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On the equality between weak and strong extentions,

oy

M.A.Smpin - and  J.Sjostrand

J.Introduction and statement of the resull,

ve use the terminology and the resuits of Shubin [Stl. Let 11 be a
ronnected Rieranmian manifold of bounded geometry, let E.F be
vectorbundles on 1 of bounded geometry (cf [S1]) and let A:
™€) = C®(1:F) be a umiformly elliptic C*-bounded differential
nperator on M of order m (cf [S1]). Let a(x,£) be the principal symbol of A
so that a€C®(T M\ 0:Hom(m*E, m™F)), 13 a homogeneous polynomial of
degree m in the the fiber variables. Here m™E, ™ F denote the pull-backs

of E.F by means of the natural projection m: T-M—H. As in [S1] we can

define the spaces me E) and more generally the Sobolev spaces W°(M E)

rnodelled on the LP spaces. Here pell, o] and seR. In the case p=w we

~ shall not consider L% but rather the space 6“‘1:&) 01 continuous sections

of £ which tend to © at infimty. In order to cover all cases we shall put
5P=LP when 1<p<oo and ZP=C when p=co. Consider first A as an

operator C*(M;E) = C(M;F) and fix some pelt,co]. Then we can define

the weak and the strong extensions Wa ang A n the following way:
- The domain &("a) of WA 15 the set of all ue BP(M:E) such that Aue &P,
- The doman of SA 1s given by H(°A)={ue BP(M:E): there exists a

sequence u; eL“'°(M E), J=1,2,.. with the property that u;—u in

£P(M:E) and Auy=Aun BP(MF)}.

In both cases we define Ya: S(Wa)— BP, Sa: H(54)— &P in the sense
ot distributions. It 1s then an interesting problem to determine when
Wa=5a, that 1s when S(Wa)=0(5a). It 1s obvious that
(0.0 HCAICHYA),
so the problem 15 to determine when the opposite inclusion 1s valid.
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hordyukov [koZ] (see also announcement in (kot]) proved that when E=F 1s
an Hermitian vectorpundle and a(x.£) 0, then Wa=%a tor all peli,wl,

In this note we propose to generaiize this result, by weakening the
assumptions on the E,F,a. Our result is:

Theorem 0.1, Let A be as above. Then for each p in [1,00] we have

Wa=%4, |
In the case 1<p<w It 15 well known that YA="A . Indeed. we have

D(SADWE"DJ‘J(WAJ, where the first inclusion is obvious and the second

one 1s a consequence of uniform elhiptic reqularity. Apart from-the result
of kordyukov mentionned above, many authors have obtained the equahity
between weak and strong extensions or resuits which imply tms n
various special cases. Davies (D] obtains such resuits for second order
operators on homogeneous spaces, Lie groups and on some more general
manmfolds. The work of Strichartz [Str] also treats the second order case
on manifalds. Kato [K] studies the Schrodinger operator on R with non
smooth potential, Stewart (Ste] studies strongly elliptic operators in the
Euclidebn case and obtains resolvent estimates in the case p=1,00. He

also refers to some unpublished seminar notes of Masuda.

1. Proof of the theorem.
we introduce a form of the Agmon-Agranovich-Vishik ellipticity
condition:
(H) We have E=F and there are constants p and C with |pl=1 and Cr0,
such that Il(a(x,g)-p}\')"llsc for all xeM, J€H=1,2>0,

Proposition 1.1. Theorem (.1 holds if we assume (H).

we start by establishing an essentially well known consequence of the
assumption (H). {See for instance Browder [B]. Agmon {A] in the Euclidean

case.)
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Proposition 1,2, There evists a constant A >, such that for A2 kg, the

operator A-Lp: w{-_f"“"-cm—» w§(m 15 byjective for every €<R with 3

L

hounded nverse tA-ap) 1 wa(M)— wg‘* Q(m, satisfying the estimate

.1
|HA-lx.pir"ull,‘,.u,na-l'«"’mllm-)\p‘;"uum,‘,Q,I+..+)\l|(A-',\p)"uli P
Eauu g

for every ue w:?fn). Here |-l 5 denotes the norm in wgtm, and C-01s a

constant which is independent of u and of .

Proof, We first notice that it is enough to prove the result with A
replaced by ¢~ 'A, which satisfies l(p“a(x,ﬁ)-)\)"lsc. xeM, 1§1=1.
This is the usual uniform Agmon condition so we can apply the Seeley
construction of 3 local parametris of (p"A-)\) which will satisfy uniform
estimates. (See [Sel.) We then get a global parametrix by using the
uniform partition of unity of [S1]. (Making use of the fact that A is
differential, one can give simpler proofs, see for instance [S2].)

)

Let 1€C™(1:R) have the property that ¥(x,d,)1 1s a C* bounded
function for every C° bounded vectorfield 9. Then:
(1.2) elease~l=A+By,
where BI is a C> -bounded differential operator of order m-1. We then
have:

ef-a(A—kp)oe'fz(A-}\p)+Bf .

and if we choose XM, where X, 1s given in the proposition, then in the
sense of bounded operators from wg”’ﬁ(m to w§(m. we can write
(1.3) efota-aproe~f=(14+8, (A-rp)~1etA-2p)
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If X>01s large enough, (depending only on the bounds on 3%f for

1= |o| <m 1n canomical coordinates,) the norm of BI(A-)\p)“: 12> s

smaller than 3. We conclude that the right hand side of (1.3), viewed as

an operator w9~L2 , is bijective with a uniformiy bounded inverse when

> Xy, and x>0 1s large enough. The identity (1.3) is of course to be

understood in the sense of distributions, but we have:

Proposition 1.3. Let f be as above. Then there exists a constant k]>0

depending only on the bounds of 3% for 1< |l <m (in canonical

coordinates) such that for A>, the uniformly bounded inverse, G+ of the
operator A-Xp: wg‘—*Lz (which exists according to Proposition 1.1) has
the following property: The operator efols}‘oe'f (which a priori maps
LZné’ into wg“oc; has a bounded extension L2—>wg‘, and the norm can

be bounded by a constant which is independent of A and of f.

Proof, If fis a nbdnded function, then multiphication by eﬂ is a bounded

operator on all the spaces WS, and we see that ef ‘»G)‘oe‘r is the inverse

of the operator (1.3), and the proposition follows in that case. If f is not
a bounded function, we.let Y(s) be a smooth increasing real valued
function with y(s)=s for -1sss1, Y(s)=-2 for ss-3, Y(s)=2 for s23

and put Ys)=e~1p(es), for 0<esl. Notice that 13§ (s)| STy for

k=1,2,.., Where Ck are independent of s and of €, so that the functions
fe=Ygof satisfy 13%(x)| 5 € for 1=lctl=m, with €, independent of
£. We can then apply the proposition with { replaced by f&’ We conclude

that efeGy o872 is bounded LZ — WY, uniformly with respect to  and
e If ueLGa', then for £>0 small enough, we have fE=f on the support
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of u, and If KCCM is arbitrary, then for €>0 small enough, we have

efske‘fuzefeeke‘fe u on K, hence uefﬁke'fulm,KsCﬂulo, with a
constant C>0 which is independent of u and K. Here §- "m,K denotes the
w?-norm over K. Since K is arbitrary, we conclude that efﬁ}\e‘ru
belongs to W' and HefG}\e‘fullmsCﬂulo . It is then clear that

efoG)\oe‘f extends to a bounded operator L2-»wf'. 0]

Notice that the distribution kernel of efoﬁ)‘oe'r is of the form
ef(")‘f(U)KBh(x,g), If we denote the distribution kernel of G4 by

Kga(*:). Also notice that Kg, is C™ outside the diagonal. We shall apply

the above result with f=1,(y)=(t+1)d(x,y), where d fs the function

constructed by Kordyukov (see Lemma 2.1 of [S1]). Here x may be an
arbitrary point of M, and t>0 may be arbitrary but fixed. Then the
hgpotheses of the last pfoposition are satisfied uniformly when x varies in
M and as in Theorem 2.1 of [S1] we obtain:

Propgsition 1.4. Let t>0. Then there exists A(t)>0 such that for Az\(t)
we have the the following: For every &>0 and all multiindices «, 8, there

exists Cy g 520 such that

(1.4) Iag‘afﬁk(x,g)lscd,s’s e~ td(x,Y) (or ap) x,y€M with d(x,y)>8.

The study of K¢, in the region d(x,y)<& goes through exactly as in

saction 3 of [S1], and we obtain the following analogue of Theorem 3.2 of
that paper:
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Theorem 1,5, Let t,0,. Then there exists A(t),0 such that for A= a(l) we

have the following: For all multundices «, B there exists a constant,

[, " such that when m<n and x#y:

i1.5) iéf‘afﬁ}‘ix,gnscd'Bd(x.g)m'"‘W|"5' p-tali,y) |
and when mzn and » #y:

(1.6 la?af‘ﬁlix.g)ls

Cop, pli+atxa)™ 01118 ioglatx, e tataw),

vfe here also notice that it is well known that the kernel is locally
integrable in y for every fixed » and in % for every fixed y.

we have the following result where the only assumption is that M is
of bounded geometry:
Lemma 1.6, Let Btz,r={yeM; dy,x)<r}. There exists a constant C=C(M)
such that for all xeM and rz0:

(1.7) volBz,r=et’ .

& simple proof of the lemma can be obtained by considering coverings
by balls of bounded radius, and a more general result due to Bishop, can
be found in the book. of Gromov [Gl.

- Using the lemma one obtains the following corollary of Theorem 1.4:

Corgllary 1.7. There exists > 0. such if A>Xq, then:
(1.8) sup f“‘G (x.y) | ay< +09, sup [ IKg,(%,y)ldx< +00
y<M

Progf, Using (1.5),(1.6), 1t 15 easy to see that
sup | IKg,(x,4)ldy<+c0, sup [ IKg, (xwldx<+00
weM |x-ylsS yeM Ix-ylss
s0 we anly have to estimate the corresponding integrals over the domam

lx-y}>&, and here we may use (1.4): We get for Az A(t)
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+00 +00
[ IKg,xWldys Cof  e7t806W gy= cofe=tr avin),
Ix-yl>§& 0 0

where V(r)=Vol(B(x,r). We choose t strictly larger than the constant C"
which appears in Lemma 1.5. Then the last integral 1s convergent and an
integration by parts gives:

[[7 et avin= [ "tetvindrs [ "teC-Vrar=t/t1-c),

The same estimate is valid for the x-integrals and the corollary follows.

a

From now on we take A>0 sufficiently large so that the corollary

applies. By Shur’s lemma we then know that the restriction of G4 to CS"
has a unigue bounded extension LP(M:E) — LP(M:E), when 1<p<o0. It is also
easy to see (using also (1.4)), that G4 has a unique bounded extension:

5% - 5%, Working with some fixed p, we denote this extension Gy, For

ueCS", we have (A-Ap)Gyu=u, and using the continuity of ﬁ)\ in &P and
the continuity of A-Ap for the weak topology of distributions, we get:
(1.9) (A-Xp)Gy=1on ZP.

Let ue H(WA) so that u and Au belong to BP. Then if ?eCS"(M;E), we
get:

(1.10) (B3 (A=-ApulP)=((A-AplulGEP)=(ul(A-2p)*G3¥),

where the scalar products are taken either in LZ(M:E) and * indicates that
wa take the formal complex adjoint in the sense of distributions. As in

[S1], section 4, these manipulations are justified by means of the family

of uniformly C*™ bounded cut-off functions )(Ne68°(r1;[0,ll), with Xn=!

on an exhaustive increasing family of compacts, Ky , N=1,2,3,...
(Again we need the estimates (1.4).)
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Now (A-Xp)*g{\,o:\p, as can be seen by replacing u bg‘ a C8° function ¥
in {1.10) and using that Gy (A-Ap)¥=Gy(A-Ap)¥=¥. Thus (1.10)
reduces to:

(L11) (Gy(A=AplulP)=(ulP),

and varying Y we conclude that:

(1.12) Gy(A-2p)=Ion B(™A) .

Thus we have proved that for X sufficiently large, (A-Ap) is bijective
from OH(A) onto &P and that the inverse is Gy .

We can now end the proof of Proposition 1.1, Let ue H(™A) and put

v=Au. Let w), j=1,2,.. be a sequence of C&’-functions converging to
v-Apu in BP, and put U= é')‘wjezpnc”. Then Uad in B3P and
Aujzwj+)\puj—>u in &P, It only remains to prove that Uy belongs to
H(3A). We notice that if Qy=supp(wy), then

5Up, fQj(l-XN(X')).IKGh(x,g)Idg and supy ¢ o, j’(l-xN(x))lKG'h(x,g)ldx tend

to zero when N tends to infinity, and similarly when ("XN("”KG;, is

replaced by some x-derivative of the same function. (Indeed, this is

proved in the same way as Corollary 1.7.) Hence (still with j fixed)

j(Nu]-*u] and A(’)(Nu]«)—vAu] in P when N— 00, and the proof is

complete. (n]
Proof_of Theorem 0.1, We may assume that E and F are uniformly
C*-bounded Hermitian vectorbundles. Let A’ denote the formal complex
adjoint of A, and consider the uniformly elliptic C®-bounded formally self
adjoint operator: &: C(M;F ®E) — C>®(M;F@E) given by the matrix






