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M. A. SHUBIN

l. Let X be a discrete metric space with metric p, B(xo, r) its closed ball of radius r

centered at the point rs, ord V(xs, r) the number of points in the ball. We assume that

V(xs, r) 4 V(r), where the function V: [0, + o) - (0, + oo) is continuous nondecreasing

and submultiplicative, i.e.

( 1 ) V( r+  s )<  r r ( r ) z ( s ) ,  r , s> -0 .

It follows in particular that V(r) < Ce"' for some C and a. The basic example is a
group X : G with a finite number of generators gr, ...,8n equipped with the left invariant
metric, in which the distance from the point g e G to the identity is equal to the length of

the smallest word expressingg in terms of gr,. . . ,gnand gfl , . . . ,gnr. Then one can take

V(r): exp f (r), where/(r) is obtained by linear interpolation of values/(r) : ln V(e, r),

r e Z a, on each interval ln, n + U, n € Z*. The function V(r) thus constructed grows

polynomially as rd on the lattice Zd and exponentially as (2n - 1)' in case G is a free
group with generators gp...,g,.Grigorchuk [1] showed that there exist groups G where

V(r) has an intermediate late of growth between polynomial and exponential functions.

Let lp(X) denote the usual Banach spaces of complex valued functions on X with

norms

1<p  4  oo ,  l l / l l - :  sup l / ( t ) | .

LEuu.r. l. Let the function f: X -- C be such that

l / ( " ) l  <  cr (  p(x , 'o) ) - ' - ' ,
where xo € X, and C and E are positiue numbers independent of x. Then f e l'(X) and

ll/llr < MC, where M : M(e) is independent of f, C and xo.

2. Let us introduce the weight function rl,' [0, + m) - (0, + oo) which is nondecreasing
and satisfies

3N,  C :  { ( r  +  s )  <  C . l , " ( r ) * " ( r ) ,  r , s  > -  0 ,

3N,  C :  V ( r )  <  C{ " ( r ) ,  r  >  0 .

Condition (1) implies, for instance, that .l,Q) can be always taken equal to V(r) or eo',

where a > 0. In fact conditions (2) and (3) mean that rl,(r) has growth intermediate

between V(r) and e'r. Using the weight function rfr, one can introduce the Schwartz space

S( X, { ), which consists of functions /: X '- C such that for a fixed point ro € X and any

N > 0 there exists CN > 0 such that

l / ( ' ) l  <  C r9 - " (p (x ,  xo ) ) .
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It is easy to see that if (4) holds for some point xo then it holds for any other choice of
rc, so S(X,9) is independent of xo. The best constant C" in the right-hand side of ( )
defines a seminorm on S(X, r/) and thus turns it into a Frdchet space. From Lemma 1 and
(3) it follows that S(x,rlD c /t(X) (and consequently S( x,.!,)c tp(K) for any p E

[1,  + oo]) .

DErtNluoN. The class g(X, {t) of pseudodffirence operators consists of the operators K
acting in the space of functions on X such that the matrices K(x, /), x, y € X, of these
satisfy the estimate

(5 )  l x ( r ,  / ) l  <  C* * - " (p ( " ,  y ) ) , l y ' : 1 , 2 , . . . .

(6)

An operator K is written via its matrix in the usual way:

(Kf  ) (x )  :  I  ,K(  x ,  y ) f  (y )
. v e  X

and a priori it is defined only on compactly supported functions on X. Then it extends by
continuity to all functions f for which the series (6) converges absolutely. In particular, the
following assertion is true.

PnoposrrroN 1: If K e g(X;lD, then K extends to operators

r K :  S (  X , r l , )  -  S (  X , r l , ) ,  K :  t o ( X )  -  t p ( X ) ,  1  <  p  <  o o .

This follows from Lemma 1 and Schur's lemma. One can also easily prove

Tnnonn"r 1 (composition). If Kr, Kz e g(X, {t), then KrK, e g(X, rlr).

Examples of pseudodifference operators on the group G (see $1) are convolutions with
finite or rapidly decreasing functions (depending on the rate of growth of V), for instance
difference operators on the lattice. Toeplitz operators obtained from difference or con-
volution operators by an orthogonal projection onto a subspace of functions supported in
a subset A c G are also pseudodifference operators of the above type.

3. Now we shall proceed to the main problem: inversion of operators K of the type of
pseudodifference operators. We want to give a sufficient condition that the inverse
operator L: K-t ldefined and bounded on some to(X) for p € [1, +m]) has a matrix
L(x, y) satisfying (5).

Let a pair of functions r/r, 1 map [0, + oo) into (0, * oo), and let the following
conditions hold:

A. X is continuous at 0 and submultiplicative.
B.

v (  c o r )  
^3eo >  0 :  l im 4) . ,  :  r .

r + * o o  r y \ f  )

TnEonsu 2. Let the functions {t and y satisfy conditions A and B, and let K be an operator
on X whose matrix admits the estimarc

l r ( r ,  / ) l  <  C , l , - ' ( p (x , y ) ) v - t -u (p  ( * ,  y ) ) ,
where C,6 > 0. If for some p elI, +oo] the operator K: tp(X) -- Lp(X) has a bounded
inuerse L: K-r, then the matrix L(*, y) of the inuerse operator satisfies

(8)  l l x ( 'p  ( ' ,  y ) ) r ( - ,  y ) l l ,  <  c , ,
with some e > 0 and C, > 0. In particular,

l t ( r ,  / ) l  <  C , x - t (  e p ( x ,  y ) ) ,  x , y  e  X .

(7)

(e)
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Let us indicate the scheme of the proof. It exploits the weighted spaces

t ! , y ( x )  :  { f  ,  x ( e p  ( '  ,  y ) ) f  ( ' )  e  t o l x ) } .

The operator K in l!.r(X) is similar to the operator K,,rin lo(X), and the latter turns out

to be close to K in the operator norm (for small e > 0), and consequently invertible. This

immediately implies (8), since L(x, y) :1l, 6r)(x), where 6, is the 8-function of the point

y (i.e.6u(f ): 1, and 6r(x): 0 for x + y); and 6, e l!,r(X), so that the norm of 6., in

l!,r(X) is bounded by a constant independent of y.
Let us remark that essentially the same scheme was used in [2] for the same purpose but

in a totally different context: for pseudodifferential operators on R' and specific weight

functions (polynomial and exponential). Different classes of operators in weighted spaces

on Rn were studied also in t3l-t61.
Let us indicate some specific results that follow from Theorem 2 with a suitable choice

of X, {.,, yand K (or some of these objects).
For an arbitrary Xwe can take X(r) : sro, where 0 < a < 1, and ,lr0): sro. Then the

estimate

(10)  l r ( " ,  / ) l  < Cexpl-op(r ,  y)" lu- ' -u(p (* ,  y) ) ,

implies

(11)  l t ( * ,  / ) l  <  C '  exp [ -e  p (x ,  / )  " l  .

In particular this is true if K is an invertible difference operator on the group G, in

which case one can take c : 1. More generally, if K is an invertible convolution operator

on the space lp(G) for somep € [1, + oo] with the function g on G such that

(12)  lE ( r ) l  <  C ,exp [ -cp ( r ,  t ) ]

for any a ) 0, then Z : K -L is also a convolution operator with the function gr such that

(13)  lp , ( " ) l  <  C 'exp [ - .p  ( r ,  , )1 .

The example of G : Z and a compactly supported functiotr g, where the convolution

operator on 121Zi7 is easily inverted by means of the Fourier transform from l'(Z) onto

t'(,St), shows that (13) cannot be replaced with an estimate of the type (12) with an

arbitrary a > 0 (moreover, r ) 0 may be arbitrarily small in this example).
Choosing X(r) : V(r), we get that

l r ( r ,  / ) l  <  CV(p ( r ,  y ) ) - " ,  x , y  e  x ,(14)

(1  5 )

where N > 1, implies that for any,c > 0 there exist e > 0 and Cr > 0 so that

I t ( r , / ) l  <  C r V - N + 1 + r ( e p ( x ,  y ) ) .

In particular, for X : Zd this yields the following result: y'

(16)  l x ( r , / ) l  <  c ( r  +  p (x ,  y ) ) - " ,

whereN > d, thenforany6 > 0thereexists Cr> 0sothat

(17)  l t ( * , / ) l  <  c , ( t  +  p (x , - r ) ) - " * ' *u

In particular, if K e 9(Zd,L * r), then

K - r  e  g ( 2 0 , 1  *  r ) ,
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so that the algebrag(Td,1 + r) is closed under inversion. Of course in deriving (15) from
(14) and (17) from (16) as well as (11) from (10) and (13) from (12), we assumed that K is
invertible in some lP(X), p e lL, + ml.

Let us remark that in the case X : Zd estimates of the type (11) or (17) were proved by
Blekher [7] by a different method and with additional assumptions (for instance, for
positive or close to identity operators). In [7] some probabilistic applications were given
that easily extend to the more general situation considered here.
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