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MORSE INEQUALITIES AND VON NEUMANN II1-FACTORS
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S. P.  NOVIKOV AND N,I .  A,  SHT]BIN

Irr this paper it is shown tirat in the N{orse inequalities on a multiply connected

marlifold. instcarl of the classical Betti rrunrbers. one can consider real Betti numbers

eqrial to the vori Neurnann rclative dimerrsions of the horrrology groups or cohomology

groups of the local system obtained frorn the representation of the fundamental group in a

II1-factor, according to the conjecture of l1]. The reason fbr this consists in the following.

Even in finite-dirne.sional represe.tations 1: 11 (X) - ' GL(N,C), the analogues of the

N{orse inequalities for a function / on a srnooth n-climensional closed manifold X have

the lbrrn

( l )  n rnn ( / )  >  b ) .

where rno(/) is the nurnber of crit ical points of the index p of f and bo\ : brr(X) is the

dimension of the space of p-diniensiorral homology of X with values in CN as in a 7rt-

module wirh representation 1. Inequality (1) follorvs from the fact that its left-hand side

is i1 fact the dimension of tlie group of chains in the complex providing the necessary

honiology and constru<:ted from the N{orse cell complex defirred by /. The analogues of

the rrrrmbers bb: bbli\ i  can also bc clefined for -V: co in the case rvhcre CN is replaced

by a Hilbert spacc and the represetrtation 1 maps 7r1 into a II1-factor'

1. Let .V be a coniplex llilbert space. t a Il1-factor in .l . trr the faithful normal

trace on t, norrnalized in the usual way. i.e., trx 1 : 1 for the identity operator 1 in

.V (see, for example, [2]), and dirnx tl ie corresponciing relative climension (defined on

closed subspaces L of )l alf i l iaterd with 2t, i.e., for which the corresponding orthogonal

projection P1 belongs to t?t, by the formlla dimt.L : tru Pl). \\'e assume that a

representation f : ?r1(x) '- 2[ is given and f, is a local system with {iber.v on x'

constructed for the represerttation 1. The homology group 11o(X; lr) can be identif ied

with sorne closed subspaces irr space of the form lN : XECN, affi l iated with II1-factors

2[ ' :  taEnd(CN) wi th t race t r21,  :  t rsBtr ,  where t r  is  the r tnsual  matr ix  t race on

the algebra trndCN, trl: l{ ( in the definit ion of homology here and below. instead of

the images of differentials, we rnust take the closures of these irnages). \4Ie denote by

dimx the corresponding relative dirnension in each of the spaces .lN and consider tl ie

real Betti numbers
6 ;  =  a imq  Ho(X ; f r ) ,

f irst irrtroduced by Atiyah l3l and Singer la] and also studied in lS] 18].

THtroREM 1. The followrng inequalit 'res hold:

(2 )
p p

\ - r  r t k m ^ , r f \  - \ - r  l ) / ' b ' ,  D : 0 ,  1 , . . . . r r
L - \  

L t  " I p  F t J  t  /  '  - '  ' p  k '  r

l c -O k - -0

The Betti numbers bf carr also be
to the cohomology group /1e(X;f r).

l98O Mattrcmafis sthla:t ctnsszf;raf.iln (1985 Reui^yxm). Primary 46L1.|5: Secondary 57N65.
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obtained by applying the relative dimension dim21

The group 11n(X:f*) can also be defined as the



cohomology group of the complex of ,Lz-forms

0 -  At  _-- -  - \er  
18d.  p*1 + . . .  + Ai  *  0,

where Ap" is the space of ,L2-forms of degree p on X with values in a vector buniile with
fiber )/, constructed from the representation 1 (see l4l [6]).

2. We sketch the proof. To verify (2), it is sufficient to construct a complex

(3) o - Ln !t- Ln-, !::\ 7.,, + + L, L Io - o,

satisfying the following conditions:
a )  L o :  ) l m o ( I ) ,  p : 0 , 1 , . . . , f l .
b) Every mapping do is given by a matrix with entries in ?1.
c) The homology groups of the complex (3) are isomorphic to Hr(X,fr), and the

isomorphism is given by X-operators which are restrictions of matrix operators with
entries in Z.

The needed complex can be constructed if we calculate the homology of the local
system f" by means of the standard passage from X to the homotopy equivalent CW-
complex of Morse, constructed from / and containing exactly *r(.f) cells of dirlension
p. For this (and for the construction of homology) we need operations over subspaces
and their mappings that do not leave the realm of 2l-subspaces (i.e., subspaces affiliated
with the corresponding factors {,r,') and admissible mappings (obtained by restricting
matrix operators with entries in ?1). Now we have to take into account that dimq has
the same algebraic properties as the ordinary dimension. For example, if a sequence o1'
X-subspaces and admissible mappings

0 - L ' ! : ' 2 l Z L "  - 0

is  g iven,  which is  a lmost  exact  in  the sense that  Kerdr  :0,  Imdl  :  Kerd2 and I rnd2:
L", then

dima tr : dimt L' + dimu L"

(see [a]-[8]). Therefore, properties a) c) imply inequalit ies (2).
RpM,q'Rx 1. Instead of a Il1-factor! one can take any von Neumann algegra 2[ wittr

a fixed finite trace trq such that trq I : 1.
RBntaRx 2. Using the same procedure, one can define the combinatorial Reidemeister

to rs ion  R (X , i l  w i t hva lue ina l l l - f ac to r i nducedbya rep resen ta t i on lo f  t heg roupTr l  .
The square of the absolute value of the Reidemeister torsion is uniquely determined for
unitary 1. Following the scheme of [10], it is also possible to define an anaiytic torsion.

3. Examples. It is known that the regular represention p of a countable group f
into 12(f) possesses a standard normalized trace (see, for example, [7]). If all nontrivial
classes of conjugate elements are infinite, then p induces a II1-factor. The same property
is enjoyed by all representations X : p& p' , where p/ is a finite-dimensional representation
o f f .

EXAMPLE 1. The indicated property is shared by all discrete subgroups f of the
group of motions of an n-dimensional simply connected symmetric space M of negative
curvature with compact quotient space X : M ll Here | : nr (X) and

(4) tr  Go(r,r)  d,o(r)  :  cr(M) Vol(r) ,6rr(*): 
1",r,

where Go(r,g) is the kernel of the orthogonal projection onto the space of -L2-harmonic
pforms on M, V(f) is the fundamental domain of f. and do is the volume element.
Then we always have cs - cn :0. If M : H2, the Lobachevsky space, then c1 : c.2 : 0.
Moreover,  co(H2n) 10.



Conjecture. ,o(M): 0 for 2p * n. What are the numbers 6|1X; for X : Hslf tf

X- pE p'. where p/ is f inite-dimensional?
IiEMARK. The continuous spectrum of the Laplacian on pforms of M can contain

0. This property is topologically invariant. Here new and deep topological phenomena
appear: invariants lying between the von Neumann torsion of Reidemeister and homology
(for example. for .11 : H3. p - I).

trxAMPLE 2. Let y : p, X a closed 4-dimensional rnanifold such that the group
f  :  r r (X)  is  in f in i te  but  111(X,Z) :  f / l f , f ]  :0 ,  and p(X) the Euler  ch_aracter is t ic  of
X .  I n  v i e w  o f  t h e  e q u a l i t y  b f  : 0  w e  o b t a i n  p ( X )  : 2 + b 2 : b ;  - 2 b f  , b t , b +  > b z * 2 .  I f
now Y is a manifold of any dimension, homotopy equivalent to X\ {rsi on a 3-skeleton,
then for the Morse function / on Y we have, by Theorem 1,

( 5 )  m z l f \ - m r ( f ) - m o ( l )  > b r \  - b )  : b r - t 2 - a |  > - b z - 2 .

Even in the case 6i : O, this inequality is better than the classical one by 1.

REMARK. It foilows from Theorem l that 6) > nr1 _�Tt12_� 1, where nr.1 is the number
of generators of the group 7r1(X) and m2 is the number of relations. In particular, in
contract to the scalar Laplace-Beltrami operator, the vectorial operator for groups rr (X)
which are nearly free always has a large space of square integrable null modes on the
universal cover.

Addendum (S. P. Novikov). On Morse-type inequalit ies for vector f ields.
At the end of l1], an application of an iclea of 19] for obtaining Morse-type inequalities
for vector fields 4r(r) on a manifold X is discussed. Let a metric g,7 be given. Consider
the operators

dt . :  d+ta,  +6ro :  , rdt -* ,  At ,  :  (d6 + 6r . )2

f o r a l - f o r m , . - J J i f l r ' . , . t , ( r l : g , L 4 l ( r ) . T h e n A r . : A " f 2 1 * ' . . u )  + t C ( , , ' ) . r v h e r e

0 ir u matrix operator depending on oi and the metric. As t -+ m, the null modes
of KerAla on the spaces of even and odd forms A+(X) are concentrated near points
Pq, where n(Pq) : 0. In special coordintates near the points Pq, where g4 : 6;j and
l" io(P) :0,  the operator  can be wr i t ten (see [1] )  i r r  the form

( 6 )  A , ,  -  A l n '  :  
L , U ?  ,  C ; , C , p i r k  - C , r ( , r . '  -  a I ) \ a * J  *  s t 1 .

x

l l e re  C , ,  -  } Ln i  (Pn ; .de t  ( ' , ,  l 0 -  The  ope ra to r  d * '  i s  mu l t i p l i ca t i on  by  d r ' .  and  c '  i s
the adjoint operator. At the point Pq, the usual commutation relations of fermions are
satisfied for o*' and ar. In the case of [9] , c,r : dh and the matrix C : (Ct) is symmetric.
Therefore, the Hamiltonian (6) can be diagonalized by an orthogonal transformation. In
our case, the selfadjoint operator

C i r ( o * '  -  o t 1 1 q . ' /  t  a J )  :  C

acts on the space A.(R') of dimension 2'. A basis in.{p can be realized in the form

a * i t a * i , . . . o * i o f ) ,  j 1  < . .  .  4 i r ,  o J f ) : 0 .

Let there be given a Bogolyubov transforrnation (an automorphism of the Clifford alge-
bra)

a" : t"jH * p:'rb.t , u*, : i,jH + tib-r .

whereb* ' b *J  :  - b *Jb*x  andb* 'F  +Ub* ' : 6 ' J .  T i ren ,  as i sknown ,  t hema t r i cesU  :T -P

and V :T * P are arbitrary orthogonal matrices from the group O(n). with f : (ri)

and P :  (P:) .

8 1



LEMMA l. Let 0 : c'on1a-t * 6t')(b-i + P) : 0*, th, general real quadratic form of

fermions. Then

( 7 )  C ' : ( J I C V ,  C : ( C u )

(the "polar decompositiorl' ol the matrir C' inF').

The proof is by direct verification.

Lotrantl 2. Let detC l 0. IJ the si are the eigenualues of the matrir le'C, then the
specturm oJ 0 on A.(R') has the form

n

( 8 )  ) i ,  i * :  t s ; * s i , r " ' + , s i r .  i r < i z (  " < i p .

i : r

The operator L(;n) hot eractly one null mod,e. It lies in the space Aeven dr d,etC > 0 and

;, lodd if detC < 0.

Formulas (7) and (8) apparently do not occur in the literature.
Now we can sharpen the Morse-type inequalities of [1], providing upper estimates for

the null modes of A1,. By the conjecture of 11], the numbers of null modes b1 (t), t --- oo,

do not depend on the metric and are invariants of the pair (X,n), where 17 is a vector

field. Now, by Lemma 2, these numbers can be estimated from above in terms of the

numbers m+(\ )  of  cr i t ica l  points,  where 4(Pn) :0,  such that  s ign6"1f to : : [1 .

TgnoRnlt. If aII crrtical points are nondegenerate, then

, ! g b * ( t )  
< m + ( n ) ,  b +  b : x ( X )
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