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Introduction.

In this paper wc shall introduce the Lcfschetz number in reduced f,2-cohomologiec for propcr mepl of

a manifold with cylinders (or cylindrical ends), which are linear with respect to the axis coordinate

near infinity. We prove the homotopy invariance of this Lefschetz number when the topolog5t is

taken in the class of the maps of the same sort. Then we calculate the Lefschetz number for the

case when the bases of all the cylinders are spheres.

In an earlier paper [S-S] which was a predecessor of this work the same results were obtained

in case when the compact manifold with borrndary to which the cylinders are attached is mapped

into itself. This condition considerably simplifies the situation and the answer was given in [S-S] in

terms of the map of this compact part. Here the answer involves the asymptotic of the map near

infinity.

Another Lefschetz type theorem in reduced tr2-cohomologies was proved by A. Efremov ([E])'

but there von Neumann traces and dimensions were used which is not necessary here because the

reduced tr2-cohomologies are finite dimensional in our siuation as wan noticed in [A-P-S].

2 Preliminaries and formulation of the main results.

We shall remind some results from[S-S] in slightly different notationg.

Let M be a noncompact Riemannian manifold which has the form Y x [0, m) with a compact

Y near infinity, itimM = N. More exactly we suppose that there exists a compact part Xs C M

such that Xe is diffeomorphic to a manifold X with the boundary Y, which is a (n - l)-dimensional

compact closed manifold, and M = Xo U (f x [0, m)), 0X6 being identified with f x {0}. We always

suppose that the Riemannian metric on Y x [0, m) is a product metric of the form dyz g dtz where

dy2 is a fixed Riemannian metric on on Y and t is the standard coordinate in [0, oo). Of course Xe

is not unique (e.g. it can be replaced by Xro = Xo U (Y x [0, ts])) but we fix such a compact part

Xo for the sake of simplicity of notations. In this situation we shall say thet M is a manifold with

cylinders (or with cylindrical ends).

Let At(M) be the space of all smooth exterior lc-forms on M, L2Lb(M) be the Hilbert space

of all square integrable /c-forms on M, Cf hk!) be the space of all forms from Ar(M) having a

compact support. Let d: Lr(M) -'Al+r(M) denote the usual De Rham differential, 5 = d'be the

formally adjoint operator with respect to the scalar productin L2AkM. We shall also consider the

maximal extension d-., of dto L2ttk(M) which is a closed unbounded operator from tr2Ar(M) to

L2Lk+r(M), its null-space will be denoted by Ker2d^",. It is a closed subspace in.L2AkM. The

reduced .L2-cohomologies of M are defined as
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Lz Hk (M) = K er kd^", IiCfNW (1 )



where the closure is taken in L2ttk(U). Let us defin also the space of all harmonic.t2 forms

?lr(M) - 
{w z u, e L*(M)n LzLk(M),&t : 6u = 0}.

Then there is an orthogonal Kodaira decomposition [K]

't'r(u) = d@[l-@@?th(M)otdmrr{M) (2) :

and in this decomposition
Kerpil^o= d0ffi@?t(M\ (3)

(see e.g. [C]). It follows that the natural inclusion ?{h(M) C L2Lb(M) induces an isomorphism

J* : t t k (M)  
- ,  

L?H|1M) .

It was proved in [A-P-S] that dirnT{k(M) < oo for all Ic = 0,1,. . . , D. Moreover, the components
of the forms t.l e ?{k(M) and their derivatives in natural product coordinates decay exponentially

as I + m i.e. there exists e ) 0 such that

l7'r(Y,t)l = 0("*P(-€t)), t -r *m,

the derinative do being taken in product coordinates for every component of the form c.r and absolute
value may be understood e.g. as a usual norm of a vector.

The space ?tr (M) can be also described as the space of all forms w e L2 Lk (M) such that Aqr = 0
where A : d6 + 6d is the Laplace-Beltrami operator on /c-forms.

We shall consider proper C--maps f : M + M which are linear with respect to the axis variable

f near infinity i.e. such that in product coordinates

f  (y, t )  = (g(y) ,  a(y) t  + b(v)) ,y € Y, t  > to,  (4)

if to > 0 is sufficiently large. We would like to define a natural action of / on Lz Hk(M). It can not be
done in a straightforward manner because the map f' : Cf, Hk(M) - Cf, Lk(M) can be extended

to a bounded linear operator f'z L2trk(M) + Lzttk(M) if and only if / is a diffeomorphism. To

avoid this difficulty we shall we?{k(M) instead of. L2Hh(M) with the image included actually in

K*{d: ire(u) -' A}+t(M)} fl r'n*1u) = Ker*d^.,fl rt*(rt4.

Now let Pr denote the orthogonal projection on L2 tJ(M) with the image T{r(M) in the Kodaria
decomposition l.(2). Then we can define a map

P*f  i?t r (M) -  * (M\

which is a linear map of finite-dimensional spaces. Using the isomorphism Jr we can define a linear

map "f; I L2 Hk(M) + L2 Hk(M) via the following commutative diagram

D. (.

Ttr(M\ 
'4 rtr(M)

J i l  J x L
f.

L2Hk(M)  ! \  L2Hk(M)rt

Proposition I The mop fi ilepends only on the uniform conlormol closs of the Riemonnian metric

i.e. if'g,gt aw two Riemonnian rnetrics on M such that there edsts C ) 0 such thotC-rg 1g' 1Cg
" then the cor'responiling rnaps fi coincide for oll it : 0, I,. . . ,ft,
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