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In the paper we study a certain class of pseudodifferential operators in R", which

allows us to prove the normal solvability of a broad class of problems in unbounded

regions not requiring rhe conditions of radiation at infinity. Such problems have been

cons idered prev ious ly  in  var ious papers  among which we note I t ' l ' : '7 '9 f . In  par t icu lar ,

Grul in's paper [3].ott t . ins the construction of a regularizer very similar to the one

considered here. However, the approach we have proposed al lows us to construct a

somewhat more exacr regularizer (although in a narrower class of operators) and to

make important applications to the study of the defect indices of operators in Rt and

to questions important in quantum mechanics, concerning operators with a small para'

me te r  f i  ( see  [ 2 ,  a , s ] ; .

l .  The pseudodifferential operaror pQ, (h/ i \@/3 xD in Rn with the symbol

p ( x ,  { ) , w h e r e  x  =  ( x 1 , .  .  . ,  x n ) ,  €  =  ( € 1 , . .  . ,  € , ) ,  i s  g i v e n  b y  t h e  f o r m u l a

t  I  h  a \  \ .  - e
(o (r, + #)u)@) - (2n)* \ otr, r,'E)e' (x' E)f(E)dE' (1)

R?2
\-  

where A is some posit ive constant which, as a rule, is taken equal to 1, 1x,, (> =

2n=r*r€  r ,  i ( f )  i "  the Four ier  t ransform of  the funct ion u(x) :

A P

t (E ) :  )  , *  ( x 'L tu , (x )d r .

R?1

Definit ion 1. Let m, p be real numbers and, moreover, let 0 < p < l- gV CT we

denote the set of p(y) e C*(R2') such that the following estimate is fulf i l led with

certain constants C n for all multi- indices y:

lAr ' rO@) ldy' l  (  Cr( l  * lV l1,n 
-orrr ,  y € R'" .  (2)

The class GT is scarcely broader than the class of symbols introduced in [8];

however, it already permits us to examine in a sufficiently meaningful manner the divi-

sion problem referred to in [a].  we note the relat ion of the class CT with the Hiirman-

de r  c l ass " "  [ 6 ] t

GT c Sfro (R"). (3)

The fol lowing proposit ion can be veri f ied in the same *uy 
"t 

[61.

P ropos i t i on  1 .  I f  pG ,6 )  e  G f , ,  t hen  t he  co r respond ing  ope ra to r  pG ,0 /0x )  i s  a

cont inuous operator  f rom S(R' )  inb S(Rn)  ond can be cont inued up to  a  cont inuous
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tnapping o/  S ' (R")  ln to  S ' (R") .  I ts  genera l ized kerne l  in  the sense of  Schutar tz  be longs
ro S'(Rn x R") and is inf ini tely dif ferentiable outside the d, iagonal R" x R".

we remark here only that pG,0/d r)u is defined, for u € S',  by the equali ty

(p(*,0 I lx)u,g) : (u, p, (r,a I Ax)q), g € S,

where p* (* ,  d/0x) is the operaror formal ly adjoint  to p(x,0/0x).

T h e o r e m  t ( T h e  c o m p o s i t i o n f o r m u l a ) .  I f  a ( x ,  f ) e  G 7 ' ,  b ( x , ( ) e c i 2 ,  t h e n

_ l  h  a \ , /  h  a \  i  h  a \o  
\ ' '  T  E  ) o  \ ' ' '  T 6 ; ) u  

:  c h [ t '  T  i )  "

where co(x,  f  )  e GT'*^2 is giuen by the formula

cn(x ,E) :  o (48++*) r@,8)  (4)

and admits of the fol lowing expansion for any posit iue integer N:

cn(r,E) : . > eg 
atot ?.9c,€) atat ! g, q 

* h*r* (r, E, h), (r)r' 
lot<iv-r of A4o }co 

l 'v

where r r (x ,  € ,  D e Gn-pN wi th  respect  to  (x ,  €)  and,  moreor)er ,  the constants  in
estimates of form (2) for rr do not depend on h.

Proof. Let us derive an estimate of the remainder term r". From the propert ies of

the terms in formula (5) it follows rhat it is sufficienr to find for any 1Vo an /V such

that r" € G^-pNo *i th constants in est imates (2), which do not depend on h. By

writing the remainder term r" as the remainder in the integral form of the Taylor for-

mula, we get that it is enough to learn how to estimate uniformly in t, 0 I t 1 l, inte- '-

grals of the form

t : 5! si (x-2, E> b (2, E) a (x,€ + ,E) d,z dl, (7)

where a e Gi' , b e Gf," ^nd, moreover, m' and rn" are sufficiently small.

L e m m a .  L " t  T  G ,  i l  :  I  e -  i { 2 , ( )  b ( r ,  € )  d r .  T h e n  t h e  e s t i m a t e

16 ( 'e, E) |  < C,lel - ' (1 + I 'E l)m"+n-pp

is  sat isf ied when rn" + n -  pp < 0.

Proof of the lemma. If y is a multi- index with lyl : p, rhen we ger

I E'6(8, €) | : l5 ,-' 
(z,Y) 0!b 12, E) drl< I (t + l rl * IEI)^"-oo d,

: C p(l + lEll^'*"-'n ,
where c o 

= [(r + l l l)^"- 
pp dq. whence follows the lemma's asserrion.

Let us go on to estimate integral (7). we split i t up into two parts,

r : r r* ra:  \ \  . . .+  \ \  . . . ,
l(l--tiuilz t\l#u|z

where y = (*, €). In integral 1, we have the esrimare
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la(*, E + rE) l< c(l  * lvl)^ ' ,-L- 

whence when nx" < -n we obtain

f /, f < c (t +lal)*'*,(1 + lE l),,,, '+,, < c(1 + lul)^'*".
We make use of  the lemma to  est imate I r .  When m'  <0 we obta in

l / ,1(c I  l t&,E) ld,E<c 5 tEpae.(r+lEl)* '** ,o '
Iuj,-luvz llt)-lallz

< c lv l-o*" (l + [ € l)-"*"-pp < cola fn+n
when p is sufficiently large.

The estimates obtained yield the desired estimate for I when lyl > 1. The esti-

mate when lyl S I is obtained from the obvious equaliry

/ :  \ \  ?,-@'e+tg) t r  -  L,)*  b(2,  El lst(x-2. \> i tzd€,- 
JJ (t + I El'')M 

r'\- 'z'

where A- is the Laplace operator in z, so that the integral already is convergent when

m." <-n and,for suff iciently large l i l  andwe have the estimate, uniform in f ,

l / l<  c  ror  ly l (  1 .

Theorem 1 is proved.

We can analyze analogously the question of the symbol of the adjoint operator and

its expansion in powers of h.

2. Let us now consider the question of the inverse operator and of the regularizer.

\-  Definit ion 2. By TT we shal l  denote a subset of Gi consist ing of the symbols

p (y) for which the estimate

la lp@)tp(v) l (c r (L*1v11-c l r r ,  l v l2M (8)

is fulf i l led.

Condition (8) is an obvious analog of hypoellipticity in the sense of Hiirmander

[61 and, analogous to [6],  this condit ion can be writ ten for the matrix symbols p(y)"

The next theorem is obtained by a literal repetition of the arguments presented in Ie].

Theorem 2.  I f  p0)  e l f , ,  then there ex is ts  a  syrnbol  eU)  eGi  such that  the

relat ions

q(r,, 0 | A*)p(x, 0 | Ar)u, - u, * T,a, p(x,,0 I A*)q(r, 0 I lr\u, - u, * T,a,

hold, where the operators Tr and, T, haue kernell KG, y) belonging to S(Rn x Ro)

and, hence, map the whole S'(Rn) into S(R') .

Coro l la ry .  I f  p (y )  eTf , ,  then the  opera tor  p (x ,0 /0 i :  S- '  S  f ias  a  kerne l  and a

cokernel of f inite dimensions and from the fact that

p (x ,0 l 0x )u - f ,

where /e S, a € S'  i t  fo l lows that u e S. In part icular,  i f  u e S'  and p(x,} fdx)s:  g,

then u e S.
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Remark. Hcirmandet I  to] has answered in a similar way the question on the index

of  the operator  p(x ,  d /Oi  wi th  Vg)  e l | .

In Theorem 2 we had taken h: I .  Let us now consider what inf luence the inuo-

duction of a small  parameter fr has,

Theo rem 3 .  Le t  p@e f i  and  p (y )10  f o r  any  y  €  Rn  wha tsoeue r .  Then ,  f o r
smal l  h  the operator  p(* ,  (h / i )@/?xD is  inuer t ib le  and the inuerse operator  has the

forrn qo(x, (h,/ i lQ/lxD with some l6() € Gro admitt ing of an asymptotic expansion

in  powers o f  h ,

q ^ @ ) :  Q o ( U )  * l z q ' ( V )  + . . . + h * - ' q * - ' @ )  l h N r r ( y ; h ) ,  O )

where gsq) = (p(y))-r and ,r(y, i l  e C;(N) with consta,nts in est irnates (2), not d.e-
pending on h, and here s (N) * -.  oo os N -, + oo.

This theorem is a simple corollary of Theorems I and 2. We remark only that the

symbol g,r(x, f)  i t  constructed by the natural method of successive approximations,

s tar t ing wi th  go(y)  =  (p(y) ) -1  .

3. Now let p 0) e Gi be the symbol of the formally selfadjoint operator

p(x ,0 /0x)  ( i . " . ,  o f  the operator  symmetr ic  on C;(R") ) .  Let  us  estab l ish a  theorem

giving the suff icient condit ions for the selfadjointness of the closure of operator

pG,0/0x) ,  i . . . ,  fo r  the absence of  defect  ind ices in  the operator  pG,0/0x) .

Theorem 4.  Let  p(y)  t  i  e  f 'T .  Then the defect  ind ices o f  operator  p(x ,0 /0x)

equal  0 .

Proof. We assume that u e L2(R') and p G, 0/0x)LL = * iu (the operator on the

left is to be taken as being adjoint to the corresponding operator on Ci, i .e.,  taken in

generalized functions, as we have done previously for all u € S'). From the corollary

to Theorem 2 we get that u e S, but then u= 0 since the operaror p Q, 0/0x) is sym-

metric on S, which follows from its continuity on S and from the fact that C[ is dense

in S. Theorem 4 is proved.

In conclusion we remark that in the class of operators described i t  is easy ro ob-

tain: the necessary and suff icient condit ions for complete conrinuity in L2 (R"); con-

dit ions for the discreteness of the spectrum; continuity in the natural scale of the

spaces, connected with fract ional powers of the operaror of a harmonic osci l lator; the

unique solvability of the Cauchy problem in the class of power-growth functions for the

corresponding parabolic equations with variable growing coefficients.

Finally, the wtrole theory can be generalized to the broader class of symbols de-

f ined by the estimates

I a9"atp @, E) | -< Coo (t + t € l)'nl-er 
lol+s'lPl (t + | xl'^'-espf+Erlcf ,

i f  on ly  D,  <  P,  and 6r1pr .  Wi th  cer ta in  ins ign i f icant  modi f icat ions a l l  the theorems

generalize to the case of the symmetric Weyl symbol.

The author thanks F. A. Berezin for posing the problem and for useful discussions

of the questions related with this work.
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