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Lefschetz Fixed Point Formula for Manifolds
with Cylindrical Ends

S. SEYFARTH and M. A. SHUBIN

Introduction

The Lefschetz fixed point formula which appeared first as a topological device for
counting fixed points of maps now plays a role that hardly can be overestimated in
various areas of mathematics such as algebraic geometry, arithmetics, representation
theory etc. M. Atiyah and R. Bott in [1] treated the problem by utilizing partial differential
equations. In [3] the result of [1] was extended to manifolds with boundary, which leads
to a classification of boundary fixed points that can be attractive or repulsive. Concerning
a very general context for the usual Lefschetz formula (e.g. for CW-complexes and even
for general Euclidean neighbourhood retract) the reader may consult A. Dold [7]. A very
advanced version of a Lefschetz-type formula in the context of constructible sheafs was
recently found by M. Kashikwara [10].

A. V. Efremov [8] proved a Lefschetz fixed point formula for L2 -cohomologies on
infinite Galois coverings of compact manifolds using von Neumann traces since
L2-cohomologies are infinite-dimensional in the usual sense (but not in the von Neumann
sense).

In this paper we investigate the case of manifolds with cylindrical ends, which is
probably the first in which the reduced L2-cohomologies are finite-dimensional (in the
usual sense) in spite of non-compactness of the base manifold (see the paper of M. Atiyah,
V. K. Patodi and I. M. Singer [2], where L2 -cohomologies on manifolds with cylindrical
ends naturally appeared, and also a more recent paper of S. Rosenberg [12]).

We start with a C-map f: (M, N) - (M, N) with non-degenerate fixed points where
M is a compact manifold with boundary aM = N. Denote by M the manifold which
is obtained from M by attaching cylindrical ends to N. We consider an extension
J: A - M of the map f and require that f has only non-degenerate fixed points and
behaves reasonably at infinity (e.g. it is sufficient to require that f is linear with respect
to the coordinate along the axis of the cylinders and has no fixed points near infinity).
In Sect. 1 we prove that such an extension exists.

In Sect. 2 we define the Lefschetz number L(f) on reduced L2-cohomologies by using
Kodaira's L2-decomposition of the Hilbert space of all square-integrable exterior forms
and exponential decay of harmonic L2-forms on M7 which was proved by M. Atiyah,
V. K. Patodi and I. M. Singer [2]. We prove that this number depends only on f but
not on the "reasonable" extension f.

The question of calculation of L(f) naturally arises and is partially solved in Sect. 3.
We consider the case tbha N i ' n inint nnionn cf cnhor-c n -1 nA onltan a formula
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(see Theorem 3.2 and notations before it) which contains not only contributions of fixed
points but some global invariants (like the degree of the map f in the case of connected
M). With simple arguments concerning the simplest case of a closed interval one can
show that there exists no formula which gives an expression of L(f) in terms of
contributions of fixed points only.

1. Preliminaries

Let M be a compact Riemannian manifold with boundary M = N, dim M =
dim N + 1 = n. We suppose that M has a collar near the boundary N i.e. N has a
neighbourhood in M of the form N x (, 0] with a Riemannian metric dn 2 · dt2 which
is the orthogonal direct sum of a Riemannian metric on N and the standard metric
on R. Let us glue to M the cylinder N x [0, + o) with the metric dn2 · dt2 by identifying
N x {0} in the collar and in the cylinder. So we get a (noncompact) Riemannian manifold
IM. Such a manifold is called a manifold with cylindrical ends.

Let f: (M, N) (M, N) be a Cm-map of the pair (M, N) into itself i.e. a Cm-map
f: M M such that f(N) c N. If x E M is a fixed point of f, i.e. f(x) = x, then we
denote by dfx the differential. We say that a fixed point x is non-degenerate if
det (1 - dfx) * 0, i.e. 1 is not in the spectrum of dfx. We shall always suppose that the
following non-degeneracy condition is fulfilled:

All the fixed points of fare non-degenerate. (ND)

In other words the graph {(x, f(x) I x E M} is transversal to the diagonal {(x, x) I x E M}
in M x M. Let us recall the classification of non-degenerate boundary fixed points [3].
Let x E N, f(x) = x. Then dfx maps TN into itself and so defines a linear map

ax = dfx mod TxN: TMITxN TXM/TxN (1.1)

which can be considered as a real number since dim, TXM/TxN = 1.
The non-degeneracy implies that ax * 1. The point x is called attractive if 0 < ax < 1

and repulsive if ax > 1. This classification is essential to the general Atiyah-Bott-Lefschetz
fixed point theorem on manifolds with boundary [3].

We shall work with an extension of f to A which is denoted by f and satisfies a
hypothesis which we shall denote (H 1) and which consists of the following four conditions:

1) f is a proper C'-map A - , flM = f;

2) f is linear with respect to t if t > t, where t c R is the canonical coordinate along
the axis of the cylinder and t is sufficiently large;

3) there exists a compact K c iM and > 0 such that dist (f(z, z) > E for every
z e M \ K;

4) all fixed points of f are non-degenerate.

Proposition 1.1. For every C'-map f: (M, N) - (M, N) satisfying (ND) there exists an
extension f: A -* MI satisfying (HI).
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Prooqf

A. Let us introduce nessesary notations. We shall use only coordinate neighbourhoods
U on M which are chosen in such a way that f(U) is contained in some coordinate
neighbourhood. In such coordinates the map f can be represented by a vector function
(f, ... , f") defined on an open set in R. We shall always assume that the local coordinates
in a neighbourhood of a boundary point are chosen in the form (y, t) where y is a
(n - )-tuple of local coordinates in N and t is the canonical normal coordinate. Then
ff" represents a globally defined function on N x (-8, O] which we shall also denote by
f" in order to simplify notations. Obviously the following holds true:

f"(y, 0) = 0 and f(y, t) < 0 if t (-O 0].

Now suppose that x, = f(xo) E N. Then in local coordinates at x = x, it holds
ax = af"I/tl =. where a is defined in (1.1).

B. We shall start by constructing an extension of '" to a C -function
f": N x (-£, + o) (-e, + c) with the following properties:

(i) if (y, 0) is a fixed point of J; then f(y, t) * t for all t > 0;

(ii) if t > 1, then f'"(y, t) = c(y) t with a positive C'-function : N , R;

(iii) if (yi, 0) is a repulsive (attractive) fixed point of J; then 0c(yi) > 1 (respectively

c(yi) < 1).
To do this let us choose a real-valued function (p E C'(R+) such that op(k)(0) = 0 for all
k = 0, 1, ... ; (p(t) > 0 on R+ and (p(t) = t if t > 1. Using the Borel theorem [9] we can

construct a real valued C:-function G: N x (-, + cx) - R which coincides with ' on
N x (-c, O]. Now let E CO (-c, + c), I,(t) = 1 on [0, C], 0 < < 1, W(t) = 0 on
[26, + co), where 6 > 0 is sufficiently small.

Then we can take

fn(y, t) if t (-, 0];
fy' t = (t)G(y,t) + a(y)( (t) if t(0, +); (1.2)

where : N - R is an appropriately constructed positive C-function. Namely if
xi = (yi, 0) is a repulsive fixed point of f, then we have to choose x sufficiently large in
a small neighbourhood VI c N of yi so that J'"(y, t) > t for all y c Vi, t > 0. If Xk = (Yk, O)

is an attractive fixed point of f and b > 0 is so small that y(t) G(yk, t) < t for all t > 0,
then we can choose X sufficiently small on a neighbourhood Vk C N of Yk SO that
ff"(y, t) < t for all y E Vk, t > 0.

If y,, . YN are all boundary fixed points, then we can extend a to a positive function
N

E C (N) such that ((y) = 1 on N U j where V1, ..., VN are disjoint neighbourhoods
j 1

of the fixed points y. ,..., Y such that 1V c 1V.

C. The map j: A -- M restricted to a cylinder N x (-%o, + cc) with some co > 0 has

the image in N x (- , + cr:), hence can be written in the form

f(y, t) = (g(y, t), f"(y, t)), (1.3)

S'
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where fn is a scalar function on N x (--, + oc) and g: N x (-%e, + o) -* N. We shall

use the fn constructed in B (see (1.2)) and consider g as a smooth homotopy of C-maps

N -* N. We first construct g(., t) for z e (-%o, ) with some > 0 by using the Borel

theorem applied to the composition map N x (-e, 0] g N -* Rd (the last arrow is an

imbedding of N in Rd) and taking a projection of a tubular neighbourhood of N in Rd

to N. Then we define

g(y,t) g(y,0) =-f(y,O) if t 1.

We can obviously take 6 = 1/2. Then we can define g(y, t) = g(y, 1 - t), t e (1/2, 1]. In

this way we obtain a continous homotopy g which is not Co at t = 1/2 and t = 1. We

can also assume that g(y, t) for t [0, 1/2] has a very small deviation from g(y, 0) so that

all the points y with g(y, t) = y are very close to the boundary fixed points of f. Then

an f of the form (1.3) has no fixed points on N x (0, + co). Applying a smoothing

procedure near t = 1/2 and t = 1 we obtain the desired g, which completes the proof. ·

2. The Lefschetz Number

We shall use the notations Hk(X), Hk(X, Y) for the usual cohomology groups with real

coefficients. Here X is a manifold which may be compact or noncompact and may have

a boundary, Y c X is a submanifold. The group Hk(X) can be defined as the cohomology

group of the De Rham complex

0 -, °(X) -- ... -- A(X) A k+(X) ... -(X) - 0 (2.1)

where n = dim X, Ak(X) is the space of all smooth k-forms on X (which are C ® up

to the boundary if X has a boundary). There is an exact cohomology sequence of the

pair (X, Y)

... __ Hk-l(Y) Hk(X, Y) -4 Hk(X) 4 Hk(Y) -, Hk+(X, Y) ..., (2.2)

where i: Y - X is the natural inclusion map.
Now let X be a Riemannian manifold without boundary. Denote by Ak (X) the space

of all forms co e Ak(X) which have a compact support. There is a natural scalar product

on Ako(X) induced by the Riemannian metric, so Ak(X) is a prehilbert space. We shall

denote the corresponding Hilbert space by L2 Ak(X). If X is complete, then it has the

orthogonal Kodaira decomposition [11]

L2Ak(X)= Xk(X) d d*- 1 +l(X) (2.3)

where the bars denote the closures in L2Ak(X), d* is the formal adjoint operator to d

and X2(X) is the space of all harmonic L2 -forms on X, i.e.

k(X) = (oeo Ak(X) r L2Ak(X): dw = 0, d*wc = 0}

= {o e Ak(X) n L2 Ak(X) I A 0 = 0}.

Here A = dd* + d*d is the Laplacian induced by the Riemannian metric on X.
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It is also well known that if dw denotes the weak extension of d in L2 Ak(X) (i.e. the
extension with the maximal domain when d is defined in the sense of distributions), then

Ker d' = k(X) G dA-k' (X).

So it it clear from (2.3) that we have a natural isomorphism

ypk(X) - Ker d' /dk,- 1(X)

(see e.g. [4]). The right-hand side here is usually called the reduced L2-cohomology-group
(here the word "reduced" refers to the closure which is applied to dAk-'(X). So we can
consider harmonic L2-forms instead of the reduced L2 -cohomologies.

Now we return to the same notations M, N, M as in Sect. 1.
Denote by i: N - M and j: M AM the canonical inclusion maps. We need a

representation of k(M) given by Atiyah, Patodi and Singer:

Proposition 2.1 ([2]). The following sequence of linear maps

0 -O #k(MA) A Hk(M) i Hk(N) (2.4)

is exact for every k = 0 ... , n.

In particular there is a canonical isomorphism

,hk(/) Ker {i*: Hk(M) - Hk(N)} . (2.5)

In view of (2.2) we can .k(/9) also identify with the image of Hk(M, N) in Hk(M).
Note that the right-hand side in (2.5) does not depend on the choice of the Riemannian

metric on M and is finite dimensional. It follows that #jk(M) is finite dimensional and
its dimension does not depend on the Riemannian metric.

Now let f: A - A be a map which satisfies (H1) and also maps the manifolds M and
N into themselves, i.e. f defines a map of the triple f: (, M, N) (, M, N).

Clearly J' includes linear maps j*: Hk(M) Hk(M) and f*: Hk(N) Hk(N).
Now we shall define some kind of action of f on ~/k(M). It is proved in [2] that every

form () E .jk(M) decays exponentially at infinity on cylinders with all derivatives in
natural coordinates of the sort (y, t) described in Sect. 1. It follows from (H1) that J'*
maps #k(3A) to L 2Ak(M). So we can define a linear map Pkf* induced by the action
of f* on Hk(M) and Hk(N).

Proposition 2.2. The following diagram is commutative.

o - YJk(A) - Hk(M) Hk(N)

IPkJf 1' 1f* (2.6)
0 ykO ) A Hk(M) i Hk(N)

Proof. We need the Hodge decomposition of Sobolev spaces introduced by Dodziuk
[6] in a slightly different context. All the arguments advanced in [6] can be applied here
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without any changes). Denote

Av 'k = {(o E L2 Ak(/M): (I + )v o L2 Ak(M)},

where v Z+ , I is the identity operator, the Laplacian is applied in the sense of
distributions. In particular

AO,k = L2 Ak(M).

Let

Zvgk = {(W E Ak: dc = 0}, BV,k = dAv+l,k- 1 , k = k().

Then _yk c A' ,k for every v c Z+ and

Zv,k = o k Bv k , (2.7)

where the closure of Bv" k is taken with respect to the norm

IlollIv,k = ((I + A) co, (I + Azl)v w)'o

(, )o is the scalar product in L2 Ak(M), i.e. II11lv,k is the natural norm in A Vk. The
decomposition (2.7) is orthogonal in L2Ak(3A) and also in all the Hilbert spaces
A ,k, v Z+ .

The right square of the diagram (2.6) is evidently commutative. The commutativity
of the left square is equivalent to the following statement:

If co E 
k, then j*(f*wo - Pkf*(w) E dAk-1(M). (2.8)

First note that the form p = j*(f*o - Pkf*wc) is closed, i.e. dip = 0. Then it follows
from the usual duality arguments [5] that (2.8) is equivalent to the set of equalities:

f p = 0 for every k-cycle y in M. (2.9)
y

Now let us use (2.7) with v such that v > n/2 - k/4 so that the Sobolev inequality
implies the continuity of every restriction of the forms qo E Av' k to each simplicial k-chain
y in M and also the inequality

sup l1 _< C lIIv, k, p e A , (2.10)

It is clear that the form f *w - Pkf*w E BVk for every v Z+ . Hence it is the limit of
exact forms in AV'k and due to (2.10) it is a uniform limit of exact forms on every finite
k-chain. So (2.10) implies (2.9) hence (2.8) follows. 

Definition 2.3. The Lefschetz number of map f: (, M, N) -, (M, M, N) satisfying (H1)
in Sect. 1 is defined as

L(f) = _ (- 1)i tr P
j=o

Proposition 2.2 immediately implies
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Corollary 2.4. L(f) depends only on the restriction f of'f to M, i.e. L(j') does not depend
on the extension of ffrom M to M provided this extension satisfies (HI).

The question of calculation of L(f) naturally arises. It seems natural to conjecture
that L(f) is the sum of the usual contributions of the fixed points or at least a sum of
the contributions of the fixed points with coefficients depending on the nature of the
fixed point (interior, attractive, repulsive) which is the case if we consider the Lefschetz
number on the absolute cohomologies Hk(M) or on relative cohomologies Hk(M, N) [3].
But in fact this statement is false, as easily follows from an elementary consideration of
the simplest case M = [0, 1].

3. Examples

In this section we consider an example suggested in [2]: the case when M is obtained
from a compact, closed, orientable, Riemannian manifold M by removing a finite number
of small open balls. We shall always suppose for the sake of simplicity that every
connected component of M has a nonempty boundary, i.e. there is a removed ball in
every connected component of M. It is clear that N = aM is a disjoint union of
(n - 1)-dimensional spheres. (Here n = dim M).

Lemma 3.1 ([12]). There are natural isomorphisms

,#k =Hk(]M) if 0 < k < n;
0 if k = O,n.

Now we introduce some necessary notations:

l: number of fixed connected components for the map f on M, i.e. the connected
components M, ...7 Ml which are mapped by f into themselves;

r: number of fixed spheres of f on N, i.e. the number of boundary spheres which
are mapped by f into themselves;

fj: restriction of f to Mj;

deg fj: degree of fj: Mj - Mj, i.e. the sum of + 1 over the points x E fj ' (y) for a generic
interior point y Mj (such that dfx: TM - TM is an isomorphism for every
x E fj '(y); the sign + depends on whether dfx preserves a chosen orientation
of Mj or reverses it;

F°: set of all interior fixed points of f(fixed points in M \ N);

F_: set of all repulsive fixed points of f in N;

F+: set of all attractive fixed points of f in N;

v: v,:= sgn det (1 - df)x for a non-degenerate fixed point x of f (i.e. v is the
standard contribution of the fixed point x).

Now we are ready to formulate the main result.
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Theorem 3.2. The Lefschetz number L(f) is given by the formula

L(f) = v + r - [1 + (-1)n degfj] .
x FOuF- j=1

Proof. Clearly neither the left-hand side in (3.1) nor the right one depend on non-fixed
connected components. So we can suppose that all the connected components of M are
fixed. Furthermore using the obvious additivity of both sides in (3.1) we see that it is
sufficient to consider the case of connected M. In this case (3.1) takes on the form

L(f) = E vx + (r - 1) - (-1)" deg f. (3.2)
xEFOuF -

Let M be obtained from M by removing disjoint balls B, ... , Bq. Without loss of
generality we can suppose that M is a (compact) Riemannian manifold and B1, ... , Bq
are flat balls with the radii 1 and with disjoint closures. Let us denote the centers of the
balls by z, ..., zq. We shall use polar coordinates (j, r) on these balls where j Sn - 1,
O r < 1.

Lemma 3.3. There exists an extension of f: (M, N) - (M, N) to a continuous map
f: M -- M satisfying the following conditions;

(Cl) f e C(N) \ Z1, ..., Zq}), ((Z1, , Zq}) c {Z .... zq};
(C2) f has only non-degenerate fixed points on l \ {z 1, , Zq};

(C3) the set of allfixedpoints of fin M \ (M u {z, ... , zq}) is a set F'+ which is in one-one
correspondence with the set F+ of all attractive fixed points of f in N; moreover
the standard contributions vx, of the fixed points x' e F'+ are opposite to the
contributions v of the corresponding fixed points x e F+, i.e. v = -vx;

(C4) there exists r' e (0, 1) such that if Bj is the ball in M with centre zj and radius r'
and f(zj) = zp for some j, p e {1 ... , q}, then f(B') c B' .

Proof of Lemma 3.3. We begin with the construction which was done in the proof of
Proposition 1.1. It gives an extension of f to a map f: M - M such that f has no fixed
points on A \ M and on the cylinders near infinity

f'(y, t) = (f(y, O0), ac(y) t), y N, t > 1,

where a is a positive Cm-function on N such that a(y) < 1 if y F+, (y) > 1 if yeF_.
Now let us take a positive function / e C'(N x (1/2, + oc)) such that
(i) (y, t) = (y) if t c (1/2, 1];
(ii) (y, t)= > 1 if t 2;

(iii) N(Y, t)- 0 if t (1, 2).
at

Then we can define another extension f: - A of f as follows:

ff= f(y,t) if t 1;
(f(y, 0), (y, t) t) if t > 1.
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Now for any boundary sphere Nj = aBi we can identify the cylinders Nj x (0, + oo) with
the pierced balls Bj \ {zj} by identifying (y, t) with (y, (1 + t)- ). Then extending f by
continuity we obtain a continuous map f: M M i satisfying (C1)- (C4).

End of the proof of Theorem 3.2. We have to prove (3.2) in the case of connected
M. We shall use a general Lefschetz formula for CW-complexes ([7], Ch. VII, Sect. 6)
applied it to f: M - M. This allows us to compute L(f) as the sum of contributions of
all fixed points of f. Summing all the usual contributions of the fixed points in
F°0 F_ u F+ u F' we get L v,. The rest of the fixed points is in a subset

xEF°uF_

{z1 ... zq}. The locality of the contributions ([7]) implies the possibility of calculating
the contribution of the fixed point z for the restriction fBj: 3 - Bj. Now we can use
the homotopy invariance and reduce the calculation to the constant map B' - B', with
the image zj. This implies that this contribution is 1. So we get i

L(f) = Z v + r.
xeFOuF -

On the other hand Lemma 3.1 gives

L(f) = L() + 1 + (-1)" tr flH,M) = L(f) + 1 + (- I)n degf.

These two formulas clearly imply (3.2). ·

Remark. If n = 1 (i.e. M is a disjoint union of closed intervals), then r = 1 in (3.1). In
particular (3.2) in this case takes on the form

0 = L() = L vx + degf= v' + (x - 1)
xFOuF- xeFOuF_

where x is the number of the fixed boundary points of the interval A. Surely this formula
can easily be proved by an elementary consideration of the graph of f.
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