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PSEUDODIFFERENCE OPERATORS

AND THEIR GREEN’S FUNCTIONS
UuDC 517.43

M. A. SHUBIN

ABSTRACT. The author studies pseudodifference operators on a discrete metric space, where
the matrix elements of the operators decrease faster than a system of singular functions of
the distance between points determining a matrix element. Similar estimates for matrix
elements are proved for the inverse of a pseudodifference operator in the case where the
weight functions increase faster than any function of the volume (the number of points in
the ball of radius r with prescribed center) and slower than the standard exponential
function.
Bibliography: 12 titles.

Introduction

The theory of difference operators on lattices plays an important role in mathematics
and its applications. Their role in computational mathematics (see [1], for example) and in
mathematical problems of statistical physics (see [2], for example) is well known. In
particular, many have studied the behavior of the Green’s functions of these operators (see
[3], for example).

In this article, we propose a certain generalization of difference operators which retains
many of their essential properties. The operators we consider act on countable discrete
metric spaces having the following important property: the number of points in a ball of
radius » with any center must be bounded above by some function ¥(r) which does not
depend on the center of the ball and which satisfies certain conditions. An example of a
space which has all of the necessary properties is an arbitrary (in general, noncommuta-
tive) group G with a finite number of generators with a left-invariant metric defined in
such a way that the distance of an element from the identity is equal to the length of the
smallest word which expresses the given element in terms of the chosen generators. If we
take G to be the lattice Z¢ we get a metric on Z¢ which is equivalent to the usual metric.
If G is infinite, then V(r) » + oo as r = o, and V(r) grows faster than some power of r
but slower than some exponential e“”. As Grigorchuk showed recently (see [4]), a growth
of V(r) is possible which lies between a power and an exponential. Another example of an
admissible metric space: a connected graph in which the degrees of the vertices are
bounded.
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