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1. Introduction.

Topology of the usual grassmanians in finite-dimensional spaces plays an important
role in analysis and topology. In particular it gives rise to characteristic classes of vector
bundles and is also connected with important analytic objects like generalized hypergeo-
metric functions.

In this paper we make some elementary remarks about some aspects of topology of
the Hilbert grassmanian i.e. the grassmanian of the closed linear subspaces in a separable
Hilbert space. It occurs that some interesting features can be found already on the level of
general topology. We identify the points of this grassmanian with the self-adjoint projec-
tions in the given space. Then we can consider norm topology, strong and weak topology
on the set of projections. The last two topologies in fact coincide as the topologies on the
grassmanian and they define a separable metrizable topology there. However if we take
closures of the set of self-adjoint projections in strong and weak topologies in the set of all
bounded linear operators then the results will be different: the set of projections is closed
in the strong topology but it is not closed in the weak topology. The closure in the weak
topology is the ”operator segment” [0, 1]: the set of all operators A such that 0 < A < T
where [ is the identity operator and the inequality is understood in the standard operator
sense (as the inequality of the corresponding quadratic forms). This operator segment is
a compact set in the weak operator topology.

We also consider a natural splitting of the grassmanian by the dimensions of the image
and the kernel of the projection (unlike the finite-dimensional situation it is not sufficient to
take the dimension of the image only: if the image is infinite-dimensional, then the kernel
still can have any dimension). We describe the closures of the corresponding subsets in all
topologies.

The weak topology was first introduced by J. von Neumann ([Ne|) who made an
extensive use of it in the theory of operator algebras (see e.g. [Nal).
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A possible motivation to study topology of the Hilbert grassmanian is that it might
give an approach to the invariant subspace problem. Namely, any bounded linear operator
in the Hilbert space acts on the grassmanian and the problem reduces to finding a fixed
point of this action in the set of non-trivial subspaces (subspaces which have non-vanishing
dimension and codimension). I can only hope that the results of this paper can be e-helpful
in a future solving of the invariant subspace problem.

I am grateful to A.M.Vershik for his comments and bibliographical remarks.

1.Norm topology.

Denote by H a separable complex Hilbert space, B(H) the Banach algebra of all
bounded linear operators in H. We will denote || - || the standard operator norm in B(H).

Denote by G, x(H) the set of all closed linear subspaces L C H such that dimL =n
and dim L+ = k where n,k are non-negative integers or infinity and n + k = oco. In
particular Gy o (H) = {0} and G o(H) = {H} consist each of one element only. Denote
GH) =U{Gnir(H) : n+k =00}

Let us identify L € Gy, (H) with the self-adjoint projection in H with the image L; de-
note this projection by Pr,. Denote P, j, the set of all self-adjoint projections corresponding
to the subspaces L € Gy, (H). So Py C B(H). Denote P = U{Pp 1 : n+k = oo}.

Lemma 1.1. P, i is closed in B(H) in the norm topology.

It follows that G, i, identified with P, 1, is a complete metric space with the metric
d(L,L") = ||PL — Pr||.

Proof of Lemma 1.1. Clearly P is closed in B(H) because its elements are dis-
tinguished in B(H) by the conditions P? = P = P*. To check that P, \ is closed, it is
sufficient to prove that each P, i is open in P. This follows if we use the following well
known fact: if Py, P, € P and ||Py — P|| < 1 then dim P/H = dim Po’H (see e.g.[G-K]). O

Denote U(H) the group of all unitary operators in ‘H (with norm topology). This
is a complete metric space. Obviously U(H) acts transitively on each of the grassmani-
ans G, x(H) with the stationary subgroup of a point L € G, ; equal to U(L) x U(L%).
Therefore for any fixed L € G,, (H) we have an isomorphism (of sets)

(1.1) Gni(H) = U(H)/[U(L) x U(L")]

where the quotient on the right means the set of the left cosets. We shall see that this is
true with the topology as well.

Proposition 1.2. Let us fix a subspace Ly € Gy, i(H). Then the map
m:UMH) — Gpr(H), U UlLy,

is a locally trivial fiber bundle with the fiber U(Lo) x U(Ly).

Proof. 1°. First note that the continuity of 7w follows from the fact that for any
L=ULy, Ue€U(H), we have P, =UP,, U =UP,,U*.
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2°. Suppose that for any M € G, x(H) we can construct a local section given in
a neighbourhood U of M i.e. a continuous map s : U — 7 1(U) C U(H) such that
mos=1Idy. A trivialization of 7= () can be constructed then by

U x [U(Ly) x ULE)] — ==Y U), (L,u) — s(L)u.
This map is obviously one-one and continuous. The inverse map
7 U) — U X [U(Lo) x U(Ly)], V= (x(V),[s(x(V))]'V)

is obviously continuous too. Therefore to prove the Proposition it is sufficient to construct
local sections.

3°. Let us construct a local section near Ly. We will do it on the set
U={L:d(L,Ly) <1} ={L: ||PL,— Pr,|l <1}.

Denoting s(L) = Uy, we see that Uy, should be a unitary operator Uy, such that it depends
continuously on L and Uy Ly = L. Let us take

Ap = PPy, +(I—P)I - Pr).

Let us check that A7 defines linear topological isomorphisms Lo — L and Ly — L= .
Since Ay, maps Lo to L and L3 to L™, it is sufficient to prove that Pr, Py, defines a linear
topological isomorphism Ly — L and then replace Pr, and Pr, by I — P, and I — Pp,
respectively. Now PrPr, = P, on Ly and Pr,P;, = P, on L, so it is sufficient to prove
that the operator PrPr, : L — L is invertible. Obviously PpPr, = I + Pr(Pr, — Pr) on
L, so ||Pr(Pr, — Pr)|| <1 implies the desired invertibility.

Let us construct the polar decomposition of A;. We have

Az = PLOPL + (I — PLO)(I — PL),
AEAL = PLOPLPLO + (I — PLO)(I — PL)(I — PLO),
so A% Ay, is an invertible selfadjoint operator which maps Lo to Lo and Lg to Lg isomorphi-
cally. Besides Ay, and A} A;, depend continuously on L. Denote as usual |Az| = \/A} Ar.
Then |Ap] is also invertible, depends continuously on L and leaves both spaces L and Lg

invariant. Now we can take Uy, = Ar|Ar|™!. Then Uy is a unitary operator which maps
Ly to L and depends continuously on L, so it gives us the desired local section.

4°.To construct a section near an arbitrary point M € G,, (H) it is sufficient to use
the homogeneity of the situation. O

Corollary 1.3. G, i is a connected component of G(H).
Corollary 1.4. The topology of G x(H) is the quotient-topology of U(H).

Proof. We have to check that a set U C G, (H) is open if and only if 7~1(U) is open
in U(H). If U is open then 7=1(U) is open because 7 is continuous. Vice versa suppose
that 7=1(U) is open. Then together with each point wug it contains its neighbourhood
which has the form Uy x Vj in a trivialization of the Proposition 1.2. Here Uy is open in
Gk (H) and Vj is open in U(m(ug)) x U(m(ug)t). But then U = 7(7~1(U)) contains the
neighbourhood Uy of 7(ug) as required. O



2. Strong and weak topology.

A. The strong and weak topologies on G(H) and on its subsets are induced by the
corresponding operator topologies on projections. We shall denote *G and “G the topo-
logical spaces obtained from G(H) by supplying this set with strong and weak topology
respectively. Similar meaning have notations *G,, ,, and “ G, k.

Let us describe the strong and weak topologies more explicitely. We shall start with
the strong topology.

Neighbourhoods in °G,, : a base of neighbourhoods of Ly € °G), j; can be chosen as
follows:

Suxl,,,,@N,E(LO) = {L : H(PL — PLO).CCjH < 8}, j = 1, .. .,N.

Here z; € H, € > 0.

It is clear that we can restrict ourselves to x; with ||z;|| <1 (or even with ||z;|| = 1).
Moreover, we can restrict ourselves to the vectors from any dense subset X C H (or a
subset X which is dense in a unit ball or unit sphere of H). Indeed it is sufficient to prove
that any neighbourhood of Ly contains a neighbourhood of the form

Sugzl’...’jN’g(Lo) with .’fj c X.
But for the inclusion

Uz, ....in.e(Lo) C Uz, .. an.e(Lo)

to be true it is suficient that for every L € Uz, . z5.2(Lo)
I(Pr = Pry)a;l| < |[(Pr = Pro)@;|| + |(Pr = Pro)(z; — ;)| <&+ 2[lz; — 3] <e.
Hence we can choose € = /2 and and take Z; so that ||z; — Z;|| < ¢/4. It follows that

Suic 5/2<LO) C Suxl,...,xN,a(LO) if HCCJ - -’E]H < 6/4, j = 1, .. .,N.

15T N,

Furthermore, linearity implies that instead of a dense subset we can take X to be the
set {e;, 7 =1,2,...} which is a fixed orthonormal basis of H. Hence we get the following
base of neighbourhoods of Ly:

*Un(Lo) ={L: |[(PL — Pry)ejll <e j=1,...,N}.

Indeed, suppose that x; = > 1oy Cikek, ¢k € Cand ||z;]| <1,5=1,...,N. Then
lcjk| <1 and -

I(PL = Pro)a;ll < > I(PL— Pry)ex]-
1<k<M

It follows that
SUM,E/M(LO) C Suxl,...,xN,€<LO)~

Summing up we get the following



Lemma 2.1. In °G,, ) every point Lo has a countable base of neighbourhoods of the
form *Un 1/n(Lo), N = 1,2,.... The strong convergence s-limy Lo = L is equivalent
to the convergence lim, Pr_e; = Prej, j = 1,2,... where {e;, j = 1,2,...} is a fived
orthonormal basis in H.

Corollary 2.2. °G), ;, is metrizable.
Proof. Identifying L with the sequence
{Prej, j=1,2,..} e H® =H xHx...,
we get an embedding G, x(H) C H*. There is a metric on H> given by

oo

1 j —hj
d({f;}, {h;}) = Zg ' %

Jj=1

It is easy to see that this metric induces a metric on G, () such that the corresponding
topology coincides with the strong topology. O

Remark. Unlike the topology on °*G,, ; the metric is not unitary invariant.
Corollary 2.3. °G,, i is separable, i.e. has a countable dense subset.

Proof. It is suficient to notice that H* is separable. O

B. Now let us describe the weak topology in Gy, 1 (H).
Neighbourhoods in Gy, i: a base of neighbourhoods of Ly € G, 1, can be taken as
wux1,~~~,$N,€(L0) = {L : |((PL - PLo)xj7xk)| < 5}7 Js kE=1,...,N,

where z; € H, € > 0. Again we can restrict ourselves to the vectors z; from a dense
subset X in H or in the unit ball of H. Moreover if is sufficient to take z; = e; where
{e;, j=1,2,...} is an orthonormal basis in H. Therefore we get a base of neighbourhoods
of each point Lg of the form

“Une(Lo) ={L: |((PL — Pro)ej en)| <€}, jyk=1,...,N.
Therefore we get the following

Lemma 2.4. In “G,, i every point Ly has a countable base of neighbourhoods of the
form “Uy1/n(Lo), N =1,2,.... The weak convergence w-lim, Lo, = L is equivalent to
the convergence of the matriz elements of the operators Pr,_ to the matriz elements of Py,
in the basis ej, j =1,2,....

Corollary 2.5. “G,, \ is metrizable and separable.

Now note that exactly in the same way we can describe the strong and weak topologies
on G(H). The arguments do not change and we come to

Lemma 2.6. In °G and in G every point Ly has a countable base of neighbourhoods
of the form *Un 1 n(Lo) and “Un 1/n(Lo) respectively, N =1,2,.... The convergence
s-lim, Lo, = L and w-lim, L, = L in °G and “G is described exactly the same way as in
Gy and Gy, k.

Corollary 2.7. °G and “G are metrizable and separable.



3. Comparison of strong and weak topologies.

A. In this section we shall compare the strong and weak topologies on Gy, (H) and
G(H) and describe the closures of these sets in B(H) in both topologies.

Proposition 3.1. Strong and weak topologies coincide on Gy, 1 (H) and G(H).

Proof. Due to Corollaries 2.2, 2.3, 2.5 and 2.7 it is sufficient to check that for any
sequence P, e P, n=1,2,...

w- lim P, = P € P implies s- lim P, = P.

n—oo

This fact is well known (see [H1], Problem 115) and follows from the fact that f, — f
(weak) and ||f,| — ||f]| imply fn. — f (strong) ([H1], Problem 20). O

Remark. This proposition is basically well known as well as the arguments which are
used in its proof. Similar results on measure-preserving transformations and corresponding
arguments for general unitary operators can be found in [H2] and [Na] respectively.

In the proof of Proposition 3.1 we assumed that the weak limit of the projections P,
is again a projection. This is not always true - see e.g. [H1|, Problem 115. But this is true
for strong convergence, even if we replace sequences by nets:

Lemma 3.2. Let {P,} be a net of projections P, € P and there exists a strong limit
s-limy, P, = P. Then P € P i.e. P is a self-adjoint projection too.

Proof. Taking limit in the equality (Pyu,v) = (u, P,v), u,v € H, we get
(Pu,v) = (u, Pv), i.e. P is self-adjoint. We also have

(Pu,u) = lim(P,u,u) € [0,1].
Therefore 0 < P < I in the operator sence. It follows that ||P|| < 1. Now writing
P2y — P*u = P,(Py — P)u+ (P, — P)Pu, u€H,

we immediately see that ||P2u — P?ul| — 0. Hence P? = P, implies P? = P. O

Proposition 3.3. Weak closure of the set P of all self-adjoint projections in B(H)
coincides with the set [0,1] of all self-adjoint operators A € B(H) such that 0 < A < 1.

Proof. Let us denote the strong and weak closures of any subset M C B(H) in
B(H) by Cls(M) and Cl,, (M) respectively. Suppose that A € Cl,(P) i.e. A € B(H) is a
weak limit of self-adjoint projections. The first part of the proof of Lemma 3.2 shows that
A € [0,1]. This means that Cl,(P) C [0,I].

Let us prove the inverse inclusion. We have to show that every A € [0,I] is a weak
limit of self-adjoint projections. Let us choose an orthonormal basis e, es,... in H and
denote by P, the self-adjoint projection of rank n on the subspace spanned by e, es, ..., e,.
Then P, AP, — A strongly, and P, AP, € [0,]I] for all n. Therefore it is sufficient to check
the inclusion A € Cl,(P) for operators of finite rank from [0,I]. But by the spectral
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theorem every such operator is a finite sum of the operators of the form o?P; where P;
is a self-adjoint projection of rank 1 and « € [0,1]. Therefore it remains to prove that
a?P; € Cl,(P). To do this we shall practically follow the solution of the Problem 115 in
[H1].

Let us choose an orthonormal basis e, es, ... of H so that the image of P; is spanned
by e1. Now let us consider self-adjoint projections P, given by

P(n)u = (u,ozel + ﬁen)(ael + ﬁen>v u € H:
where 3 € [0, 1] is chosen so that a? + 32 = 1. We have then for any u,v € H

lim (Pyu,v) = lm (u, aer + Bey)(aer + Ben, v) = o (u, e1)(e1,v) = o*(Pru, v),

n—oo n

which exactly means that P,) — a? P, weakly as n — oo. O

Remark. The set [0,I] considered in the weak operator topology, is a compact
topological space.

Indeed we can identify elements A € [0,I] with their matrices [a;;] in a fixed or-
thonormal basis e, ez,.... (Here a;; = (Ae;,e;).) Then obviously a;; € [0,1] and also
lai;| < 1 due to the Cauchy-Schwarz inequality |a;;|*> < aja;;. Let K be the unit disc
in the complex plane C. Then we obtain a natural inclusion of [0,I] in a product of a
countable number of copies K;; of K, identifying every element A € [0, I] with the set of its
matrix elements. If we introduce the Tikhonov topology on the product then it becomes
a compact topological space and [0,I] becomes its closed subset, hence also a compact
topological space.

B. Now we shall describe strong and weak closures of the sets G,, ,(H) in G(H) and
also the weak closures of the corresponding sets of projections in B(H).

Proposition 3.4. The strong and weak closure of Gy, (H) in G(H) coincides with
WG s 0 <n, K <k, n'+F =oc}.

In other words
(i) Cls(Goo,00(H)) = Cluy(Goo,00(H)) = G(H);
(1) Cly(Gi o0 (H)) = Clyy(Goo(H)) = UL_oGy oo if n is finite;
(i) Cly(Goomn(H)) = Cly(Goon(H)) = UM Goo o (H) if n is finite.

Proof. We have seen already that Cl;(Gpx(H)) = Cly(Grk(H)) (if the closures are
taken in P).

Let us check that for every P € Cl,(P,,x) NP we have

)
)

dim PH <n, and dim(/ — P)H < k.
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We can find a sequence {P;|j = 1,2, ...} such that P; € P, ;, for all j and P; — P weakly
as j — 00. Let us consider the diagonal elements of P;. Applying the Fatou Lemma we
get
dim PH = Tr P < liminf Tr P; = Tr P; = n.
J—00

Similarly we can check that dim(/ — P) < k.

Conversely suppose that dim PH < n and dim(/ — P)H < k. Let us prove that
P € Cly(Ppk). Suppose that dim PH = n’ < oo (all other cases are considered simi-
larly). Then k = oco. If n’ = n, then P € P, and we have nothing to prove. There-
fore assume that n” < n. Let us choose an orthonormal basis {e1,es,...} in H so that
€1,...,e, span PH. Now let us take a subspace Ly C ‘H with dim Ly = n spanned
by e1,€2,...,€n/yEN+1,EN+2, - - -y EN+n—n’. Denote by Py the self-adjoint projection in ‘H
with the image Ly. Then Py € P, and Py — P strongly as N — co. O

Now we shall consider the weak closure of P, , in B(H).

Proposition 3.5. The weak closure Cl,,(Pn k) of Pni in B(H) coincides with the set
Apr={A: A€ ]0,1], rank A <n, rank (I — A) < k},

where rank A = dim Im A.

Proof. (i) Let us first consider the case n = k = oo. Then the result follows from
Proposition 3.3 and Proposition 3.4 (i).

(ii) Now let us assume that n < oo (the case k < oo is treated similarly), so
Apr=An0o ={A: A€ [0,1], rank A < n}.

Let us prove that Cl,(P,,x) C Anx. Suppose that P; € P g, j=1,2,..., rank P; <n
for all j and there exists a weak limit A of P; as j — oo. The inclusion A € [0,I] follows
from Proposition 3.3, so we only have to check that rank A < n.

Note first that Tr A < n by the argument from the proof of Proposition 3.4. There-
fore A is in the trace class, hence compact. We can then find an orthonormal basis of
eigenvectors of A. Denote the vectors of this basis ej, ez, .... The eigenvalues of A are
non-negative and have 0 as their only accumulation point. Therefore we can put them
into the non-increasing order. The rank of A is equal to the number of non-vanishing
eigenvalues, multiplicities counted.

Assume, arguing by contradiction, that rank A > n + 1. Then in the chosen basis
A will be represented by a diagonal matrix with positive first n + 1 diagonal elements.
For large j the left-upper-corner (n+ 1) x (n + 1) minor in the matrix of P; will be non-
vanishing. But this obviously implies that rank P; > n + 1 because then Pjeq, ..., Pje,41
will be linearly independent. This contradicts the assumption P; € P, and proves the
inequality rank A < n.

(iii) It remains to prove that for any A € A,,  with n < co we can find Py € P,
N = 1,2,... with rank Py < n so that Py — A weakly as N — oo. By the spectral
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theorem there exists an orthonormal basis e;,ez,... in H such that Ae; = oz?ej with
0 < a; <1 for all j. This means that A can be written in the form

A= 3 e
j=1

where PU) is a self-adjoint projection of rank 1 acting by the formula PUWu = (u, ej)e;,
u € H. We have seen in the proof of Proposition 3.3 that a?P(J ) is a weak limit of rank 1
self-adjoint projections i.e. projections from P; . Making a particular explicit choice of
these projections we can write

P;n — a?PU) weakly as N — oo,
where P; ny is given by the formula

Pj vu = (u, aje; + Bjentj)(aje; + Bienyj),

with 3; € [0,1], of + 87 = 1. Now for N > n define

Py=> Pjx.
j=1

It is easy to check that Py € P, oo and Py — A weakly as N — oo. O
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