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0. lntror luctron arrr l  staternent of_![g result .

we use tltp, tgfrnrnologg anrl the results of Shubrn [511. Let tl Be a

r.orff tecterl  Rternannrarr manrf olrt  of Dounded geometrg. let E.F be

vetnrlunrtles on l '1 of boundeo geornetrg (cf [5ll) anO fet A:

r.Mtf l :E) 1r-f f i (n;FI De a urrrfornrlg el lrgttc Cer'-bounded r lr f ferentral

ogerat0f 0n n of arder m kf [5l l) .  Let a(x,6) ue the pnncipal sgmbol of A

so t hat aeCff i(T*H \ 0: xom( n tE. rr*F)), ts a homogeneous polgnomral of

degree ffr ltr the the frber vanables. Here n*E , Tf*F denote the pull-backs

al E,F bU rneans of the rratural prolectrr ln n: T*11 -+f1. As rn [Stl  we can

delne lhe qgacee lF(m;El and more generallg the Sobolev spdces Wf;tm;et

rnodelled on the LP spaces. Here pE[l,ml and selR. In the case P=rc we

shal l  not  consrder Lm but  rather the sDace i t t t :e)  of  cont lnuous sect lons

r-rf  E whtch tend to r j  at rnfrnrtg. In order to cover al l  cases we shal l  put

I ,P=LF when lsF(.oo ond 8P=f when p=oo. Consrder f i rs t  A os an

LrFrerBtor r .?(r1:E)*cf f (n;F) and f ix  some F€[1 ,m1. Then we can def ine

Itte \vpak anrJ the strong extensrons wA and sA tn the fol lowtng wag:

- Ttru rJr-rnldlrr $(wst of wg rs the set of ol l  ue SP(tt:E) such that Aueo6P.

The donrarn of  st  ts  gtven og S(sR)={ueSP(t t :E):  there extsts a

sequence u ier- :$$tm;E),  J=1,?, . .  wr th the proper tg that , , j *u ln

I  nF(m:E) anO AuJ * Au rn f,P(|t: F)).
I
I  rn both cases we delrne wA: rg(wA) * sP. sA: r9(sAi - sP rn the sense
I
I  o! drstnbutt0ns. I t  rs then an rnterestlng problem to determlne when
I wA=SA. that  rs when s(wgi=t9(s*) ,  I t  ts  obvtous that
t '

(L) .1)  J$(sa i  C tq(wA).

so the Droblem rs to determlne when the 0p90site incluslon ls valid.
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t  Or'Juuk rtv ln$zl tsee also ann0unrenfsnt rrr Ikol l)  prove,J that wlren E=f fs

an Herm l t ran vectorgunole and a(x.  i t  t0 ,  thet i  wA=9R l0r  a l l  p€[ ] , *1.

Irr t fr ls note we rrr0g05e t0 qeneraltze thts result,  bu weakentnrl  t tre

a5sumgtt0n5 or t  the E.F.a.  our resul t  ls :

Thesrern 0,1 , Let A be aS above. Then for eaCh p In [1.x,1 we have

w A=9 A.

In the tase l t9tcxl  r t  rs wel l  known that wp,=.9p,.  Incleed. we have

S(5A)lWil l .9(/vA), where the f irst incluslon is obvlous and the second

one rs a consequence of uniform elhptic regulantg. Aport from the result

al Forrluukov mentronned above. mang authors have obtotned the equalttg

bel.ween wea! and st.rong extensrons 0r results whtch tmplg thts tn

\lanaus spenal ca9e9, Favres [0] obtatns such results for second arder

ageralors on homogeneoug spaces. Lre groups and on some more general

manrfolds. The.work. of Strrchartz [Strl also treots the second orrler cdse

0n manifolds. Kato [Kl studies the Schrodrnger operator 0n Rn with non

smoor,h potential.  Stewart lStel studies stronglg el l ipt ic operators tn the

Euclidean case and obtotns resolvent est imates in the case 9=1.0o. He

also refers to some unpublished seminor notes of l lasudo,

I . Proof-gf the theorem.

We rntroduce a form of the Agmon-Agranovich-Vishik el l ipt ici tg

condttton:

(Hl We hav e E=F ond there are constonts p and E with lpf =l and E >0.

such that  l f  (a(  x ,EI-Ph)- l  | |  =C for  o l l  xe l l ,  tg l l  = l , l r0 ,

Proppfl!:g!-lJ Theorem u.l holtls if we aseume (Hl.

We start bg establishing dn essentiallg well known c0nsequence of the

assumptron iHl. (See for instance Browder ltsl. Agmon [Al in the Euclidean

c6ge.l
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Progarr t tnn 1,2. .  There gu. | l t9  a Congtant  t r f j  t ' tJ ,  guch that  lor  x  > h0,  the

;rperdto r A'ltp: ' lr ' l !t* f ' | ' t) '* WjtfU l: bt;ecttve lar everg Q.eB. wi?.h a

nat)nde6 nverse t .A- ip i  - l :  * f tH)-  wf  * [ t | ' t t ,  satrstgrng the estrmate

i l  . 1 )

l l  iA-  . r .p i - lu  l l  , i+  [ ,+ h l / *  l l  (A-  t rp i - l ,  i l  n ,+ l , -1r . .  + ] ,  l l  (A-  hp]- lu  l l  g=

CtuI  g.

lor ever-q u€ !v;t(t l ) .  Here i l .  [ ,  denotes tha norm in Wt(H). and C)0 ls a

c0nstant which is independent of u and of ), .

Proof* hte first notice that lt is enough to prove the result with A

reploced bU S,- lA,  which sot ls f ies l (p- f  a(x,C)-L)- l lsc,  t {€11,  le  l=1.

This is the usual uniform Agmon condlt ion s0 we can Bpplg the Seeleg

construcilon 0f B local parBmetrlx of (p-lA-).) whlch wll l  satlsfg uniform

est imates. (see Isel .)  we then get a globol parometr lx bg using the

uniform partit ion of unitg 0f [Sll. ( l laking use of the fact that A is

tl i f ferentiol, 0ne cBn give slmpler proofs, see for Instance [Sll.)

EI

LBt leImi i l :R.]  nave the propertg that i {x.0,,) l  ls a Em bounded

function for everq E* bounded vectorfield i .  Then:

( l . l )  e loAoe- l=A*Bf ,

'where 81 is a Cm-bsunded clifferential operator of order m-1, We then

NEVP:

ef "(A- } .p) or-  f  = (A - rp) *  Bt .

and lf we choose ),)1,:,, where l,-, is glven ln the pr0posltlon, then In the

eenze ol bostnrJed oge76t.0re-, lrom W2'*t(m) t0 Wl(l"l), we can lYflt.e

( t . j t  e f  n i ,A- Ip  toe- f  =$*Bf  (A- fp) - l )o (A- IP)  .
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If \)0 ls large enough, (depenclrng onlg 0n the bouncls on dqf for

ls  la f  sm ln canontcal  coord inotes,)  the norm of  EfA- Ip)- l :  U?*L? ts

smaller than t.  We conclude that the rrght hancf stde of (t .3), vtewed as

an operator Wln -L?, is bi ject ive with o uniformlg bounded inverse when

I>t t ,  and \ t )0 rs large enough. The ldent i tu ( l  .3)  is  of  course t0 be

understood in the sense of clistributions, but we have:

pfgplg11lgn | 3 Let f be as above. Then there exists a constant 1,1 ) 0

ctepencltng ontg on the bounds of Odf for | = la I om (ln canonlcal

coordinates) such that for L)L1 the uniformlg bounded inverse, 61, of the

operator A-lp: Wy -LZ (which exists according to Proposit ion l . l )  has

the following propertu: The operato r ef o6Lo e-f (whlch a prlorl maps

tZnS' into Wfto.)  has a bounded extension L?-WY, and the norm can

be bounded bg a constant whtch is tndependent 0f I and of f.

proof. If f is a boundetl function. then multrplrcation bU etf is a bountled

operator 0n al l  the spaces wt, and we see that efoGXoe-f is the lnverse

of the operator ( l ,S), and the proposit ion fol lows in that cas8. I f  f  is n0t

a bounded function, wB let V(s) be a smooth increasing real valued

funct ion wi th 9(s)=s fgr  - lsss l ,  V(s)=-2 for  s3-3 '  $(s)=2 for  s>3

and put  gg(s)=E- l .y tes) ,  for  0(esl .  Not ice thot  to[vgts) lsc l  for

k=1,2,.. ,  where Cp are independent 0f s and of E, so that the functtons

f t=g{f  sat is fg ladfr( r ) l= do for  l= lc l=m, wi th do inoependent of

e. We can then applg the proposrtron with f replacetl b$ fg. We conclude

that sfeo6l,oe-h is bounded LZ-wln, uniformlg with respect to I and

g. U ueLZfi$', then for t>0 small enough, we have fe=f on the support
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ol u,  and l f  KCCtl  ts arbi t rarg, then for e)0 smal l  enough, we have

ef aye-f  u=sfe6le-feuon K, hence i lefgxe-fut f f i ,Ksci lu lo,  wrth a

constant C>0 which is independent 0f u and K. Here [. i lr,g denstes the

wf-norm over K. Since K is arbitrarg, vye conclude that efgle-fu

belongs to wF and nef6le-fuImsCIulq .  I t  is  then clear that

efo6),og-f extends to a boundsd operator LZ -- wln. E

Notice that the distribution kernel of gfoGlos-f is of the form

sf(x)-f(u)gur(x,g), lf we denote the dtstrtbuilon kernef of 61 bg

K6r(x,g). Also nottce that KG, is Coo outstde the tllagonal. We shall applu

the obove result wlth f = fx(U) = (t + t) 0(x, U), where i, ts the funcilon

constructed bg Kordgukov (see Lemmo 2.1 0f [Sll). Here x mag be an

orbitrary point 0f H. and t>0 mog be orbitrarg but fixed. Then the

hgpotheses of the lost proposition are satisfied uniformlg when x vories in

H and os in Theorem Z.l of [Sll we obtoin:

ErgMLett)0.ThenthereexistsI( t ) )0suchthatfor} ' r I ( t )
we hove the the following: For everu 6>0 ond oll multiindices d,9, there

exlsts Cd, g,6 ) 0 such that

( .4 ' )  laf fafoX(x,g) lsCo,S,6 r- td(x 'g)  lor  at l  x,U€i l  wi th d(x,g))6.

The studg of KGz, in the region d(x,UX6 goes through exoctlg as in

section 3 af [Sll, and we obtain the following analogus 0f Theorem 3,2 ol

thct papsr:
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Tlgorerf i  1,5,  Let t - tv.  Then there exrsts I{ t t  r0 such t l ' r6t  for Ie l r ( t )  we

ft6v9 t.he followlng: For all multi l l ldlces rr.s there exrsts a constanl.

[ . j .  brrS suCh that when m( n and x 79:

i t .5t  I  a ' : lafof i?r ,g l l=f  d.  gdtx.u!m-n- la l -  l9 l  e- tc l ( i : 'g)  ,

orrd wlrert rnzfi and ; lyz

{ f  .6 t  tAiAf;6i(x.g} l=
, l $

C rt,g(l  +d(x,glm 
-i l  -  |  ct |  -  |  F |  |  log(d(x,g)) |  1r-td(x'  g).

l '/e here al50 n0ilce that lt ls welt known that the kernel ls locallg

integroble in U for everu flxed H and In x for everg flxetl g.

We hove the following result where the onlg assumptlon ls th0t f1 ts

of bounded geometrg:

Lemma 1.6. Let B(n ,r)=tgett ;  d(g,x)(r l .  There exists a constant C=C(| '1)

such that for al l  xell anrf r:0:

(l ,7) Vol(E(:t , i l) sef,t .

A simple groof of the lemma can be obtalned bu consldefing coverings

bU balls of bounrted ractlus, and a more general result clue to Elshop, can

be found in the b00l'. ol Eromov [61.

t).,ing the lemma one obtalns the followlng corollarg of Theorem I .4:

Lrrrrtllarg 1.7. Tlnre exists 16)0. such if L)XO. then:
n.6t  suq.I  f  K6r(x.g) log( +oo. suP. J t f  61(x,g) lc lx(  +m .

';i;-f1' vA 
U€P1

Proof. Ustng (l .5),( l  .6), l t  ls easu to see that

sup I  l l i6. , (x,U) l t lg(+cn, suP I  lK6.-(x,U) ldx(+m,

xet l  lx-U I  sS 11€t1 lx-U I  sE

s0 we onlg have to estrmote the corresponding tntegrals over the d0matn

lx-gl >E, ond here YYe mag use (l .4): We get for ).e \(t)
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+oo +oo

J lK6r(x,g) ldgs EoJ *- tct(x 'U) dU= co.[e-t t  dv(r) ,

lx-Sl ;6 o o

where v(r)=Vol(B(x,r).  We choose t str ict lg larger than the constant t tgtt

whrch appears in Lemma 1.5. Then the last tntegral ts c0nvergent and an

rntegratron bg parts glves:

[* e-tr dv(r)= Jo*,r-trv(r)dr<lo*,r(c-t)r6;=t/(t-c).

The same estimate is valid for the x-integrals and the corollarg follows.
TI

From now 0n ws take I>0 sufficisntlg large so that the corollarg

applres. Bg Shur's lemmc we then know that the restnction of 6I t0 Cf

has a unique bounded extension LP(tt iE)-*Lp(H;E), when lsp(oo. It is also

Bas-U to see (using also (1.4)), that G1 has a unique bounded sxtension:

5m* Sm. Workrng wrth some fixed p, we denote this extension d1. For

ueC$a, w0 hove (A-Ip)61u=u. ond using the continuitg of 61 in 8P ond

the continuitg 0f A-Ip for the weok topologg 0f distributions, wB get:

(l .9) (A - Ip) 6t = I on 3P.

Let ue.$(wA) so thot u and Au belong to 39. Then if 9eCfio(tt;E), we

get:

(f . t0) (d1(e- rp)u lg)=((A-tp)uIsivt=(u |(a-tp)*of9),

where the scalar products are taken either in tZ(|.1;E) and * indicates that

we take the formal complex adjoint in the sense of distributions. As in

lstl, section 4, these manipulations are justifietl bg means of the familg

of uniformlg Cm bounded cut - off functions Xn € Cff(|1; [0, I l), with XN = |

0n an exhaustive increasing familg of compacts, Kp , N=1,2,5,...

(Agcin we need the estlmates (1.4).)I
I
I
i
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Now (A-Xpl*Gig=9, as can be seen bg replaclng u bg a cEo functron {

in ( l  .10) and usrng that d1(a-),p)9=61(4-Ip)V=rf  .  Thus ( l  . t0)

recluces to:

( l  .  l l )  (  O=1ta - ),p)u l9) = (u l9),

ond vorging 9 we conclude thot:

( l  .13) \ to - Ip) = I on Jg(wA)

Thus we have proved thot for I sufficientlg

from S(wA) onto 8P and thot the inverse is

We can now end the proof of Pr0positi0n

v=Au. Let w' j=| ,3,. .  be a sequence of Cff

v-},pu in 3P, and Put ur=6I*JeXPnCm, Then u.-u in 8P and

ArJ=*j*IpuJ €u in 5F. It onlg remains to provs that u1 belongs to

S(sA). We notice that i f  Aj=supp(wj), then

,upx Ja, (t -Xp(x)) | K6o(x,g) I dg and supgee.i J(l -Xx(x)) | K6^(x,u) | dx tentl

t0 zero when N tends to inflnltg, and slmllarlg when (l-XN(*))K6, ls

replaced bU some x-derivative of the same function. ( lndeed, this is

proved in the same wag os Corollorg 1.7 ,) Hence (sti l l with j f ixetl)

Xnul*uJ and A(XnuJ)-AuJ in 8P when N+oo, and the proof is

complete. o

erggf-gt Theorem 0. | . We mag assume that E and F are uniformlg

COo-bounded Hermitian vectorbundles. Let A' denote the formol complex

ad;ornt 0f A, ond consider the unilormlg elliptic Cm-bounded formollg self

adjornt operator:8: Cm(|'l;FOE)-*Coo(|l;FCIE) grven bg tha motrix

lorge, (A-Ip) is bi;ective
.Y

Ful .

l  . l  .  Let u e S(wl) ond put

- functions converging to

la
o=[o'

: )
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we nottce that 0 satrf ies (H) wrth p=r, s0 we know that S(wel)=Jg(sg).

I t  rs easg to see that l9(wq)=$(wA')Olg(wA) ano that we have the

srrnilar equalitg for'the strong extensrons. tt follows that wA=5A. 0
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