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1 Introduction.

- In this paper we shall introduce the Lefschetz number in reduced L?-cohomologies for proper maps of

a manifold with cylinders (or cylindrical ends), which are linear with respect to the axis coordinate
near infinity. We prove the homotopy invariance of this Lefschetz number when the topology is
taken in the class of the maps of the same sort. Then we calculate the Lefschetz number for the
case when the bases of all the cylinders are spheres.

In an earlier paper [S-S] which was a predecessor of this work the same results were obtained
in case when the compact manifold with boundary to which the cylinders are attached is mapped
into itself. This condition considerably simplifies the situation and the answer was given in [S-5] in
terms of the map of this compact part. Here the answer involves the asymptotic of the map near
infinity.

Another Lefschetz type theorem in reduced L2-cohomologies was proved by A. Efremov ([E]),
but there von Neumann traces and dimensions were used which is not necessary here because the
reduced L?-cohomologies are finite dimensional in our siuation as was noticed in [A-P-S].

2 Preliminaries and formulation of the main results.

We shall remind some results from[S-S] in slightly different notations.

Let M be a noncompact Riemannian manifold which has the form Y x [0, 00) with a compact
Y near infinity, dimM = N. More exactly we suppose that there exists a compact part Xo C M
such that Xj is diffeomorphic to a manifold X with the boundary Y, which is a (n — 1)-dimensional
compact closed manifold, and M = XoU(Y x [0,00))}, 8X, being identified with Y x {0}. We always
suppose that the Riemannian metric on Y x [0, 00) is a product metric of the form dy? @ dt* where
dy? is a fixed Riemannian metric on on Y and ¢ is the standard coordinate in [0, 00). Of course X,
is not unique (e.g. it can be replaced by X;, = Xo U (¥ x [0,20])) but we fix such a compact part
X, for the sake of simplicity of notations. In this situation we shall say thet M is a manifold with
cylinders (or with cylindrical ends).

Let A¥(M) be the space of all smooth exterior k-forms on M, L?A*(M) be the Hilbert space
of all square integrable k-forms on M, Cg°A*(M) be the space of all forms from A*(M) having a
compact support. Let d : A¥(M) — A*+'(M) denote the usual De Rham differential, § = d* be the
formally adjoint operator with respect to the scalar product in L*A*M. We shall also consider the
maximal extension dpax of d to L2A¥(M) which is a closed unbounded operator from L?A*(M) to
L?A**!(M), its null-space will be denoted by Keridmax. It is a closed subspace in L*A*M. The
reduced L?-cohomologies of M are defined as

L*HY(M) = Kerydma/dCg AF-1(M) M)
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