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PSEUDODIFFERENCE OPERATORS
AND THEIR GREEN'S FI.JNCTIONS
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M. A. SHUBIN

AssrRAct. The author studies pseudodifference operators on a discrete metric space, where
the matrix elements of the operators decrease faster than a system of singular functions of
the distance between points determining a matrix element. Similar estimates for matrix
elements are proved for the inverse of a pseudodifference operator in the case where the
weight functions increase faster than any function of the volume (the number of points in
the ball of radius r with prescribed center) and slower than the standard exponential
function.
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Introduction

The theory of difference operators on lattices plays an important role in mathematics
and its applications. Their role in computational mathematics (see [1], for example) and in

mathematical problems of statistical physics (see [2], for example) is well known. In
particular, many have studied the behavior of the Green's functions of these operators (see

[3], for example).
In this article, we propose a certain generalization of difference operators which retains

many of their essential properties. The operators we consider act on countable discrete
metric spaces having the following important property: the number of points in a ball of

radius r with any center must be bounded above by some function V(r) which does not

depend on the center of the ball and which satisfies certain conditions. An example of a

space which has all of the necessary properties is an arbitrary (in general, noncommuta-
tive) group G with a finite number of generators with a left-invariant metric defined in

such a way that the distance of an element from the identity is equal to the length of the

smallest word which expresses the given element in terms of the chosen generators. If we

take G to be the lattice Zd we get a metric on Zd which is equivalent to the usual metric.

If G is infinite, then Z(r) + { @ as I a @; and V(r) grows faster than some power of r

but slower than some exponential eo'. As Grigorchuk showed recently (see [4]), a growth

of V(r) is possible which lies between a power and an exponential. Another example of an
admissible metric space: a connected graph in which the degrees of the vertices are

bounded.
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The operators we shall consider act in spaces of functions (or vector-valued functions)

on an admissible metric space X, and, in addition, the elements of the matrix of such an

operator decay as the distance from the diagonal increases in such a way as to permit an

estimate of an element in terms of certain weight functions of the distance between the

points which determine it. The conditions on the admissible weight functions make use of

the volume function V(r) in an essential way. Since such operators have many of the

properties of difference operators, we call them pseudodifference operators (VAO's).

The class of VA's on the lattice Zd contains, in particular, all operators whose matrix

elements are bounded and equal to zero outside of some finite number of diagonals

parallel to the principal diagonal. Hence it contains, in particular, all of the usual

difference operators. We note, however, that, if we do not impose a translational

invariance requirement on them, we admit difference operators o'with variable coeffi-

cients". The class of VAO's we consider also contains all Toeplitz operators, i.e., operators

obtained from a difference operator on a lattice by multiplication on the right and left by

a projection operator equal to an operator of multiplication by the characteristic function

of some subset ly cZd. Such operators are usually considered in l'(lv); however, by

replacing K by K @ I, where / is the identity operator in l21zd \A), it is possible to

reduce the consideration to operators on the whole lattice Zd .

The principal results of this article consist in a description of the structure of operators

which are inverses of VAO's. It turns out that if the inverse operator is defined everywhere

and bounded in LP(X), then its matrix (called the Green's function) satisfies estimates

which are similar to those which define our class of VAO's. Hence under certain

additional conditions it follows, in particular, that if a VAO is invertible in /p(X) for any

single p, 1 < p < oo, then it is invertible in /p(X) for all p.

The main idea behind the proof of the theorem on the decay of the Green's function

consists in considering the action of the operator in the spaces /p with weights which

characterize the decay. This idea has actually been used already in [8], where the goal was

the same, but here it has an essentially different technical formulation (in [8], differential

and pseudodifferential operators in R' were considered, and only two types of decay:

power and exponential; similiar ideas, also involving the use of weight spaces, but again

only for operators in R', were used in t9l-t12].
The simplest special cases of the theorem concerning the decay of the Green's function

refer to the lattice Zd, and they say that if the kernel (matrix) of K on Zd decays faster

than every power or faster than some exponential as one moves away from the diagonal,

then the same is true of the Green's function, i.e., the matrix of. K-1. Apparently this

result has not been known heretofore, but under certain additional assumptions (K

positive or close to the identity) it follows from the results of Blekher [3].
Another interesting special case involves convolution operators on a noncommutative

discrete group G with a finite number of generators. If an operator of convolution with a

function which decays exponentially in the above metric is invertible in l2(G), then the

inverse is also an operator of convolution with a function that decays in the same way.

The same is true if the decay is characterized by a function p(r) whose growth is

intermediate between V(r) and eo' and which behaves sufficiently regularly as r --+ * oo

(in particular, we may take g(r) : V(r)).

We note that, instead of operators in lz(X), we may consider operators in the space

12(X) I C" consisting of vector-valued functions on X (with values in CN) which have


