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PSEUDODIFFERENCE OPERATORS AND THEIR INVERSION
UDC 517.43

M. A. SHUBIN

1. Let X be a discrete metric space with metric p, B(x,, r) its closed ball of radius r
centered at the point x,, and V(x,, r) the number of points in the ball. We assume that
V(xg, r) < V(r), where the function V: [0, + o) — (0, + c0) is continuous nondecreasing
and submultiplicative, i.e.

(1) Vir+s)< V(r)V(s), r,s>0.

It follows in particular that V(r) < Ce® for some C and a. The basic example is a
group X = G with a finite number of generators g,,...,g, equipped with the left invariant
metric, in which the distance from the point g € G to the identity is equal to the length of
the smallest word expressing g in terms of g,,...,8, and gr’,...,g,". Then one can take
V(r) = exp f(r), where f(r) is obtained by linear interpolation of values f(r) = InV(e, r),
r € Z,, on each interval [n, n + 1}, n € Z . The function V(r) thus constructed grows
polynomially as r4 on the lattice Z¢ and exponentially as (2n — 1)” in case G is a free
group with generators g,,...,g,. Grigorchuk [1] showed that there exist groups G where
V(r) has an intermediate rate of growth between polynomial and exponential functions.

Let /7(X) denote the usual Banach spaces of complex valued functions on X with
norms
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LEMMA 1. Let the function f: X — C be such that

-l1-¢
If(x)] < CV(P(X, xo)) )

where x, € X, and C and € are positive numbers independent of x. Then f € IYX) and
I f1l; < MC, where M = M(k) is independent of f, C and x,,.

2. Let us introduce the weight function y: [0, + c0) — (0, + 00) which is nondecreasing
and satisfies
(2) AN, C:y(r +5) < CYM(r)yYM(s), r,s
(3) aN, C: V(r) < Cy™(r), r>0.
Condition (1) implies, for instance, that {/(r) can be always taken equal to V(r) or e®,
where a > 0. In fact conditions (2) and (3) mean that ¢ (r) has growth intermediate
between V(r) and e'r. Using the weight function y, one can introduce the Schwartz space

S(X, ¥), which consists of functions f: X — C such that for a fixed point x, € X and any
N > 0 there exists Cy, > 0 such that

(4) F(x0)] < Cuy~"(p(x, x0))-
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