR"*(G)) means that all the operators An on LIn are classical VDO's of order m
(see, for example, $3 in l7]) uniformly with respect to g € G, i.e., the constants in the

estimates for all the derivatives of the homogeneous functions in the asymptotic expansion

of the symbols o.n(r, {) and in the estimates for the remainder terms of these asymptotic

expansions can be chosen to be independent of g. For example, if A is a differential
ope ra to r  o fo rde r  m  and  AeUL^ (G , / ) ,  t hen  AeUL ! l (G ) .



DEFINTIoN 2. An operator A e UL*(G,'ry') is said to be uniformly elliptic if aII
the operators An on Un are elliptic (in the sense of Definition 5.3" in [7]) uniformly
with respect to 9 e G. The class of all uniformly elliptic operators in UL*(G,tl.,)
( respect ive ly ,  UL*(G),ULX(G,$) ,ULXG))  is  denoted by EUL^(G,ry ' )  ( respect ive ly ,
EU L^(G),  EU LX(G,1b) ,  EU LnG)) .

An operator A e UL!I(G,'r/) or A e U Lfr(G) is uniformly elliptic if and only if its
Ieading symbol a-: ?*G\0 - C has the following property:

a * ( u ) l  ) e  ) 0 ,  u € T * G ,  l u l : t ,
where e does not depend on z, and lzl is the length of the vector v with respect to the
left-invariant Riemannian metric on G.

THEOREM 2" a) I f  Ae EUL^(G,t l ' ) ,  thenthere exists an operator B e EUL-*(G)
such that

B A :  I  -  R t ,  A B :  I  -  R z ,  R ,  e U L - - ( G , ' , l t ) ,  i :  I , 2 .
I f ,  moreouer,  A€ EUL (G), then R, eUL -(G) :  n^UL (G).

b) For anA s e R there exists an operator lt" e EU Lir(G) with positiue leading symbol.

We introduce the uniform Sobolev spaces H"(G\. Let

r _ )
1 1 - - ( G )  : { u , u € D ' l G l .  u -  t  X o f o .  I " e f z 1 C 1 l .

t  t " s "  l
where I{ and /o depend on u. Then for any s € R

H" (G)  :  { u :  u  €  H - * (G) ,  l t " u  e  L2 (G) } .

A Hilbert space structure is introduced on H"(G) in a way similar to that in 11] (see
a l so  f7 ] ) .  I f  A  €  t l L ^ (G ,T / ) ,  t henAex tends fo rany  s  €  R toacon t i nuous l i nea r
operator A: H"(G) --+ Hg-m(G). There is also a theorem on ell iptic regularity: if
Ae  EUL* (G , rb ) ,u  €  11  - (G) ,  and  Au :  f  e  H" (G) ,  t hen  ue  H"+* (G) .

THEOREM 3.  I f  m>0 andAe EUL^(G,r l , , )  i .s formal ly  se l fadjo int ( i .e . ,  symmetr ic
onCff(G)), thenitis essentially selfadjoint andits closure is a selfadjoint operator with
domain H^(C).

Finally, we mention that, though the left and right Haar measures on G coincide
because of its unimodularity, the left and right Sobolev spaces, classes [/tr-, and so on,
do not coincide in general. All the left objects coincide (pairwise) with the corresponding
right objects if and only if the left and right spaces Ht(G) coincide, and this happens,
in turn, if and only if G is a central extension of a compact group.

2. Suppose that the operator A e EU L^(G,T/) is invertible as an operator A: H" (G)
+ H'-m (G) for some s € R. Then the same is true for any s, and we then speak simply
of the invertibility of A. In this case we define the Green's function L(S,h) to be the
kernel of A-1, so that L e D'(G x G). We now discuss the question of how the Green's
function decreases as p(g,h) - +*.

TgnoRpv 4. Let / : [0, +m) -- (0, +m) be a smooth nondecreasing continuous func-
tion satisfying the following conditions:

a )  / ( 0 )  :  r  and  / ( r+  s )  <  / ( t ) / ( t )  f o r  a l l  s , r  )  0 '
b) l iml*1-UGot)lrltN(r)) :0 for some s6 ) 0 and N > 0.
c) f@(t)l f  (t) l<C* for any inteser /r > 0.
If an operator Ae EUL*(G,^lt) it inuertible and L is its Green's function, thenthere

erists an e t 0 such that for any r ) 0

lX;Xf  Lb,h) l  <  C,B, f  - t  ( tpk,h))  fo ,  p(s ,h)  > r  > 0.
where a and p are arbitrary multi-indices.
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In particular. if A is a differential operator. then we can take f (r): e". which gives

an exponential decrease for the Green's function. If r/(r) : 1 + r. then we can take

f  ( . r )  :1*  r ,  which means that  the a lgebra U^LIL*(G,1* r )  is  invar iant  wi th respect

to taking the operator inverse to an elliptic V DO (this result is applicable, for example.
in the case of niipotent groups).

3. An operator /?:C,f (G) - D'(G) is said to be infinitely smoothing inthe scale of

1{"(G) if for any s,t € R the operator R extends to a continuous mapping R: H"(G) -

H'  lG) .  Thc c lass of  a l l  such operators is  denoted by Ut  - (G).  Let

0 r ' " 1 c 1 :  { A :  A :  A t i  / ? ,  A r  € f t L  ( c ) .  R  €  i r - - ( c ) } .

I t  is easy to see that UL^(G,v) c i  L^ (G). Let

U r 3 1 C S  :  { A :  A  :  A r  t  R ,  A t  € U L \ G ) ,  n  e C r - - 1 C 1 y ,

where the leading symbol a^ of the operator 41 is called the leading symbol of the

operator A. Assume that 41 e EU Li@) and that o.- does not take values in some
angle A with vertex at 0 in the complex plarre C, and some ray beginning at 0 does not
intersect the spectrum of A. Then the complex powers A of A are defined according to

the scheme of Seeley 14].

THEOREM 5. a) A' e ULT"G) under the assumptions described aboue.

b )  I f ,  moreoue r ,  t l t ( r ) : 1 * r  and  A€  EL IL^ (G ,9 \ ) ,  t hen  A  e t l L !1 " (G . t ! ) .

Suppose that the kernei K"(S,h) of A' is continuous on G x G for Re z I -nf m.

There are theorems on analytic extension of this kernel that are completely analogous to

the theorems of Seeley in [4]. From this, a standard application of Ikehara's Tauberian

theorem gives us the asymptotic behavior of the spectral function of an operator A of

the form described in the case when the operator is selfadjoint and its leading symbol is

nonnegative.
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