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PSEUDODIFFERENCE OPERATORS
AND THEIR GREEN'S FI.JNCTIONS

UDC 517.43

M. A. SHUBIN

AssrRAct. The author studies pseudodifference operators on a discrete metric space, where
the matrix elements of the operators decrease faster than a system of singular functions of
the distance between points determining a matrix element. Similar estimates for matrix
elements are proved for the inverse of a pseudodifference operator in the case where the
weight functions increase faster than any function of the volume (the number of points in
the ball of radius r with prescribed center) and slower than the standard exponential
function.
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Introduction

The theory of difference operators on lattices plays an important role in mathematics
and its applications. Their role in computational mathematics (see [1], for example) and in

mathematical problems of statistical physics (see [2], for example) is well known. In
particular, many have studied the behavior of the Green's functions of these operators (see

[3], for example).
In this article, we propose a certain generalization of difference operators which retains

many of their essential properties. The operators we consider act on countable discrete
metric spaces having the following important property: the number of points in a ball of

radius r with any center must be bounded above by some function V(r) which does not

depend on the center of the ball and which satisfies certain conditions. An example of a

space which has all of the necessary properties is an arbitrary (in general, noncommuta-
tive) group G with a finite number of generators with a left-invariant metric defined in

such a way that the distance of an element from the identity is equal to the length of the

smallest word which expresses the given element in terms of the chosen generators. If we

take G to be the lattice Zd we get a metric on Zd which is equivalent to the usual metric.

If G is infinite, then Z(r) + { @ as I a @; and V(r) grows faster than some power of r

but slower than some exponential eo'. As Grigorchuk showed recently (see [4]), a growth

of V(r) is possible which lies between a power and an exponential. Another example of an
admissible metric space: a connected graph in which the degrees of the vertices are

bounded.
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The operators we shall consider act in spaces of functions (or vector-valued functions)

on an admissible metric space X, and, in addition, the elements of the matrix of such an

operator decay as the distance from the diagonal increases in such a way as to permit an

estimate of an element in terms of certain weight functions of the distance between the

points which determine it. The conditions on the admissible weight functions make use of

the volume function V(r) in an essential way. Since such operators have many of the

properties of difference operators, we call them pseudodifference operators (VAO's).

The class of VA's on the lattice Zd contains, in particular, all operators whose matrix

elements are bounded and equal to zero outside of some finite number of diagonals

parallel to the principal diagonal. Hence it contains, in particular, all of the usual

difference operators. We note, however, that, if we do not impose a translational

invariance requirement on them, we admit difference operators o'with variable coeffi-

cients". The class of VAO's we consider also contains all Toeplitz operators, i.e., operators

obtained from a difference operator on a lattice by multiplication on the right and left by

a projection operator equal to an operator of multiplication by the characteristic function

of some subset ly cZd. Such operators are usually considered in l'(lv); however, by

replacing K by K @ I, where / is the identity operator in l21zd \A), it is possible to

reduce the consideration to operators on the whole lattice Zd .

The principal results of this article consist in a description of the structure of operators

which are inverses of VAO's. It turns out that if the inverse operator is defined everywhere

and bounded in LP(X), then its matrix (called the Green's function) satisfies estimates

which are similar to those which define our class of VAO's. Hence under certain

additional conditions it follows, in particular, that if a VAO is invertible in /p(X) for any

single p, 1 < p < oo, then it is invertible in /p(X) for all p.

The main idea behind the proof of the theorem on the decay of the Green's function

consists in considering the action of the operator in the spaces /p with weights which

characterize the decay. This idea has actually been used already in [8], where the goal was

the same, but here it has an essentially different technical formulation (in [8], differential

and pseudodifferential operators in R' were considered, and only two types of decay:

power and exponential; similiar ideas, also involving the use of weight spaces, but again

only for operators in R', were used in t9l-t12].
The simplest special cases of the theorem concerning the decay of the Green's function

refer to the lattice Zd, and they say that if the kernel (matrix) of K on Zd decays faster

than every power or faster than some exponential as one moves away from the diagonal,

then the same is true of the Green's function, i.e., the matrix of. K-1. Apparently this

result has not been known heretofore, but under certain additional assumptions (K

positive or close to the identity) it follows from the results of Blekher [3].
Another interesting special case involves convolution operators on a noncommutative

discrete group G with a finite number of generators. If an operator of convolution with a

function which decays exponentially in the above metric is invertible in l2(G), then the

inverse is also an operator of convolution with a function that decays in the same way.

The same is true if the decay is characterized by a function p(r) whose growth is

intermediate between V(r) and eo' and which behaves sufficiently regularly as r --+ * oo

(in particular, we may take g(r) : V(r)).

We note that, instead of operators in lz(X), we may consider operators in the space

12(X) I C" consisting of vector-valued functions on X (with values in CN) which have
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square-summable norm. In this case, the operators are given by means of matrices
(functions on X x X) whose elements are themselves N X N matrices. All of the results
in this article can easily be carried over to this more general case; however, for simplicity
we consider only the scalar case.

In [3], following [5], a number of probabilistic applications of the theorems concerning
the decay of the Green's function are given: linear regression problems, estimates of the
difference of the Green's functions of two intersecting regions, and the calculation of
unconditional distributions for Gaussian fields. Using the scheme in [3], it is possible to
develop these applications in the more general situation considered here, but we will not
undertake this.

$1. The algebra of pseudodifference operators

l. Pseudohomogeneous disuete .metric spaces. Let X be a discrete metric space with
met r ic  p .  We put  B(xo , r ) :  {x :  x  e  X ,  p (x ,xo)  g  r } ,  i .e . ,  B(xs , r )  i s  the  ba l l  w i th
center at xo and radius r, and we let V(xs, r) be the number of points in this ball.

DEptNlrtoN 1.1. We will call a metric space X a pseudohomogeneous discrete metric
space (PDMS) if there exists a nondecreasing function V: [0, + m) - [0, + oo) such that

V( ro ,  r )  <  V( r ) ,  xo  e  X . (1  .1 )

We note that Z(0) ) 1 becauseV(xs,,0) : 1 for all xo in X.
Exnuple 1.1. Let G be a discrete group, and let p be a left-invariant metric on G such

that any ball B(e,, r) (e is the identity of G), and hence any ball B(g, r), g e G, contains
a finite number of points. If we putV(r): V(e, r), we get that G is a PDMS.

The following example details Example 1.1.
Exnuprn 7.2. Let G be a discrete group with a finite number of generators g1, . . ., g,.

Let lgl be the smallest length of a word by means of which the element g e G can be
wr i t ten  in  te rms  o f  gy . . . ,gn ,g t r , . . . , gn r ,  i . e . ,  the  number  o f  l e t te rs  g t , . . . , gn ,
glr, . . ., g;r in such a most economical description (in particular, we take l"l : 0; lg,l : 1
and lgltl : 1 tf g, * e; lS?l: 2 It g! is not equal to any of the elements e , gt,. .., gn,
g, r ,  .  . . ,  g ; r  and so for th) .  We put

p(g,  h)  :  lg- 'h l ,  g ,  h  e G.

Then p is a left-invariant method on G. If we put V(r) : V(e, r), we get the structure of a
PDMS on G.

We note that in this example V(r) satisfies the condition

V ( r + r ) < Z ( r ) V ( s ) ,  r , s e  Z ,  r , s > - 0 , (1 .3)

( t . t ' )

and that we can write

V( r  + ' )  <  Z ( r )Z ( s  +  1 )
for any r, s ),- 0. In addition,

V(r) < (2r) '  ,  r  ) ,-  0. (1.4)

Since V(r) is not continuous and satisfies (1.3) only for integral r and s, and since (1.3')
does not suffice in some problems, we replace V(r) by another function i'1r1which is
defined and continuous for all r > 0 and which has the following properties:

il r'(r) : V(r) for r e Z, r 2 0.
b) i'is a nondecreasing function on [0, + rc).
q , ' (r  * s) a tqrSv1s1, r,  s ) o.

(1.2)
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(2n)- 'v( r )  < I / (  r )  < Znv(r )

by virtue of (1.3), so that the growth of V and ir are the same.

To constrvcti/, we put f (r): lnV(r), r € Z, r )- 0, so that /(0) : 0, f (r) ) 0, / is a

nondecreasing function on Z*, and

f ( r +  t ) < / ( r ) + / ( s ) ,  r , s e  Z ,  r , s ) 0 -

We extend / to a function /on [0, + o) by means of linear interpolation on each interval

I n , n  +  l l , w h e r e  n e Z * , 1 . e . ,

i Q  +  
" ) :  

( 1  -  
" ) f ( r )  

+ r f ( n  +  1 ) ,  n e  Z * , r  e  [ 0 , 1 ] -

Then / is a nondecreasing function on [0, * m), i(O) : 0, and iO): /(r) for r e Z*.

Furthermore, it is possible to show that

iQ +  ' )  < i ( r )  + i (s ) ,  r ,s  (  o .

It now remains to put i'1r7 : exp/1r;, r 2 0, and we get a function Z which has all of

the required properties. We note that we can take it as the function Z which occurs in the

description of G as a PDMS.
The following is a generalization of ExampleL.2-
Ex.r,upl-s 1.3. Let X be the set of vertices of a connected graph. We introduce a

distance p on it by putting p(x, y) equal to the number of edges in the shortest (with

respect to the number of admissible edges) path connecting x and y. It is clear that X is

then a PDMS if and only if the degrees of the vertices of the graph are bounded (by the

degree of a vertex we mean the number of edges meeting there). An important special

case: a tree (i.e., a graph without cycles) all of whose vertices have the same degree (this

graph is often called a Bethe graph).It is easy to see that for a Bethe graph X all of whose

vertices have degree k, where k > 3 (we will denote such a graph by B ), the function

V(r): V(xs,r) (here ro € X is arbitrary) has the form

v ( r ) :  1  +  k  +  k ( k  -  1 )  +  .  "  +k ( k -  1 ) t ' 1 - t

:  1  +  (k / (k  -  2)X(k  -  l ; t ' r  -  1 ) ,

where [r] is the integer part of r. In particular, for r € Z,

v ( r ) -  ( k / ( k - z ) ) ( k - r ) ' ,  r +  *oo .

With each group G with a finite number of generators g1, ...,8n it is possible to associate

a connected graph X (depending on the choice of the generators) which connects each

point g e G with the points g8r,..., g7n, ggrt,. .., gg;t. Then the metric of X coincides

with the metric on G introducted in Example 1.2.
The following two examples are special cases of Example 1.2 (and hence of Example

1.3) .
Ex. lup ls  l .4 .Let  G beafreegroupwi thgenerators gt , . . . ,q ,where n)2.  Thenthe

corresponding graph is a Bethe graph Brn, from which it follows that V(r) has the form

(1.5) in this case, and, in particular, the asymptotic expression (1.6) holds (where we must

take k -- 2n in (1.5) and (1.6)). We note that the regularized function V constructed in

Example 1.2 also has the asymptotic expansion (1.6).

(1 .5 )

(1.6)
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ExnuplE 1.5. Let G : Zn.In this case the corresponding graph is an ordinary lattice.
The condition lxl < r on the point x : (x1, ..., xn) e Z' means that Ef lx,l ( r. Hence it
is easy to get that

V ( r ) - Z n r ' / n t ,  r +  * m .

A well-known conjecture of Milnor was the behavior of the type (1.6) or (1.7) is possible
only for functions V(r) aising from groups with a finite number of generators (more
precisely, that V(r) grows either not faster than some power ril or faster than some
exponential e"', where 4 > 0). As has been shown by Grigorchuk [4], this conjecture is
false, and there exist various groups with intermediate growth, i.e., V(r) having inter-
mediate growth.

Ex.tuprn 1.6. Let G be a free Abelian group with a countable number of generators
€1,€2,..., so that every element g e G can be written uniquely in the form g:Lfn,e,
(where only a finite number of the coefficients n, are different from 0). For such a I we
put

lgl : i o,n,,
j - L

where or t  0 and l imr -qdj :  *oo. Further,  let  p(g,h): lg-  h l .  Then p is an in-

variant metric on G, and if we put V(r) : V(0, r), we see that G with the metric p is a

PDMS. The behavior of V(r) depends on the behavior of the coefficients cr. In fact,

(1.7)

(1 .8 )

v(r)  :

where N(r): #{j, cr( r} (here and in what follows, #M denotes the number of

elements in the set M). In particular,

v(r) >- n bl - r) 
" 

3N(r/2).- 
orl l7r\- ot I 

'

Since N(r/Z) can grow arbitrarily rapidly as r + * oo, we see that any growth is possible
for V(r).

Exnupr-E 1.7. Let G be any countable group. Then by a well-known theorem of
Higman, Neumann, and Neumann, G can be imbedded in a group Go with two generators
(see [6], Chapter IV, Theorem 3.1). Introducing the metric of Example I.2 on Go, and
taking the induced metric p on G, we get that there is a left-invariant metric on G (taking
on only integer values) for which the functionV(r) : V(e, r) satisfies

v( r )  <  C3 '

ExnuplE 1.8. Let X, and Xrbe two PDMS's with metrics pr and pr. Then X : X, x Xz
is a PDMS if we take the metric

p ( ( r , ,  xz ) , ( r i ,  * ) )  :  max(p ( t , ,  x i ) ,  p ( r r ,  r ; ) )

on X. In fact, it is possible to assume that V(r) : V1Q)V2(r) (if \(r) is the function in
Definition 1.1 for Xi, i -- I,2). In particular, since any finite set K (with any metric) is a
PDMS, it follows that, for any PDMS X, the set X x K also has the structure of a PDMS.

,fl,('[i] .1) :,ii, ('t;]*  ' ) ,
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2. Weight functions and function spaces.In this section we will let X be some infinite
PDMS, and we fix on it a metric p and a function Z(r) which estimates the volumes of all
balls of radius r in the sense of Definition 1.1. In what follows, we will impose on this
function certain restrictions which, however will be fulfilled automatically for the majority
of the above examples (and, in particular, for all groups with a finite number of
generators). We note that, since X is infinite,

l i m  V ( r ) :  * 9 9 .

We introduce on X the ,,urrOuld iunu.t function spaces lp(X),l < p < oo. For
1 < p q @, lp(X) consists of functions /: X - C such that

-f  oo,

and /*( X) consists of all bounded functions f : X - C with the norm

l l / l l -  :  sup  l / ( x )1 .

In particular, this defines the separable Hilbert space l'(X), in which the d-functions
6".,(r) form an orthonormal basis (these functions are equal to 1 for x : xo and 0 for
x * xo), where .x0 runs through all of X. We will denote by g(X) the space of all
"compactly supported" functions on X, i.e., functions which are different from zero only
on a finite (or empty) subset of X. We will frequently write simply lp and I instead of
IP(X) and 9(X) (if X is arbitrary or is clear from the context).

LEut"tl l.L. Let f; N + C be such that

l f ( r ) l  <  c z (  p ( x , r o ) ) - ' - ' ,  ( 1 . 1 0 )

where  xo€  X ,  C>0 ,  and  e>0  dono t  dependon  x .  Then f  e l ' (X )  and  l l f l h<MC,
where M - M(e) does not depend on f , C, or xo

Pnoor. Suppose that 0 : /0 ( tt 1 tz I are all the values of p(x, xo), so that
l imr* *t j :  * m. Then i f  we putV(t-r) :  0, we get

I  v(p(x,xo)) - ' - ' : i  I  v( , , ) - ' - '
. t e X  j : 0  x :  p ( x , x q ) : r ;

from which the required result follows.

Conounnv 1.1. Suppose that

l / ( r ) l  <  c z (  p ( x , x o ) ) - L / n - ' ,

where 1 <p q oo, ro € X, C > 0, and e > 0. Then f e tnlX) and llfl lp< MC, where
M  -  M ( p , t ) .

We now introduce a system of weight functions in terms of which we will describe the
decay of functions on X and estimates of kernels of operators.

(1.e)

l f lo: (a'r(")to)"0 .

:  I  v ( , , ) - ' - ' Iv (xo, t1)  -  v ( r r ,1- , ) l
j : o

p @  ,  , _ l

< ,  v l xo ,  r )  t - ' dv (xs ;  r )  *  / *  t -L - 'd t  :  e - r  q  oo r
Jo JL


