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Introduction.

In this paper wc shall introduce the Lcfschetz number in reduced f,2-cohomologiec for propcr mepl of

a manifold with cylinders (or cylindrical ends), which are linear with respect to the axis coordinate

near infinity. We prove the homotopy invariance of this Lefschetz number when the topolog5t is

taken in the class of the maps of the same sort. Then we calculate the Lefschetz number for the

case when the bases of all the cylinders are spheres.

In an earlier paper [S-S] which was a predecessor of this work the same results were obtained

in case when the compact manifold with borrndary to which the cylinders are attached is mapped

into itself. This condition considerably simplifies the situation and the answer was given in [S-S] in

terms of the map of this compact part. Here the answer involves the asymptotic of the map near

infinity.

Another Lefschetz type theorem in reduced tr2-cohomologies was proved by A. Efremov ([E])'

but there von Neumann traces and dimensions were used which is not necessary here because the

reduced tr2-cohomologies are finite dimensional in our siuation as wan noticed in [A-P-S].

2 Preliminaries and formulation of the main results.

We shall remind some results from[S-S] in slightly different notationg.

Let M be a noncompact Riemannian manifold which has the form Y x [0, m) with a compact

Y near infinity, itimM = N. More exactly we suppose that there exists a compact part Xs C M

such that Xe is diffeomorphic to a manifold X with the boundary Y, which is a (n - l)-dimensional

compact closed manifold, and M = Xo U (f x [0, m)), 0X6 being identified with f x {0}. We always

suppose that the Riemannian metric on Y x [0, m) is a product metric of the form dyz g dtz where

dy2 is a fixed Riemannian metric on on Y and t is the standard coordinate in [0, oo). Of course Xe

is not unique (e.g. it can be replaced by Xro = Xo U (Y x [0, ts])) but we fix such a compact part

Xo for the sake of simplicity of notations. In this situation we shall say thet M is a manifold with

cylinders (or with cylindrical ends).

Let At(M) be the space of all smooth exterior lc-forms on M, L2Lb(M) be the Hilbert space

of all square integrable /c-forms on M, Cf hk!) be the space of all forms from Ar(M) having a

compact support. Let d: Lr(M) -'Al+r(M) denote the usual De Rham differential, 5 = d'be the

formally adjoint operator with respect to the scalar productin L2AkM. We shall also consider the

maximal extension d-., of dto L2ttk(M) which is a closed unbounded operator from tr2Ar(M) to

L2Lk+r(M), its null-space will be denoted by Ker2d^",. It is a closed subspace in.L2AkM. The

reduced .L2-cohomologies of M are defined as
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where the closure is taken in L2ttk(U). Let us defin also the space of all harmonic.t2 forms

?lr(M) - 
{w z u, e L*(M)n LzLk(M),&t : 6u = 0}.

Then there is an orthogonal Kodaira decomposition [K]

't'r(u) = d@[l-@@?th(M)otdmrr{M) (2) :

and in this decomposition
Kerpil^o= d0ffi@?t(M\ (3)

(see e.g. [C]). It follows that the natural inclusion ?{h(M) C L2Lb(M) induces an isomorphism

J* : t t k (M)  
- ,  

L?H|1M) .

It was proved in [A-P-S] that dirnT{k(M) < oo for all Ic = 0,1,. . . , D. Moreover, the components
of the forms t.l e ?{k(M) and their derivatives in natural product coordinates decay exponentially

as I + m i.e. there exists e ) 0 such that

l7'r(Y,t)l = 0("*P(-€t)), t -r *m,

the derinative do being taken in product coordinates for every component of the form c.r and absolute
value may be understood e.g. as a usual norm of a vector.

The space ?tr (M) can be also described as the space of all forms w e L2 Lk (M) such that Aqr = 0
where A : d6 + 6d is the Laplace-Beltrami operator on /c-forms.

We shall consider proper C--maps f : M + M which are linear with respect to the axis variable

f near infinity i.e. such that in product coordinates

f  (y, t )  = (g(y) ,  a(y) t  + b(v)) ,y € Y, t  > to,  (4)

if to > 0 is sufficiently large. We would like to define a natural action of / on Lz Hk(M). It can not be
done in a straightforward manner because the map f' : Cf, Hk(M) - Cf, Lk(M) can be extended

to a bounded linear operator f'z L2trk(M) + Lzttk(M) if and only if / is a diffeomorphism. To

avoid this difficulty we shall we?{k(M) instead of. L2Hh(M) with the image included actually in

K*{d: ire(u) -' A}+t(M)} fl r'n*1u) = Ker*d^.,fl rt*(rt4.

Now let Pr denote the orthogonal projection on L2 tJ(M) with the image T{r(M) in the Kodaria
decomposition l.(2). Then we can define a map

P*f  i?t r (M) -  * (M\

which is a linear map of finite-dimensional spaces. Using the isomorphism Jr we can define a linear

map "f; I L2 Hk(M) + L2 Hk(M) via the following commutative diagram

D. (.

Ttr(M\ 
'4 rtr(M)

J i l  J x L
f.

L2Hk(M)  ! \  L2Hk(M)rt

Proposition I The mop fi ilepends only on the uniform conlormol closs of the Riemonnian metric

i.e. if'g,gt aw two Riemonnian rnetrics on M such that there edsts C ) 0 such thotC-rg 1g' 1Cg
" then the cor'responiling rnaps fi coincide for oll it : 0, I,. . . ,ft,
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Corollary 2 The trr,ce trPpf' : trfi iloes not depend on the choice ol a Riemannion metric in
the same uniform conforrnol class.

The proof of Proposition 1 will be given in Section 2. Now we can define the Lefschetz number

L(f):  I  (-r)*r ' f i= D(r)ktrP1,1',
O(t(n OSf ln 

i

which also depends only on the uniform conformal class of the Riemannian metrics.

An important property of the maps /i is their homotopy invariance with respect to appropriate
homotopies. Namely we shall consider homotopies which are proper C--maps i

F : M x [ 0 , t ]  + M

such that for every r e [0,1] the map Fr(., r)M + M has the form l.(4) near infinity. In this
case we shall say that F is an admissible homotopy and the maps F(.,0) and F(., l) are admissibly
homotopic.

Proposition 3 Let the maps f ,f' , M -- M be admissibly homotopic. Then they iniluce the same
mops in the reduceil L2-cohomologies i.e. fi : f?, /c = 0,1,. . . , D.

The proof will be abo given in Section 2.

Corollary 4 The traces trP2f' - trfi ilo not change if the niop f is replaceil by on ailmissibly
homotopic mop. The same is true for the Llefschetz nurnber L(f).

Now we turn to the connection between the Lefschetz number and the fixed points.

L e t u s c o n s i d e r a f i x e d p o i n t c o f a C - - m a p I : M + M i . e . c € M a n d l ( o ) = s . T h e d e r i v a t i v e
map at c is then a linear map of the tangent spane T M into itself

df , :T,M + T,M.

We shall say that a fixed point c is simple or non-degenerate if det(l - df,) f 0 or, equivalently, if
I is not an eigenvalueof df, (another equivalent formulation is that the graph Iy = {(c,/(c))lr e
M\ C M x M is transversaltothediagonal in M x M). Allsimplefixedpoints of / areisolated
so the set of all simple fixed points is locally finite. We shall always suppose that / satisfies the
following condition

(Cl) / is a proper C--map which has the form 1.(4) near infinity, all the fixed points of / and 9
are simple and / has no fixed points near infinity i.e. outside rl<lme compact patt X6 C M.

It follows that the rets of all fixed points of / in M and of g in Y are finite. We shall denote
these sets F{ and F6 respectively. It follows also that for every fixed point ! e Fc one and only one
of the following two possibilities holds:

( i )  c(y)r+b(y)  <t i f . t> te ( in th is caseweshal l  wr i te y € F+);

(i i)a(y)t+ D(v) > t if , > tq (in this case we shall write y € F'-). 

i
In this way the set Fl is represented as a disjoint union F5 : F+ U F-, F+ O F- : e, F1 being ffnite
s€ts in Y.

The map g :Y + IZ is thus defined by the asymptotics of / near infinity. This asymptotice also c
defines the classification of the fixed points of g as the points from F1 or F-.Roughly speaking F1

2g2



b the ret of asymptotic fixed pointr which are attractcd by Xo and rep,nbcd by infinity and ^F- it
vice versa attracted by infinity and repulsed by Xo

The sarne gituation appeared in [S-S] that / defines r map :...

f : (Xg,2Xs) --+ (Xo, axo) 
'r

i.". /(Xo) C Xo and f (flXo) C ilXo. Then it was proved thet all the traceg tr(P2f') depend only
on the restriction /lXq. after a homotopy it was then poosible to achieve a situation when thcnc
are no fixed points in M \ Xo and / has the form 1.(4) outside Xo with the additional condition
6 = 0. In this case g can be identified with the restriction fl?Xo and F1 (resp. F-) correspond to
attractive (resp. repulsive) boundary fixed points of. flXs due to the classification given in [B-S].

Now we shall introduce the contributions of the fixed points

v(r) = sgn det (I - df,), x € P;

. vb(t) = egn det (1 - dcr), s e Ft.

We shall use the notation ilegf for the degree ilegf of. f , M --+ M in cese when M is orientable
and connected. It can be understood e.g. as the sum of *1 over the points a e f-r(xs) for a generic
point ca € M (such that df, zT"M - T,oM is an isomorphism for every x €, f-r@s); the choice of
the sign * or - depends on wether d/" conserves a chosen orientation of M or not).

Now let Yrr...,X be all connected components of Y and Y1, ...,Y be the fixed ones (i.e. those
wich are mapped by g into themselves). Then the restriction of g to Y; is a map gi , Yi - Y,
j = Ir. . . , r. The degree degg; is the obviously defined. i

The following theorem gives the Lefschetz type theorem in a special case of the described situa.
tion.

Theorem 6 Let M be on orientable connecteil manifolil with cylinilers bosed on Y which is a non-
empty disjoint vnion ol spheresYi = S"-t,, = 1, ...,1. (Herc S'-r ds the stanilard unit spherc in
ln onilYi = S"-r mcons thatYi is difreomorphic to S"-r). Let f ; M + M sotisfy (Cl). Then

L(f)  = D r@)- t  r r (y)*  ( - r )+rdeef*r-  I
a€F y€F+

= I ,(") + t ,t(y) * (-r)^+titesf+ (-l)" f a"ss; - t. (5)
c€F !eF- j=l

This theorem generalizes the result of [S-S] to the case when / has no inva,riant compact part
like Xo. Of course it is very easy to generalize Theorem 5 to the case when M is not necessarily
connected by summing over all fixed connected components.

The proof of Theorem 5 will be given in section 3.

3 Basic properties of the action on ^L2-cohomologies.

Proof of Proposition I lrll;t g,g' be Riernannian metrics on M which are in the same uniform
conformal class. Let us denote by Hk (M), ?t'r (M) the corresponding spaces of .L2-harmonic formel
J6Jl, the corresponding isomorphisms of ?tr(M), ?l'r(M) and. LzHk(M) (see Section l); Pi,Pl
the orthogonal projection s of L2 ltk (M) to tth (ttt), 7{'r (M) respectively where the scalar product is

2 0  S c h u  I  z e ,  A n a  l y s  i  s ,  e n g  I  . 293



defined by the correaponding metric. We have to prove that the following diagra,m

?{*(M)
P*f' I

Jr
+ L,Hb(M)

Jt

tt*(M) 3 LIH*(M)

ir conrmutatiw i.e. that the diagram

?t,(M) QEJ, Hr(M)
Ptf' I I Pi,f'

?tr(M) 
(ri;ir* 

Hr(M)

is commutative. To do thie let us remark first that the arguments which were given in [S-S] and
used Dodziuk Kodaira decomposition in Sobolev spaoes [Dod] show that forms u.r,uz € 1{!(M')
coincide if and only if all their periods (i.e. integrals over finite simplificial cycles) coincide. The
same arguments show that if e e ?{k(M), w' e ?{'k(M) then the periods of ar and ru' coincide if and
only if ar,c.r' define the same class in LzHk(M) i.e. J*u = J'*u'.

Now let us choose u, e Hh(M). We have proved that the form ar' : (J')-rJ2w has the same
periods ans @o. Therefore the same is true for the fiorms f'w, f'o'. Again using the Dodziuk
decomposition we obtain that Ppt'w and /'o and /'cr have the same periods (and similarly for
Plf'r'and /'c.r'). Hence P*f'u ar.d, Plf'u'have the same periods, therefore J*P*f'o = 4P*f','t'
which proves the required commutativity. tr

Proof of Proposition 3 Let us consider an admissible homotopy F : M x [0,U + M of two
maps /i = F(.,i) : M + M, i :0,1. Let us construct in the usual way a cochain homotopy
T: Ith(U) - ni-t(M) given by 

tr
,, = 

Jo(0l?rlF 
u)dr

so that
Fiw - f; = (Td * iIT)o, .! e Lh(M).

Now let e e l{k(M). Then d.r = 0, hence fi, - f6, = dQw). The form Tu e tt[-r(M) decreases
exponentially as t -r *m with all the derivates. Using some appropriate cut-off functions we easily
ob ta in tha td (? r . l )ewwhere thebarmeansc losu re inL2^k (M) .Hence1 . (3 )shows
that Pzfiw: P*fiut. tr

Remark. It is easily seen from the proofs that Propositions I and 3 (and hence Corolla,ries 2
and 4) are true in a much more general situation e.g. on coverings of compact manifolds for maps
which behave reasonably at infinity.

4 The case of spherically based cylinders. , {
The pr,oof of Theorern 5 will be based on the following idea. Irct7 be the compactification of M
obtained by adding a point z; at infinity of each of the cylinders Y; x [0, €), j : I,. . . ,1. Then II
has a natural structure of a C--manifold such that there is a natural inclusion M CTi with the
i m a g e M \ { r t , . . . , z t l .

Our idea is to make a homotopy of / to a map which acts simpler near infinity and then extend
the obtained map to a map of M in order to be able to apply the classical Lefschetz - Hopf theorem
onili.
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Lemma 6 Il,erc exb|a a C*-mapf z M -- M crch that the following crinditiotu an catbfie/i:

0T b oilmissibly homotopic to f ;

(ii)l coincidcs uith f on on X6 rrten fu dr so ehosca that t hu thc form 1.(l) oa M \ X6 ond

f hos no fwed points outsiile X6;

' 
(i i i)J has the fonnT@,t\ = (g(y),c(y,t)) outside X6 and a(v,t):2t oatsii le X1, lor some

tr)  to wi th the same map g:Y +Y as in 1.( l )  for  f  ;

; (;'v)f hos onty non-degenerate fwed points;

(u) the cet Fl ol all fwed points ofl in M\Xr. b in d one-one corlsponilence with Fli more
prcc i se l y ,  f i : { ( y , t ( v ) ) l ye  Fp}  and0e(y , t ) l 0 t> l  i tV€Fa  and  t : t ( y ) .

Proof. Let us begrn by constucting the function c frcm (iii). It should be chosen so that the
following requirements are satisfied:

( a ) o €  C - ( Y x [ r s , m ) ) ;  
'  ' : " { : ' ' ' " " '  :  '  - :  I

( b ) o ( y , t ) : o ( v ) t + ( v ) i f t € l t o , t o * c ]  w h e r e c ) 0 a n d c , D a r e t h e s a , r n e a s i n l . ( 4 ) ;

(") o(y, t) = 2t if t > tr for some t1 ) tqi

(d) if y € F- then a(y,t) ) t for all I ) ts;

(e)if y € F+ then apoint t = t(y)€ (to,tr) such that a(y,t)= t, isunique (notethat itnecessa,rily
exists due to the choice of lq and 11 : see (i) in Section 1 and (c) here); moreover

0a(y, t ) l } t> 1 i f  t  = t (y) ,  !  € F+.

It follows that (y, t(y)) will be a no,n-degenerate fixed point of the map (y, t) - (g(y),o(V. t)) and
its contribution equals -r{V).

Let us choose a small neighbourhood U of Fa such that U fl F- = 0. Then it is easy to construct
a function a1 e C-(U x po,+m)) such that c1 satisfies the conditions (b)-(e) above. Now let
V be an open set in Y such that Vfl F1 : 0 and,UlJV =Y, Let us set a-(y,t) = a(y)trb(V)
in V x [0,+oo); Let us choose h e C*(Y\ such that supp h C U, 0 < h < 1 and [ = I in a
neighbourhood of F.'. Then we can take

a(v, t )  = [ (y)a1(y,  t )  + ( l  -  [ (y))o-(y,  f )

dnd ill the condiiions (a)-(e) will be satisfied.

Now we can define 7 UV (ii) and (iii) in the statement. of Lemma 6 with a constructed above.
Then (iv), (v) are satisfied due to (")-("). It remains to prove (i). But the desired homotopy

F : [ 0 , \ ] x M + M

may be chooen constant on Xro with respect to the homotopy parameter r € [0,1] i.e. F(r,x) = f (x)

., for all r € [0,1], and linear with respect to r outside &o i.e.

.- .-:
t 2 t o , r € [ 0 , I l , y e Y .

t

Clearly it is an admissible homqtopy which proves the lemma. o
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Proof of Theorem 5. There ir a unique extenaion of / to e continuous map of Il into itself
which we shall still denote by /. Clearly / performs a permutation of the points zrt . . . zt; amont
them 21, ... tz" remain fixed.

We shall use natural isomorphismr ([R])

'  (  H r @ )  i f  o < l c < n ,

. : : . : . . , . r ,  - .  r r i  
t / ' ( M ) = t  

o  i f  & = 0 , n .

It follows thet if L(J) isthe usual Iefschetz number of J on Ii then .:.

L(7) = L(f) + I + (-l).rrrlr(M) : L(f) * | * (-r)^ des f .

Now due to the general lefschetz-Hopf theorem (e.g. for CW-complexe{r- Eoe [Dol], Sect. ?.6) ,(7)
may be calculated as the sum of contributions of all fixed points. The sums of contributions of all
fixed points in Xlo and in M\X6 e<1ud D"ern rr(c) and - Dyer* z6(y), respectively, due to Lemma
6.

It rernains to calcrrlate the contributions of the fixcd points zi, i = l, . .., r. Using the homotopy
invariance we can locally reduce / to the constant map, hence the contributions of z; equals 1.
Therefore

L(7 )=D,@)-  t  v5 (y )+ r ,
a€F l€F+

which implies the ftrst equality in l.(5). To prove the second one we can act as in the proof of
Lemma 6 to construct a map / with repulsive fixed points at infinity (e.g. with a(y,,t) = tl2 near
infinity). Again using local homotopy we can reduce Id - j near zi to the map -7. Hence the
contribution of z; will be equal to the trace of (-f)'o" H"(Tf ,M \ {rr}) = H"(\ \ {rr}) where
81 is a small ball centered at zi with respect to a Riemannian metric on M. Passing to the exact
sequence of the pair (Bi, Bi \ {"i}) we easily obtain that the contribution of z; is equal the trace of
(-I)' ot H^-r(81\{z;}) = fl"-l(aB;). This trace is equal to the trace induced by the composition
of gi and the antipodal map of Y = Bi in H"-r(08;). Thus the contribution of z; will be equal to
(-I)"degg1. Summing up we obtain the second equality in 2.(5). On the other hand it can be also
deduced from the first one and the classical Lefschetz formulas on the spheres Y;. tr
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