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A Lefs chetz fixed point forrnuld on rnanifolds
with cylindric ends

Sonke SnrnnnrH and Mikhail A. SHusrN

Abstract - We give a definition of the Lefschetz number in L2-cohomologies for a class of maps
of a manifold X with cylindric ends. As a particular case, we treat the case where the boundary
of the manifold from which X was constructed is a union of disjoint spheres, and we obtain a
formula for the Lefschetz number in terms of contributions of fixed points and the degree of the
map.

I-Jne forrnule de points fixes de Lefschetz pour les vari6t6s d bouts cylindriques

Risumi - Nous donnons une dtfinition du nombre de Lefschetz en L2-cohomologie d'une classe
d'applications d'une aaritti X d bouts cylindriques. En particulier, nous traitons le cas-oit le bord de la
ztari'btt d partir de laquelle X est construite est une union de sphires disjointes, et nou.\ obtenons une
formule de Lefschetz en termes de contributions de points .fixes et du degri de l'application.

Version frangaise abrdgie- l. Soit M une vari6t6 compacte de classe C- de dimension

z de bord 0M: N non vide. On note X une vari6t6 non compacte qui est obtenue par

recollement du cylindre N x [0, + oo) avec N. Supposons que X soit munie d'une m6trique
riemannienne de la forme dn' @ dt2 sur le cylindre, oi r est la coordonn6e sur [0, * oo) et
dn2 est une m6trique riemannienne sur N.

Soi t / :  (M, N)-(M, N) une appl icat ion C'de paires i .e.  une appl icat ion/ :  M--+M
de classe C'  qui  envoie N dans lu i -mOme. Soi t  F:{r l . r€M, f  ( r ) :x} .  Le point  #€F est
appel6 non deg6n6r6 s i  det( l  -df*)#0 oi  df* :T*M-rT"M est la d6r iv6e de/en r .  Nous
supposons que tous les points fixes de / sont non d6g6n6r6s et par cons6quent isol6s. Soit
Fo:F n (M\N), Fr:F fl N. Si xeFb) alors i l y a une application

. a,x: df, mod Tx N : T, M/T, N -- T" M/T" N

qui peut 6tre identif i6e avec un nombre dx€R, axe\, a,+1. D6finissons les ensembles
F*:  { r l reF6, ay< I  } ,  F- -  

{* l reFo, a* > I  }  des points f ixes at t ract i fs et  r6puls i fs,  res-
pectivement.

Lnprur l. - il existe une extension d,e f en une application C* propre i,X+X qui sotisfa'it

les conditions suioantes :

(i) i est liniaire pa,r rappnrt i t quand tZto oil to est c:hoisit sffisamment grand ;
(i i) i l  existe un cnmpa,c/ KcX et e>0 tels que dist(i@), z)>e puur tnat ze X\K;

(iii) tous les points fi,xes de i trnt non d,6giniris.
2. Soient respectivement Ao (X) et L2 Ao (X) les espaces des formes ext6rieures sur X qui

sont C- ou de cairr6. int6grable pour la norme induite par la m6trique riemannienne. Introdui-

sons l'espace des formes harmoniques

, t r u ( x ) : { r l w e  L k  1 x )  n  L 2  L k ( x ) ,  d , w : 6 p : 0 }

oi d:Au(X)--Ak*1(X) est la diff6rentiation ext6rieure et 6l 'op6rateur formellement coniu-

gu6 i /. Alors #k est naturellement isomorphe i I'espace de L2-cohomologie r6duite [4].
Soit Po I'op6rateur de proiection orthogonale de L2 Lk (X) sur .tru (X). Si / satisfait les

conditions du lemme 1, alors / a6n"it une application i* , #u (X) - L2 Lk (X) grice i la

Note pr6sent6e par Mikhail Gnontov.
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T"M is the tangent space of M at x. The point xeF is called a non-degenerate fixed
point if det(l-df")+O i.e.if I is not an eigenvalue of d. We shall always suppose that
all the fixed points are non-degenerate.

Notice t\at all non-degenerate fixed points are isolated so there is a finite number of
fixed pointd due to the compactness of M. Denote F0 : F n (M\N), Fr: F O N i. e.
po (resp. Fr) is the set of interior (resp. boundary) fixed points. Let us remind a
classification of boundary fixed points from [3]. If x e Fo then df, maps a subspace
T, N c T, M into itself and codim T" N: l. Therefore there is a map

a": d.f* mod T, N : T, M/T, N + T, M/T, N

which can be identified with a number axeR. It is easy to see that a*>0 and a*+1. A
point xe F, is called attractioe if 0<a*11 and repulsiae if a")1. Let F* (resp. F-)
denotes the set of all attractive (resp. repulsive) boundary fixed points.

Lpuun l. - There exists an extension off to a proper C*-map i, X --+X such that

@ i fs linear with respect to t when t2to where to is chosen sfficiently large (here t is
the canonical coordinate along the axis of the cyclinder);

(i i) there exist a compacl KcX and tt} such that distGQ), z)>efor eaery ze X\K;
(tii) att the fixed points of i are non-degenerate.
Moreozser i con be so chosen that near infinity in the coordinates $,t, t)

i rO, t): (g (y). d.A) D

where du(/)> 0, and SO):y implies a|)+t.
2. Let no (X) be the space of all exterior C--forms of degree k on X, At (X) be the

subspace of forms with compact supports, L2 Lk fi) be the Hilbert space of square
integrable k-forms on X (with the inner product which is defined by the Riemannian
metric on X). There is an orthogonal Kodaira decomposition [7]

,  L2Au61x):f fk(x)07 f=r1x;66 FID,
where d : llk (X) - Aft+ 1 

fi) is the de Rham exterior differentiation operator, 6 is formally
adjoint operator to d, the bars mean closures inL2 Ao(X) and ffk(X) is the space of all
square integrable harmonic forms onX i.e.

tru (X): { r I or e Ae 1X) n L2 Ak (X), dtl,: 6or:0 }.

Let il denotes the weak or maximal closure of d on L2 Lkfi) with the domain

g (i l): {r,r lro e L2 Ao (X), daeL2 nrc+ 1 (X) }

where d is applied in the sense of distributions (and then il a: dw). Then in the
Kodaira decomposition for L2 Au(X)

Ker i l: ffk(x) @ 7 5=r (X).

rhe reduced L2_cohomorogi.r "i.rllrlffi 
er illdff

(see e.g.  [4]) ,  hence a natural  isomorphism L2Hu(X) =Kk(X).  Let  i :  N--+M andT:
M + X be natural inclusion maps. It is proved in [2] that the sequence

o -- ,ffk(x) 5 Hu (M, R) 5 Hft (N, R)

is exact for all k:0, l, .,f l . Here Ho(M, R) is the usual absolute cohomology group

of M with the field R as the coefficient field; Hr'(M, R) can be defined bv the de Rham
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(i i) i f zL, ..., zqare the centers of the glued balls then the set of all f ixed points ofl
in M\(M U{rr ,  . . . ,  zq})  i r  u set  F '*  which is in a one-one correspondence with the
set of all attractive fixed points of f in N; moreover the standard contributions v", of the
fixed points x' eF'* are opposite to the contributions v" of the corresponding fixed points
x e F *  i . e .  v * , :  - u " ;

(iii) ifl-(zi):zi then the derivatives dfz, have all the eigenvalues in the unit circle; in
particular Y",

So the Lefschetz formula M can be applied and gives

(3) L(f):  I  v" * F
x e F o u F -

On the other hand it follows from (2) that
(4 )  L ( f ) :LQ)U)+  I  + ( -  l ) '  t r  7 l ^ "cn r ,  mr :  LG)+  I  + ( -  1 ) '  dee f .

Clearly (3) and (a) imply (l). I
Note that even in the simplest examples Let(f) can not be expressed in terms of the

contributions of fixed points.

Note remise le 4 d6cembre 1989, accept6e le 2 janvier 1990.
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