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PSEUDODIFFERENTIAL OPERATORS IN R”
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M. A. SUBIN

In the paper we study a certain class of pseudodifferential operators in R", which
allows us to prove the normal solvability of a broad class of problems in unbounded
regions not requiring the conditions of radiation at infinity. Such problems have been
considered previously in various papers among which we note [1.3.5.7.9], In particular,
Grusin’s paper 3] contains the construction of a regularizer very similar to the one
considered here. However, the approach we have proposed allows us to construct a
somewhat more exact regularizer (although in a narrower class of operators) and to
make important applications to the study of the defect indices of operators in R* and
to questions important in quantum mechanics, concerning operators with a small para-
meter h (see [2.4.8]).

1. The pseudodifferential operator p (x, (h/i)(9/dx)) in R" with the symbol
plx, &), where x=(x,+++, x ), E= (£ ,--+, &), is given by the formula

(p(= +22) )@= § (e e ou@ &, M
R”

where h is some positive constant which, as a rule, is taken equal to 1, <x, E> =

S‘?=1 x.& ., 4(&) is the Fourier transform of the function u(x):

5@ = { et=vu(a)de,
R"
Definition 1. Let m, p be real numbers and, moreover, let 0 <p < 1. By C’; we
denote the set of p(y) € C*(R?") such that the following estimate is fulfilled with

certain constants C,y for all multi-indices y:
[0¥p(y) [ 0y*| < C(1 +y) ™", y=R™ ()

The class G'" is scarcely broader than the class of symbols introduced in (8];
however, it already permits us to examine in a sufficiently meaningful manner the divi-
sion problem referred to in [8]. We note the relation of the class C'Z with the Horman-

der classes [6]:
G:,n (e S:,n;o (Rn). (3)
The following proposition can be verified in the same way as {sl.

Proposition 1. If p(x, {) € G7, then the corresponding operator p(x, /dx) is a

continuous operator from S(R™) into S(R") and can be continued up to a continuous
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mapping of S'(R") into S'(R™). Its generalized kernel in the sense of Schwartz belongs
to S"(R* x R*) and is infinitely differentiable outside the diagonal R™ x R™.

We remark here only that p(x, 9/d x)u is defined, for u € §', by the equality
(p(z,0/02)u, ) = (u,p*(2,0/ 02)9), @3,

where p* (x, d/9x) is the operator formally adjoint to p (x, 9/3 x).
Theorem 1 (The composition formula). If a(x, £) € G;l, b(x, £) € G™2, then

h 0 h 0 ’ h 0
“(‘”’7‘79?>b(x’ T?a?)u=ch(x"i—%)“

+
where ¢,(x, ) € Gzl "2 is given by the formula

h @
e (e B =afz, T5)b@ Y (4)
and admits of the following expansion for any positive integer N:

@n'el 819l g (2, ) a'“’b(z, E)

S 5E0 s +Ary (2, & B), (5)

Ch (x} g) =

where 1, (x, £, ) € G’;-pN with respect to (x, £) and, moreover, the constants in
estimates of form (2) for r, do not depend on h.

Proof. Let us derive an estimate of the remainder term r,,. From the properties of

N*
the terms in formula (5) it follows that it is sufficient to find for any N, an N such

that ry € G"‘ “PNO with constants in estimates (2), which do not depend on h. By

writing the remamder term 1, as the remainder in the integral form of the Taylor for-
mula, we get that it is enough to learn how to estimate uniformly in ¢, 0 < ¢ < 1, inte-
grals of the form

={ete=000 a(e, g +1)dzd, ™)

where a € G'z' , b€ Gzn and, moreover, m' and m" are sufficiently small.
Lemma. Let 'bv(g“, &) = fe_i<"§>b(z &E)dz. Then the estimate
15(L, &) | << ColL]=2(1 + &)™ +n*r

is satisfied when m" + n — <0.
PP

Proof of the lemma. If y is a multi-index with |y| = p, then we get

185 o= |{e* ot (s vasl<§t 2]+ 12" P d
= Cp (1 —I— l g ,)m"l'n-pp,
where Cp =1+ IW\)mll~pp dn. Whence follows the lemma’s assertion.

Let us go on to estimate integral (7). We split it up into two parts,

I=1I I, = . ces
14 ltélsuvz +It|§§ul/z '

where y = (x, £). In integral I, we have the estimate
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la(z, E+ @) I<CA+lyD)™,

" .
whence when m < -n we obtain

LI CA+lyD) ™ +E)™ < C(1 +]y]) ™+

We make use of the lemma to estimate 12. When m' <0 we obtain

ini<e § Beola<c § jerraa g

1zI=1v12 1e1=lvll2
<Cly[P"A+[ENT < Cply[P
when p is sufficiently large.
The estimates obtained yield the desired estimate for / when |y| > 1. The esti-
mate when |y| < 1 is obtained from the obvious equality
1={{ £EED 11— a )b (s Ple o,
where A]. is the Laplace operator in z, so that the integral already is convergent when

m" <~n and for sufficiently large M and we have the estimate, uniform in ¢,
< C for |y|< 1

Theorem 1 is proved.

We can analyze analogously the question of the symbol of the adjoint operator and
its expansion in powers of A.

2. Let us now consider the question of the inverse operator and of the regularizer,

Definition 2. By F'; we shall denote a subset of G'; consisting of the symbols

p(y) for which the estimate

[y p()ip(W)|<Cyd +1y)*", |yI>M ®)
is fulfilled.
Condition (8) is an obvious analog of hypoellipticity in the sense of Hérmander

[¢] and, analogous to [6], this condition can be written for the matrix symbols p (y).

The next theorem is obtained by a literal repetition of the arguments presented in [s].

Theorem 2. If p(y) €', then there exists a symbol q(y) € Gz such that the

relations

q(z, 0/6x)p(x,6/0x)u=u+ T, p(z,0/0z)q(z,d/0x)u=u- T.u,

hold, where the operators T, and T, have kernels K(x, y) belonging to S(R™ x R")
and, hence, map the whole S'(R™) into S(R™).

Corollary. If p(y) € I‘; , then the operator p(x, 3/dx): S — S has a kernel and a
cokernel of finite dimensions and from the fact that

p(z,0/0z)u =,

where f€ S, u € S’ it follows that u € S. In particular, if u € S' and p(x, d/dx)u = 0,
then u € S.
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Remark. Hormander [10] has answered in a similar way the question on the index
of the operator p(x, 9/dx) with p(y) € F'; .

In Theorem 2 we had taken h = 1. Let us now consider what influence the intro-
duction of a small parameter % has,

Theorem 3. Let p(y) €'} and ply) £0 for any y € R*® whatsoever. Then, for
small h the operator p(x, (k/i)(8/9x)) is invertible and the inverse operator has the
form q,(x, (h/i)(3/9%)) with some q,(y) € Gﬁ; admitting of an asymptotic expansion

in powers of h,

an(y) = @ (y) +rq:(y) + ...+ A" qn-1(y) + BVry(y; B), 9)

where q,(y) = (p(y)™" and ryly, B) € G;‘N) with constants in estimates (2), not de-
pending on h, and here s(N) — — o as N — + oo.

This theorem is a simple corollary of Theorems 1 and 2. We remark only that the
symbol qh(x, &) is constructed by the natural method of successive approximations,
starting with qo(y) = (p (y))ﬂl .

3. Now let p(y) € GZ’ be the symbol of the formally selfadjoint operator
p(x, 9/9x) (i.e., of the operator symmetric on C% (R™). Let us establish a theorem
giving the sufficient conditions for the selfadjointness of the closure of operator
p(x, 9/9x), i.e., for the absence of defect indices in the operator p{x, 3/dx).

Theorem 4. Let p(y) ti € I'? . Then the defect indices of operator p(x, 9/9x)
equal 0.

Proof. We assume that u € L?(R") and p(x, 9/9x)u = * iu (the operator on the
left is to be taken as beihg adjoint to the corresponding operator on C;o , i.e., taken in
generalized functions, as we have done previously for all u € S'). From the corollary
to Theorem 2 we get that u € S, but then u = 0 since the operator p(x, d/9x) is sym-
metric on S, which follows from its continuity on S and from the fact that C(: is dense
in S. Theorem 4 is proved.

In conclusion we remark that in the class of operators described it is easy to ob-
tain: the necessary and sufficient conditions for complete continuity in L2(R"); con-
ditions for the discreteness of the spectrum; continuity in the natural scale of the
spaces, connected with fractional powers of the operator of a harmonic oscillator; the
unique solvability of the Cauchy problem in the class of power-growth functions for the
corresponding parabolic equations with variable growing coefficients.

Finally, the whole theory can be generalized to the broader class of symbols de-

fined by the estimates
| 8202P (2, 8)] < Cap (1 + ™72 BPI (- ymrsilbeble,

ifonly 8, <p, and 8, < p,. With certain insignificant modifications all the theorems
generalize to the case of the symmetric Weyl symbol.
The author thanks F. A. Berezin for posing the problem and for useful discussions

of the questions related with this work.
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