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0. Preliminaries and main results.

1. Let M be a complex manifold with a smooth boundary which will be denoted bM,
dim M = n. Let us denote M = M UbM and assume for simplicity that M C M where

M is a complex neighbourhood of M, dimc M = n, so that every point z € bM is an
interior point of M. Let us take a C°°-function p : M — R such that

(0.1) M ={z| p(z) < 0}, bM = {z| p(2) =0}; dp(z) #0 for all z € bM .

For any z € bM denote by T<(bM) the complex tangent space to bM: the maximal
complex subspace in the real tangent space T (bM), dimc T5(bM) =n — 1. If z1,..., 2,

are complex local coordinates in M near z € bM, then T, M is identified with C™ and
c ~ Jp
(0.2) TE(OM) = {w = (wy, ..., wy)| Z ——(2)w; =0}

The Levi form is an hermitian form on T(bM ) defined in the local coordinates as follows:

0.3 L.(w,w) = o
(0.3) (w, w) 2 507

J»

(z)wju_)k .

The manifold M is called pseudoconvex if L,(w,w) > 0 for all z € bM and w € TS(bM). It
is called strongly pseudoconvex if L,(w,w) > 0 for all z € bM and all w # 0, w € TS(bM).
In this case replacing p by e — 1 with sufficiently large A > 0 we can assume that
L.(w,w) > 0 for all w # 0 (not only for w satisfying the condition in (0.2)).

Equivalently, strongly pseudoconvex manifolds can be described as the ones which
locally, in a neighbourhood of any boundary point, can be presented as strongly convex
domains in C".



Denote by O(M) the set of all holomorphic functions on M.

A point z € bM is called a peak point for O(M) if there exists a function f € O(M)
such that f is unbounded on M but bounded outside U N M for any neighbourhood U of
zin M.

A point z € bM is called a local peak point for O(M) if there exists a neighbourhood
U of z in M such that z is a peak point for O(M)|(U N M) which is the space of all
restrictions of functions from O(M) to U N M. In other words there exists a function
f € O(M) such that f is unbounded in U N M for any neighbourhood U of z in M and
there exists a neighbourhood U of z in M such that for any neighbourhood V of z in M
the function f is bounded in U — V.

Note that the pseudoconvexity and strong pseudoconvexity at a point z € bM are
local notions, whereas being a peak point or a local peak point for O(M) depends on the
global structure of M.

The Oka-Grauert theorem ([Grl], see also [F-K], [H]) states that if M is strongly
pseudoconvex, bM is not empty and M is compact, then every point z € bM is a peak
point for O(M). (Moreover for every z € bM there exist functions fi, ..., f, € O(M) which
are local complex coordinates in U N M for a neighbourhood U of z in M.) It follows in
particular that the space O(M) is infinite-dimensional. If M is weakly pseudoconvex then
the space O(M) is not necessarily infinite-dimensional (see [Gr 2]). But if M is weakly
pseudoconvex, M is compact and, in addition, in the neighbourhood of bM there exists
a strictly plurisubharmonic function (not necessarily vanishing on bM) then M can be
exhausted by strongly pseudoconvex manifolds (see e.g. (i) in the Lemma 1.10 below).
In this case O(M) is again infinite-dimensional by the Oka-Grauert theory. Note that for
the case of domains in C™ we can even construct the required exhaustion using a global
plurisubharmonic function in M (see e.g. [H62]). This is not true in general case (see e.g.
an example in [Gr2)).

One of the goals of this paper is to extend these results to the case when M is not
necessarily compact but admits a free holomorphic action of a discrete group I' such that
the orbit space M /T is compact (or in other words M is a regular covering of a compact
complex manifold with a strongly pseudoconvex boundary). In this case we shall use the
von Neumann I'-dimension dimp to measure Hilbert spaces of holomorphic functions (or
some exterior forms) which are in L? with respect to a I'-invariant smooth measure on
M. In case when the group I is trivial (i.e. has only one element) the I'-dimension is just
the usual dimension dimg. We shall prove that the space of L2-holomorphic functions
on a strongly pseudoconvex regular covering M of a compact manifold with a non-empty
boundary has an infinite I'-dimension and every point z € bM is a local peak point for this
space.

We shall also prove that dimp L2O(M) = oo, if covering M is only weakly pseudocon-
vex, but with strictly plurisubharmonic I'-invariant function existing in a neighbourhood
of bM.

The arguments given in the proof can be carried over if instead of the discrete group I
we have an arbitrary unimodular Lie group G (not necessarily connected) with free action
on M (holomorphic in M) such that the quotient M /G is compact. The unimodularity is
used just to introduce a von Neumann trace and the corresponding dimension as in [C-M].
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A natural question arises: is the cocompact group action really relevant for the ex-
istence of many holomorphic L2-functions or is it just an artifact of the chosen methods
which require a use of von Neumann algebras? Can we at least get rid of the unimodularity
requirement? In Section 3 we give an example which shows that the answer to the last
question is negative. In this example dimg M = 2, bM is strongly pseudoconvex, G is
a solvable non-unimodular connected Lie group, dimg G = 3, G has a free action on M
which is holomorphic on M, M /G = [~1,1], but L2O(M) = {0}.

It follows in particular that if we only impose bounded geometry conditions with
unform strong pseudoconvexity, then the space of holomorphic L2-functions may be trivial.
It is not clear how to formulate conditions assuring that dim L?O(M) = oo without any
group action.

About a half of the presented results are contained in [G-H-S| which can be considered
as a preliminary version of this paper.

2. Let us choose a boundary point x for a strongly pseudoconvex manifold M and
describe the classical E.Levi construction of a locally defined holomorphic function on
UNM (here U is a neighbourhood of x in M) with the peak point x. Let us consider the
Taylor expansion of p at x:

(0.4) p(z) = p(x) + 2Re f(z,2) + Lo(z — 2,2 — ) + O(]z — 2| ,

where L, is the Levi form at z and f(z, z) is a complex quadratic polynomial with respect
to z:

B op 1 0%p
@)= 3, gr@e-n)ts 3, (@)= o).
1<v<n 1<p,v<n

The complex quadric hypersurface S, = {z| f(z, 2) = 0} has TS(bM) as its tangent plane
at x. Therefore the strong pseudoconvexity implies that p(z) > 0 if f(z,2) =0 and z # =
is close to . This means that near x the intersection of the hypersurface S, with M
consists of one point z. Hence the function 1/f(z,-) is holomorphic in U N M (where U is
a neighbourhood of = in M ) and x is its peak point.

The technique which allows to pass from locally defined holomorphic functions to
global ones is J-cohomology on complex manifolds. For any integers p,q with 1 < p,q <n
denote by AP-9(M) the space of all C* forms of type p,q on M i.e. forms which can be
written in local complex coordinates as

N I A g5
W= D 1|y g|=q W0 d2 N2

where dz! = dzt A .. ANd2, d2? = dE AL ANdZ T = (i ip), I = (G g),
i1 < ...<ip, J1 <...<Jg and wr yare C*° functions in local coordinates. Here and later
S stands for summing over increasing multiindices. For such a form w its 9 differential
is written as

a3, _ n  Owr,g 3k I zJ
3w—2|j|:p’|J|:q Zk:l Wdz ANdz' Ndz s
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so 0 defines a linear map 0 : AP4(M) — AP-4+t1(M). All these maps constitute a complex
of vector spaces

AP 00— AP S AP AP 0.

Its cohomology spaces are denoted HP*1(M).

An important part of the Grauert theorem is the fact that dimg H?4(M) < oo for
all p,q with ¢ > 0 provided M is strongly pseudoconvex and M is compact. A refinement
of this fact is used in constructing global holomorphic functions on M with a peak point
x € bM as follows. We start with a locally defined function g € O(U N M) (here U is
a neighbourhood of z in M ) with a peak point at z, multiply it by a cut-off function
X € C§°(U) which equals 1 in a neighbourhood of z, then solve the equation df = 9(xg)
on M in appropriate function spaces consisting of bounded functions on M. If we can do
this then the function xg — f is holomorphic on M and =z is its peak point. The existence
of a bounded solution for the equation df = a € A1 (M) for all forms o with da = 0 is
equivalent to the vanishing of an appropriate refinement of the cohomology space H%!(M)
(we should actually consider cohomology HP'9(M) with estimates). If we only know that
the latter space has a finite dimension then we still can solve the equation 0f = « for all
0-closed forms « in the space of finite codimension in the space of all O-closed forms. This
is sufficient to construct holomorhpic functions on M with the peak point x because it is
easy to provide an infinite-dimensional space of holomorphic functions in a neighbourhood
of x having x as its peak point (e.g. we can take a linear space spanned by all powers of
one function with the peak point x).

3. Now we shall give a very brief description of the I'-dimension. It will be used to
measure [-invariant spaces (of functions and forms) which are infinite-dimensional in the
usual sense. It is also convenient to use the I'-trace. For more details we refer the reader
to [A], [C] and textbooks on von Neumann algebras (e.g. [D], [N], [T]).

We shall denote the I'-dimension by dimp. It is defined on the set of all (projective)
Hilbert I'-modules and takes values in [0, co]. The simplest Hilbert I'-module is given by a
left regular representation of I': it is the Hilbert space LT consisting of all complex-valued
L2-functions on I'. The group I' acts unitarily on L?T by v +— L. where L. is defined as
follows:

Lyf(x) = f(y~'2), z€l; feLT.

By definition dimp L?T" = 1.

For any (complex) Hilbert space H define a free Hilbert I'-module L?T' @ H. Its
[-dimension equals dimc H. The action of I' in L’T' @ H is defined by v — L, ® I.

A general Hilbert I'-module is a closed I'-invariant subspace in a free Hilbert I'-module.
It would be natural to call such subspaces projective Hilbert modules, but the word
“projective” is usually omitted, so only projective Hilbert modules are considered.

For any Hilbert space H denote by Ar a von Neumann algebra which consists of all
bounded linear operators in L?T" @) H which commute with the action of I' there. This
algebra is in fact generated by the operators of the form R, ® B, B € B(H), v € I', where
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B(H) is the algebra of all bounded linear operators in H, R, is the operator of the right
translation in L°T i.e.
R,f(z) = f(zv), z €T; feLT.

This means that the algebra Ar is the weak closure of all finite linear combinations of
the operators of the form R, ® B. So in fact Ar is a tensor product (in the sense of von
Neumann algebras) of Rr and B(H) where Rr is the von Neumann algebra generated
by the operators R, in L?T (it consists of all operators in L?I" which commute with all
operators L., v €T).

There is a natural trace on Rp. It is denoted by trr and defined as the diagonal
matrix element (all of them are equal) in the §-functions basis. For example we can define
it by

trrS = (556,66), S e RF,

where e is the neutral element of I, §, € L?T is the “Dirac delta-function” at e, i.e.
de(x) = 1if z = e and 0 otherwise. There is also a natural trace on Ar too: Trp = trp @ Tr
where Tr is the usual trace on B(H).

Now for any Hilbert I'-module which is a closed I'-invariant subspace L in L2’ ® H,
its I'-dimension is defined by the natural formula

dimr L= TI‘FPL,
where Pp, is the orthogonal projection on L in L?T ® H.

4. Let us describe the reduced L? Dolbeault cohomology spaces on a complex (gen-
erally non-compact) manifold M with a given hermitian metric. Denote the Hilbert space
of all (measurable) square-integrable (p,q)-forms on M by L?AP¢ = L?2AP9(M). The
operator

0 : LPAPY(M) — L2AP9TH(M)

is defined as the maximal operator i.e. its domain DY = DP4(9; M) is the set of all
w € L2Ap’q_ such that Ow € L2AP9t! where Ow is applied in the sense of distributions.
Obviously 02 = 0 on DP9 and we can form a complex

L?AP*: 00— DPO — pDPL .  —DP" (.,

Its cohomology spaces are denoted L2HP-4(M) and called L? Dolbeault cohomology spaces
of M:
L?HP(M) = Ker (9 : DP9 — DP9t /Tm (9 : DP9~ — DP9y,

We actually need reduced L? Dolbeault cohomology spaces

L*HP9(M) = Ker (9 : DP? — DP%t1) /Tm (0 : Dpa—1 — Dp.a) |

where the line over Im 0 means its closure in the corresponding L? space. Since Ker 0 is a
closed subspace in L?, the reduced cohomology space L2HP:4(M) is a Hilbert space.
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Note that the space L?H%9(M) coincides with the space L?O(M) of all square-
integrable holomorphic functions on M.

5. Let us assume now that M is a complex manifold (with boundary) with a free action
of a discrete group I on M such that M /T is compact and the action is holomorphic on
M. (Here M = M UbM.) Let us assume that an hermitian I'-invariant metric is given on
M. Then the reduced L? Dolbeault cohomology spaces become Hilbert I'-modules. Hence
they have a well defined I'-dimension (possibly infinity).

We will also assume for simplicity that M is a closed subset in M where M is a
complex neighbourhood of M with a free holomorphic action of I' so that this action and
the complex structure on M extend the corresponding structures of M, and every point
of M is an interior point in M.

Now we will formulate our main results.

Theorem 0.1. If M is strongly pseudoconvex, then dimp L2HP9(M) < oo for all p,q
provided q > 0.

Theorem 0.2. If M is strongly pseudoconvexr and bM is non-empty, then
dimp L2O(M) = oo and each point in bM is a local peak point for L?O(M).

Under the same conditions it is also possible to construct holomorphic functions which
have stronger local singularities (not L?) but are in L? in a generalized sense. For any
s € R denote by W* = W#(M) the uniform (I-invariant) Sobolev space of distributions
on M, based on the space W° = L?(M) constructed with the use of a smooth I'-invariant
measure on M (see e.g. [S1] for the details on the Sobolev spaces). The space W ¢ for
large s > 0 contains in particular holomorphic functions on M with power singularities
at the boundary. For any s € R the space W?* is a Hilbert I'-module with respect to
the natural action of I". Denote by W*O(M) the space of all elements in W* which are
actually holomorphic functions on M. Now we can formulate another version of Theorem
0.2.

Theorem 0.3. If M is strongly pseudoconvex and bM # (), then for any x € bM and
any integer N > 0 there exists s > 0 and a closed I'-invariant subspace L C W—*O(M)
such that

(ii) LN L3(M) = {0} but for any f € L and any T-invariant neighbourhood U of x in
M we have f € L*(M —U).

It is also possible to construct L2-holomorphic functions on M which are in C*°(M):

Theorem 0.4. If M is strongly pseudoconvex and bM 7&_(7), then for any integer
N > 0 there exists a -invariant subspace L C L*O(M) N C>(M) such that dimp L = N
where L is the closure of L in L?(M).

Examples. 1) Let X be a compact real-analytic manifold with an infinite funda-
mental group I' = 71 (X). Assume that X is imbedded into its complexification Y and a
Riemannian metric is chosen on Y. Let X. be a e-neighbourhood of X in Y where ¢ > 0 is
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sufficiently small. It is known ([M1], [Grl]) that then X, is strongly pseudoconvex. Let M
be the universal covering of X.. Theorems 0.1-0.4 can be applied to M and we conclude
in particular that there are sufficiently many L? holomorphic functions on M.

A particular case: strip {z| [Imz| < 1} in C with the action of I' = Z by translations
along R. Of course in this case L? holomorphic functions can be obtained by the Fourier
transform or explicitly (e.g. take 1/(a? + 22) where a > 1, or exp(—22)log(z — i)).

2) Let X be a compact complex manifold with a holomorphic negative vector line
bundle £ on X. The negativity means that E is supplied with an hermitian metric and
e-neighbourhood X, of X in the total space of F is strongly pseudoconvex (for some € > 0
or, equivalently, for any £ > 0). Denote by M the universal covering of X.

Note that X. is not a Stein manifold because it has a non-trivial compact complex
submanifold X (the zero section of E). But we are again in the situation of the Theorems
0.1-0.4 and these theorems give extensions of some results of Napier [Na] and Gromov
[Gro|. Namely let M. be the universal covering of X.. Theorems 0.2-0.4 garantee that
there are many L? holomorphic functions on M.. In particular, dimp L?O(M.) = occ.
Using the Taylor expansion of f € L2O(M.) along the fibers we obtain L2-spaces with
a finite positive I'-dimension, such that they consist of holomorphic functions which are
polynomial along the fibers. This means that £~* has many holomorphic L?-sections over
M ([Na]). Under the Ké&hler hyperbolicity condition Gromov [Gro] proved that in fact
there are sufficiently many holomorphic L2-forms (of the type (n,0)) on M.

6. The following results give rather general conditions when the statements of Theo-
rems 0.1, 0.2 are still valid for weakly pseudoconvex (i.e. pseudoconvex but not necessarily
strongly pseudoconvex) manifolds.

Theorem 0.5. Let M be a pseudoconvexr manifold with holomorphic action of a
discrete group T' on M such that M /T is compact. As before we assume that bM # ()
and M is a closed subset in M where M is a complex neighbourhood ofﬂ~ with a free
holomorphic action of I' so that this action and the complex structure on M extend the
corresponding structures of M, and every point of M is an interior point in M. Let g be
a T-invariant hermitian metric on M. Suppose that in a T-invariant neighbourhood U of
bM (in M ) there exist a I'-invariant strictly plurisubharmonic function ® and a constant

§ > 0 such that i00® > § - g in U. Then dimpL2HP9(M) < oo for all p,q with g > 0.

Remark. The inequality _iaéfl) > 0 - g is automatically true in a possibly smaller
I'-invariant neighbourhood of M provided ® is in C?, strictly plurisubharmonic and I'-
invariant.

Theorem 0.6. Under the assumptions of Theorem 0.5
(i) dimpL2O(M) = oo;
(ii) each point of strong pseudoconvexity in bM is a local peak point for L2O(M).

Theorem 0.7. If under the assumptions of Theorem 0.5 M/T is a Stein manifold,
then L2HP9(M) = 0 for all p,q with ¢ > 0 (i.e. Imd ezactly coincides with Ker 0 in the
corresponding spaces L>AP?), and the functions from L>O(M) separate all points in M.
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Examples. (i) Any pseudoconvex domain X in C™ or CP" is a Stein manifold ([H62],
[Fu]). Therefore Theorem 0.7 can be applied to its regular covering manifolds.

(ii) For any real-analytic manifold Xy, dimg X¢ = n, we can find its complex neigh-
bourhood X, dimcy X = n, such that X is a Stein manifold [Gr2] (then X is called a
Grauert tube for Xg). We can also assume that X is a manifold with a smooth boundary.

If in addition X is compact, Theorem 0.7 can be applied to any regular covering manifold
of X.

7. Remarks.

1) If under the assumptions of the theorems above M/T" is a Stein manifold then
Stein [St] proved that M is also a Stein manifold. It follows from this result that there
are sufficiently many holomorphic functions on M, but it does not follow that there exist
non-trivial L? holomorphic functions. On the other hand it can happen that M/T" is not
Stein (see Example 2 above). Then even the existence of any holomorphic function on M
which is not constant along orbits of I' is not obvious.

2) If bM = () then it follows from the arguments of Atiyah [A] that dimp L2HP9(M) <
oo for all p, q (including ¢ = 0). In this case in fact L?O(M) = {0}. But if E is a positive
[-invariant holomorphic line bundle, then the Kodaira imbedding theorem [Ko| and the
Atiyah index theorem [A] imply that dimp L2O(M, E¥) > 0 for large k; in particular,
this again gives the result of [Na]: the space of all holomorphic sections of E* is infinite-
dimensional in the usual sense.

3) Theorems 0.2-0.4 remain valid if we replace holomorphic functions by holomor-
phic (p,0)-forms. More generally all Theorems 0.1-0.4 are true for sections of arbitrary
holomorphic vector I'-bundles over M.

4) Theorems 0.1- 0.4 can be extended to the case when M is strongly pseudoconvex
but with possibly non-smooth boundary i.e. we can drop the requirement dp # 0 on bM in
(0.1) but require instead that the Levi form (0.3) is positive for all z € bM and all w # 0,
we C™.

5) Let us assume that the Levi form (0.3) is non-degenerate on T<(bM) for all z € bM
and the boundary bM is connected. Note that bM will be automatically connected if M
is connected and the Levi form has at least one plus at every boundary point and there
exists at least one non-trivial holomorphic function on M (in particular this is true if bM
is strongly pseudoconvex). Indeed, J.Kohn and H.Rossi [K-R| proved that in this case
every CR-function on bM can be extended to a holomorphic function on M. If we assume
that bM is not connected, this leads to a contradiction if we consider a locally constant
CR-function which equals 1 on one of the connected components of bM and 0 on all others.

Let r be the number of negative eigenvalues of the Levi form in T¢(bM). Then

dimp L*H*" (M) = o0

and
dimp L2HP9(M) < o0, q #17 .
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This is a generalization to the covering case of the classical theorems by Andreotti-Grauert
and Andreotti-Norguet (see [A-V], [F-K], [H61], [A-H]).

6) There are analogues of the Theorems 0.1-0.4 for regular coverings of compact
strongly pseudoconvex CR-manifolds. Let N be a strongly pseudoconvex CR-manifold
with a free action of a discrete group I' such that Y = N/I" is compact, dimg N = 2k — 1.

Assume that k > 3. Let us denote by L?HZE(N) and L2 HZE(N) the L? Kohn-Rossi
cohomology spaces and reduced cohomology spaces respectively (see [K-R] for the usual
version of these cohomology spaces on compact C' R-manifolds). They are defined similarly
to the Dolbeault cohomology spaces by using the tangent Cauchy-Riemann operator 0,
instead of 0. Then the following statements are true:

(i) dimp L*HZA(N) < 0 if 1 < g <k —2.

(i) dimp L2A%Y(N) = oo and dimp L2H%5 " (N) = oo for all p with 0 < p < k.

Note that if & = 2 the statement (i) is empty and (ii) is not true even in the compact
case.

7) First applications of von Neumann algebras to constructions of non-trivial spaces of
L?-holomorphic functions or sections of holomorphic vector bundles are due to M.Atiyah
[A] and A.Connes [Co]. J.Roe proved existence of an infinite-dimensional space of L?
holomorphic sections of a power E* for a uniformly positive holomorphic line bundle F
over a complete Kahler simply connected manifold of non-positive curvature without any
action of a discrete group (see [R] for further results and references).

1. O-cohomology spaces of pseudoconvex coverings.

1. In this section we will prove Theorems 0.1 and 0.5. We will start by extending
the Kohn-Morrey estimates ([F-K],[M2]) to our case. We will always assume that M is
pseudoconvex.

First we will consider a general I'-invariant analytic situation. Namely let M be a
C*°-manifold (possibly with boundary) with a free action of a discrete group I' such that
M /T is compact. Let E be a (complex) vector I'-bundle on M with a I'-invariant hermitian
metric in the fibers of £. We shall use I'-invariant Sobolev spaces W?* of sections of F
over M. The scale of the Hilbert spaces W* = W*#(M, F) is based on the Hilbert space
L?(M, E) which is taken with respect to a smooth positive I'-invariant measure on M and
the given I-invariant hermitian metric on E over M. Let M be a D-invarant complex
neighbourhood of M. Assume that E and the measure on M are extended to M in a
smooth I'-invariant way. For any s € R the space W* = W#(M, E) is a Hilbert space
which consists of all restrictions to M of finite linear combinations of all sections Au where
u € LQ(M ,E) and A is a properly supported I'-invariant pseudodifferential operator of
order —s on M (see e.g. [A] or [S1]). The norm in W* is denoted || - ||s.

In particular I'-invariant Sobolev spaces W*AP¢ of (p, q)-differential forms on M are
well defined.

Let us consider 0 as the maximal operator in L? and let 0* be the Hilbert space
adjoint operator. We shall also use the corresponding Laplacian

O= O, =00+ 90 on L?*AP4(M) .
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We shall denote the domain of any operator A by D(A). Let A2(M) denote the set of all
C* forms with compact support on M.

The following Lemma gives a description of the operators 0%, O (as well as their
domains D(9*), D(O)). Let 6 be the formal adjoint operator to 0, o = o(6, -) its principal
symbol.

Lemma 1.1. Let us assume that M s strongly pseudoconver.
(i) The operator 0* can be obtained as the closure of 0 from the initial domain

(1.1) Do (0%) = {w|w € A2(M), o(8,dp)w=0 on bM} .
(ii) The space Do(0*) is dense in D(0*) N D(9) in the norm
(loll§ + 10" w[Ig + 19w][§)*/2, w € D(@*) N D(d) .

(iii) The operator O = O, can be obtained as the closure of the operator 90 + 00 from
the initial domain

(1.2) Do(0) = {w | w, 0w, 0w € A*(M)N L*(M),
' o(0,dp)w =0 and o(f,dp)Ow =0 on bM} .

(iv) For anyw € D(O) o {we DO)ND(O*): Ow € D(9*), 0*w € D(0)} the following
integral identity holds

(1.3) (Ow,w) = [[9wl§ + 0wl -

Remark. The boundary conditions on w in (1.2) are called the d-Neumann condi-
tions.

Proof of Lemma 1.1. Assume first that w is a smooth compactly supported form i.e.
w € AL(M). Then integration by parts formulas for 9 (see e.g. [F-K], [G-H], [H61], [Ta])
show that the inclusion w € D(0*) is equivalent to the boundary condition o (6, dp)w = 0

on bM. The same is true if instead of inclusion w € A2(M) we only require that w, fw €
A*(M) N L2A® (M)

Note that any I-invariant Riemannian metric on M is complete in the following sense.
For any point zg € M and for any » € R the ball of the corresponding geodesic metric
{z € M : dist(zg,z) < r} is relatively compact in M. Using this fact we can construct
Lipschitz cut-off functions of the form a.(x) = A.(dist(xg,x)) on M with the following
properties: a. has values in [0,1] and a compact support on M, the subsets {x € M :
ac(x) = 1} exhaust M as € — 0, and sup,¢ x|da-(x)| = O(¢) as € — 0.

For any form w € D(9*) N D(9) let us consider the form a.w. This form belongs to
D(0*) N D(9) and satisfies the estimates:

||5*(a5w) - asg*wHo = 0O(e)|lw|lo and
[0(acw) — ac0w|lo = O(e)||lwl[o-
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Hence a.w — w, 0(a.w) — 0w, and 0*(a.w) — 0*w in L?(M) as ¢ — 0.

So to prove (i) and (ii) we can start with w which have compact support in M.
We need to approximate them by smooth forms in appropriate norms. With the help of
partition of unity in the neighbourhood of supp w we can reduce the statements (i) and (ii)
to the known Friedrichs results [F] asserting the identity of weak and strong extensions of
differential operators (see also Proposition 1.2.4 in [H61]).

The statement (iv) follows directly from definitions of O and D( O).

In order to prove (iii) let us consider the operator I + O. It follows from the well
known functional analysis result that the operator (I + O)~! exists, is everywhere defined
and bounded (see also [G]| and Proposition 1.3.8 in [F-K]).

Let w € D(O,4). Then w+ Ow = a € L2AP9(M). Let us choose a sequence {a;} C
AP9(M) converging to o in L2AP4(M) and define w; = (I + O) 'a;. Then w; € D(O)
and w; — w in L2AP9(M). By the Kohn regularity theorem w; € AP4(M) N D( O) (see
Propositions 3.1.4 and 3.1.10 in [F-K]).

The equalities (Ow;,w;) = ||0w;||2 + ||0*w;||2 give us the inclusions dw; € AP4(M) N
L2AP4(M) and 9*w; € AP4(M) N L2AP4(M). O

We will use the standard splitting of the complexified tangent bundle TM ®C to (1,0)-
part T3 (M) (“holomorphic” part) and (0,1)-part (“antiholomorphic” part) T 1 (M):

TM®@C=T0M)eTo1(M).

Here T} (M) is generated by the vector fields %, j=1,...,n,and Tp 1 (M) = T (M)

is generated by the vector fields 8%3»’ 7 =1,...n, at every point z € M.

Let us denote by V the covariant differentiation related with the d-connection by
the fixed I'-invariant hermitian metric in the complexified tangent bundle [A-V]. We will
mainly use the complex conjugate operator V which is the covariant differentiation related
with the O-connection:

YV AP9(M) — AOY (M) @ AP9(M).
It has the property
V(fw) = fVw+0f®w, feC®(M), weAPI(M).
We shall denote by 5p,q thﬁ; operator O restricted to (p, q)-forms, by 5;’[1 the corre-
sponding adjoint operator (i.e. 0* restricted to (p, g + 1)-forms).

Proposition 1.2. Let us assume that M 1is strongly pseudoconvez.
(i) There exists -y > 0 such that the following Morrey type estimate holds:

(1.4) 10wI§ + 10" wl[5 + [lwllg = Y(IVwll§ + wllg + w22 par));

w € D0y ,_1) N D(0pq), q>0.

(i) The domain D(9; ) N D(dpq), q > 0 is included into W/2 and there exists 41 > 0
such that

il /2 < nUV@l§ +lllg + w2 ear): w € D9 4-1) N D(Dpq) -
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(iii) The domain D(Op,), q > 0 is included into W' and there exists a constant vo > 0
such that the Kohn type estimate holds

lwllf < 22(Owlg + wl), w € D(Dp,)-

Proof. Let us fix a [-invariant partition of unity {a,} subordinate to a ['-invariant
covering of M by contractible neighbourhoods {U,}. Let Vi ,,...,V,,, be complex vector
fields over U, N M which constitute an orthonormal basis of T 1,0(M) at each point xz €
U, N M). Let the forms

gp,lj, NG UNS AI’O(UI, N M)

constitute the dual orthonormal basis at each point z € U, N M. For any w € AP4(M) we
have

a,w = Za,,w <p Ag’ and

IVowlig = Z |8(avwi D)3 + O(lavwl3).

For any form a,w € AP4(M) with support in U, we have the following local Morrey type
inequalities (see (3.1.20) in [H61] and also [M1],[M2],[K], [A-V],[F-K])

IV (ayw)ll§ + llaywll§ + llavwl 72 gar <

(1.5) - )
Co([|0*(avw) I + [10(avw)[5 + llavwl]3)-

It follows from compactness of M /T’ and from I'-invariance of the covering {U,} that the
constant Cy > 0 in these inequalities can be chosen independent of v.
Summing up these inequalities we obtain the following global Morrey type inequality

IVWIIE + Iwli§ + lwllZzan < CUI* G + 10wl + lw]F), w € AR(M) N D(9").

It follows from Lemma 1.1 (ii) that this Morrey inequality is valid for w € D(9)ND(9*).
Using further Lemma 1.1 (iv) and the Kohn type inequality

1F113 /2 < Crll A2 oany + 10 22an))s f € AP (M),

(see e.g. Theorem 2.4.4 in [F-K]) we obtain the statement (ii).

We suppose further that the I'-invariant covering {U,} is included in the bigger I'-
invariant covering {Tj,,}, U, cU,.

Let {a,} and {a,} be partitions of unity, subordinate respectively to the coverings
{U,} and {U,}, such that @, = 1 on suppa,.

To prove (iii) we use another inequality of Kohn [K]

laywli < Co(llay Owlf§ + lavwld), w € AP(M) N D(Ty,)-
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For the same reason as above, the constant Cs in this inequality can be chosen independent
of v.

Summing up these inequalities and using Lemma 1.1 (iii) we obtain the statement
(iii). O

Corollary 1.3. If M is strongly pseudoconvex then there exists a constant v, > 0 such
that ||wll1 < y2llwllo, Yw € Ker O, 4, g >0, where Ker 0= {w |w € D(0O), Ow =0}.

Remark. Corollary 1.3 follows from Proposition 1.2 (iii). Proposition 1.2 (ii) gives
us a weaker statement which is also sufficient for our applications: there exists a constant
y1 > 0 such that [|w][;/2 < yiflwllo, Yw € Ker 0,4, ¢ > 0.

The advantage of this weaker inequality is that the constant ~; in it depends only on
the first two derivatives of the function p defining bM. So the last inequality is valid if we
assume that bM has only C?-smoothness but keep all other assumptions.

Let us formulate the necessary version of the weak Hodge-Kodaira decomposition (see
e.g. [G],[F-K]).

Proposition 1.4. The following orthogonal decomposition holds:

L*A*(M) =Im 0 ® Ker 0@ Im0* and
Ker 0 =Im 0 & Ker [O0.

In particular, we have an isomorphism of Hilbert I'-modules

L?HP9(M) = Ker O, .

Proof. First note that 9% = 0 implies Im 9L Im 9*. The orthogonal complement of

Im 0 ® Im 0* is Ker 9 N Ker 0*. From the definition of D( O) we have

Ker 00 D Ker 9 N Ker (9%). Vice versa w € Ker O implies 0 = (Ow,w) = ||0w||? + ||0*w]|?,
so w € Ker dNKer 0*. This gives us the first decomposition. The decomposition for Ker 0
follows now from the fact that Ker d is the orthogonal complement of Im 9*. Finally the
decomposition for Ker d implies the last equality. O

2. For the proof of Theorem 0.1 we will need the following general statement where
we use notation from the beginning of Section 1.

Proposition 1.5. Let L be a closed T'-invariant subspace in L?>(M,E), L C W¢ for
some € > 0 and there exists C > 0 such that

(1.6) lulle < Cllullo, we L.

Then dimr L < oo.

To prove this Proposition we need the following simple statement about estimates of
Sobolev norms on compact manifolds with boundary.

Proposition 1.6. Let X be a compact Riemannian manifold, possibly with a bound-
ary. Let E be a (complex) vector bundle with an hermitian metric over X. Denote by (-, -)
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the induced hermitian inner product in the Hilbert space L*(X, E) of square-integrable sec-
tions of E over X. Denote by W* = W?*(X, E) the corresponding Sobolev space of sections
of E over X, || - ||s the norm in this space. Let us choose a complete orthonormal system
{¢j; 7=1,2,...} in L>(X, E). Then for alle > 0 and 6 > 0 there exists an integer N > 0
such that

|ullo < 6||ul|e provided u € W€ and (u,v;) =0, j=1,...,N.

Proof. Assuming the opposite we conclude that there exist € > 0 and § > 0 such
that for every N > 0 there exists uy € W¢ with (un,%;) =0, j = 1,..., N satisfying
the estimate ||uy|. < 07!|lun]|o. Normalizing ux we can assume that ||uy|o = 1, so the
previous estimate gives |[uy|l. < 7! for all N. It follows from the Sobolev compactness
theorem that the set {uy| N =1,2,...} is compact in L? = L?(X, E). On the other hand
obviously uy — 0 weakly in L? as N — oo. Therefore ||uy|o — 0 as N — oo which
contradicts to the chosen normalization. O

Proof of Proposition 1.5. Let us choose a I'-invariant covering of M by balls
YBk, k= 1,...,m, v € I, so that all the balls have smooth boundary (e.g. have suffi-

ciently small radii). Let us choose a complete orthonormal system {wgk) j=1,2,...}in

L?(By, E) for every k = 1,...m. Then {(7_1)*¢§k), j=1,2,...} will be an orthonormal

system in yBy (here we identify the element v with the corresponding transformation of
Given the subspace L satisfying the conditions in the Lemma let us define a map

Py:L— LT @ C™V

we {(u, (v M), j =12, Ny k=1,...,m; yeT}.

Since dimp L2T' @ C™Y = mN < oo the desired result will follow if we prove that Py is
injective for large V. Assume that v € L and Pyu = 0. Using Lemma 1.6 we get then

||u||(2),'yBk S 5]2V||u g,'yBkv k= ]-7 N (2SS F:

where 6y — 0 as N — oo and || - ||s,y5, means the norm in the Sobolev space W* over the
ball vBg. Summing over all £ and v we get

lullg < CToR NullZ

where C7 > 0 does not depend on N. This clearly contradicts (1.6) unless © = 0. O

Remark. It is not necessary to require that L is closed in L?in Proposition 1.5. For
any L satisfying (1.6) we can consider its closure L in L?. Then obviously L C W*¢ and
Proposition 1.5 implies that dimp L < oc.

Proof of Theorem 0.1. Propositions 1.2, 1.4 and 1.5 immediately imply Theorem
0.1. O
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3. To prove Theorem 0.5 we need a refined version of the Héormander and Andreotti-
Vesentini weighted Lo-estimates ([H61],[A-V]).

Let M be a pseudoconvex manifold with a holomorphic action of the discrete group
I" such that M /T is compact, and with a I-invariant hermitian metric.

In what follows ® will be a I'-invariant function which is defined in a complex neigh-
bourhood of M, ® € C'(M) and @ is strictly plurisubharmonic in a I'-invariant neigh-
bourhood of bM. In this case we will call ® an admissible weight function.

For an admissible weight function ® we will define weighted Hilbert spaces L AP4(M)
of (p, q)-forms with a finite norm given by

Jwll? = /M w(a)2e P du(x),

where the norm |w(x)| and the volume element dv(z) are induced by the given hermitian
metric. The cohomology and reduced cohomology of the corresponding L? Dolbeault
complexes will be denoted L3 HP*4(M) and L% HP9(M) respectively.

We will consider the operator 0 = 9,, = 0 = Jp 4. as the maximal operator in
L2 AP4(M). Though it is given by the standard differential expression 0, its domain may
depend on @ if & is unbounded on M. Denote the corresponding adjoint operator by
0% = 5;7 4o We will also use the corresponding Laplacian

Op = Op,ge = 930 + 905 .

Note that the operator 9} differs from 9* by 0-order terms which are expressed in
terms of ® and its first derivatives. It follows that the domain D(93) coincides with D(9*)
provided ® € C'! in a neighbourhood of M.

Proposition 1.7. Let M be a pseudonconvexr manifold with a holomorphic action of
the discrete group T such that M /T is compact, and with a T-invariant hermitian metric.
Suppose that an admissible weight function ® is given which is strictly plurisubharmonic in
a I'-invariant neighbourhood U of bM . Then for any I'-invariant neighbourhood Uy of bM

with Uy C U there exist positive constants o, dy and 61 such that the following inequalities
hold

1/3]|VwllZe +2/3 (S0t —0) llwllfe <

(17) a Ok
< ||0w|p + 10/pw e + 51t||w||ifq>(M\U0)

foranyt>0,w € D(9; ,_1.40) VD (0pqta), q>0. Here the constant o depends only on

M, b0 depends only on M and the minimal eigenvalue of i00® on Uy, 61 depends only
on M and the maximal eigenvalue of i00® on M\Uy.

Corollary 1.8. Under the assumptions of Proposition 1.7 for any w € Ker Oy 4:t®,
q > 0, the following inequality holds

1/3[IVwllis +2/3 (ot —70) lwlife < d1tlwll7z (anwe)-
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Corollary 1.9. If under the assumptions of Proposition 1.7 the function ® is strictly
plurisubharmonic on M, i.e. on a neighbourhood U of M, then for any w € D(ﬁp g—1: t¢,) N

D(0yp q4t0), q> 0, the following inequality holds
2/3 (bt — 0)llwllie < (10/swliie + 10w]Fs)-
In particular this implies vanishing of (non-reduced) L? Dolbeault cohomology spaces of M :

L2 HPY(M) =0, ¢>0,t>/0.

Proof. We can take Uy such that Uy D M and use (1.7), so the estimate follows. The
vanishing of the cohomology spaces follows from the estimate. O

To prove Proposition 1.7 we shall use the following refined version of Lemma 1.1.

Lemma 1.10. Under the assumptions of Proposition 1.7
(i) M can be ezhausted by strongly pseudoconvex I'-invariant manifolds Mj;, j=1,2,....
(i1) Let Dg(03) N Dg () be the space of all w € LEA*(M) such that w can be obtained as
a weak limit in L3N (M) of forms w; such that wj‘M\Mj =0, wj‘Mj € Dy(0*|M;), and

||wj||L§>(Mj) + || D‘I’wj||L§>(Mj) <e.

with a constant ¢ independent of j. Then the space DY (95) N DY(9) is contained in
D(95)ND(ds) and is dense in this space in the graph norm (|wl||% + ||8w]|q> +[|0%w]|3) /2.

Proof. If ® € C?(M), then the statement (ii) of this Lemma follows from Lemma
1.1(ii), because in this case the norms ||w||¢ and ||w||y are equivalent.

To prove the statement (i) let us denote M/I" = X. It follows from assumptions of
Proposition 1.7 that X is a pseudoconvex manifold with a compact boundary bX = {z €
X : . p(x) = 0} and there exists a continuous function ® which is a well defined function
on X, strictly plurisubharmonic in a neighbourhood of bX. If we suppose that ® > 0 and
con81der the function p;j(z) = ¢/?(*) — 1 4 &(x), then for sufficiently large j the domains
X; ={z € X :p;(x) <0} are strongly pseudoconvex subdomains in X and X; exhaust X,
when j — co. Moreover, for j large enough there exists a strongly pseudoconvex covering
M; of X; such that M;/I" = X;.

Now to prove the statement (ii) in full generality, we should modify the proof of Lemma
1.1. Namely, we can use the classical Friedrichs result [F]| only to obtain the density of
Do(0*|M;) in D(0*|M;). After that by elementary agruments like the ones in [H-I] we can
obtain the density of D$(9*) N DY () in D(9%) N D(ds) in the graph norm. To do this we
first check directly from the definitions that

D (93) N Dg(9) € D(95) N D(Ie) -

To show the density in the graph norm in this inclusion let us consider ¢ € D(93) N D(9s)
such that ¢ is orthogonal to D$(9%) N D%(9) in the graph inner product, i.e.

(Y, w)e + (0Y, 0w)e + (059, Dpw)e = 0
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for any w € D(9%) N D%(9).
We want to show that ¢ = 0. To do this let us find g; € L?p(Mj), 7 =1,2,..., such
that

VI, = 0039, + 0309; + g5 -
Clearly
sup, (1191122 (ar,) + 1 Do g5llZ2 (ag;)) < 00
Replacing {g;} by a subsequence we can assume that g; — g in L2 (M) where g € DY(95)N
D3 (9). Therefore
(Y, ¥)e = jli)fgo[(w,gj)Lg(Mj) + (1,00595) 12 (1) + (¥, 05995) 2 (a1,)]
= (¥, 9)e + (93¢, 039)e + (91,09)s = 0.

Hence ¢ = 0 as required. O

Proof of Proposition 1.7. Let M; be as in Lemma 1.10. We fix on M a I'-
invariant partition of unity {a, } subordinate to a I'-invariant covering of M by coordinate
neighbourhoods {U, }. So, for any w € AP4(M;)ND(9, ,|M;) and any v we have inclusions

ayw € AP9(M;) N D(8; | M;) and supp a,w C U,.
Using in U, N M; the inequality (3.1.20) from [H61] we obtain the following estimate

1/2]e™**V (ayw)ll72ar,)

! 0P
- Z Zt 02.0% 6_2@(%‘”1,3‘1() (G, iKx)dV
IK 4]l _ 0%04
U,NM;
1.8 / 82 ~
(1.8) + 1/22 Z / 6202 (avwrjx) - (@wTIR)e 22 dV
j

LE 5.l y,abm;

< 3/2(le™" " 0/p (avw) 122 (s + ™" avw) 122 (ar,))

+ Y0 || e
where p; is a defining function for bM; in U, N M ;; the constant vy does not depend on &
and j.

In the case p; = ® such inequality was obtained also in [A-V]. The term with p in
(1.8) is non-negative due to the pseudoconvexity of bM; and the boundary condition for
w. Now using strict plurisubharmonicity of ® in the neighbourhood U of bM, we obtain
for any neighbourhood Uy of bM with Uy C U and any w € AP4(M ;) N D(9, 4| M;)

1/2[e™"*V (aw) 72 ar,) + otlle™  avwll 2oy

< 3/2(le™" " 0(avw)ll72ar,) + lle™ " e (anw) 172 (ar,))+

tP tP

Yolle™ auwHiz(Mj)H'fsl le” auwHiz(Mj\Uo),
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where Jy depends only on M and the minimal eigenvalue of i{00® on Uy and §; depends
only on M and the maximal eigenvalue of i00® on M\Uj.

It follows from compactness of M;/T" and from T[-invariance of the neighbourhood
U and of the covering {U,}, that the constant vy in the last inequalities can be chosen
independent of v. We shall use also the obvious estimates

e L(a,w) — e_tcpa,,LwHLz(Mj) < Csup|grad a, | He_tcpwHLz(Mj)

where L = 9, ;5 or V on U, N M.
Using these estimates and summing the above inequalities we obtain
1/2||6_t¢vw||%2(Mj) +50t||€_t¢)w||%2(UomMj)
—td 7 —td ax ~ —td
< 3/2(e”" 0wl T2 (ar,) + e P FpwllTacar,y + Folle™ P wllLzay)
+ 01 - tlle " wll L2 ar\v0)
with constants 7o, b0 and 41 depending only on the corresponding constants 7y, dg, 01

and the partition of unity {a,} .
Inequality (1.7) follows if we take j — oo and use Lemma 1.10 (ii). O

We shall also use the following statement similar to Proposition 1.5.

Proposition 1.11. Let ® be as in Proposition 1.7 and L be a I'-invariant subspace
in L2ABY(M), q > 0 such that for a T-invariant neighbourhood Uy C U of bM and for
some constant v > 0 the following estimate holds

(1.9) ||VWH%§P(M) + ||w||%§>(M) < '7||w||%2(M\U0)7 we L.

Then dimr L < oo.

The proof of Proposition 1.11 is a copy of the proof of Proposition 1.5, where instead
of Proposition 1.6 the following Proposition 1.12 must be used.

Proposition 1.12. Let M and ® be as in Proposition 1.7. Let By be a geodesic
ball in M with sufficiently small radius. Let {1;} be a complete orthonormal system in
L2AP(By). Let Lo be a subspace in L2 AP9(B) such that for some neighbourhood Uy C U
of bBy and for some vy > 0 we have

Hv"‘JHL?{,(BO) + HWHLEI)(BO) < ’70||w||L§I>(BO\UO)-

Then for all 6 > 0 there exists N > 0 such that

|wl| 2 (Bo\Up) < 6(HVWHL2 (Bo) T |wl| 2 (Bo))
D D D

provided w € Lo and (w,v;) =0, j=1,2,...,N.

Proof of Theorem 0.5. It follows from the assumptions of Theorem 0.5 that in a
neighbourhood of M there exists a I-invariant function ® € C? which is strictly plurisub-
harmonic in a I'-invariant neighbourhood Uy C U of bM. We note further that for such
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® all the norms ||w||;, t > 0 are equivalent. Hence, Proposition 1.4, Corollary 1.8 and
Proposition 1.11 imply Theorem 0.5. O

2. L? holomorphic functions.

1. We shall use some simple linear algebra and I'-Fredholm operators in Hilbert
[-modules. Necessary background and similar arguments can be found in [B] and [S2].

Lemma 2.1. Let L be a Hilbert I'-module, Ly, Lo its Hilbert I'-submodules such that
dimp Ly > codimp Lo where codimp Lo means the I'-dimension of the orthogonal comple-
ment of Lo in L. Then Ly N Ly # {0}. Moreover

(2.1) dimpr L; N Ly > dimp L1 — codimp Lo .

Proof. Denote by L; © Lo the orthogonal complement of L1 N Ly in Lq. Clearly
dimp Ly © Ls < codimp Ly. Therefore if (2.1) is not true, then we get

dim[‘ Ll = dlmp Ll N L2 + dlmp Ll S, L2 S dlmp Ll N L2 + COdimpLQ < dlm[‘ Ll

which is a contradiction. O

We will use unbounded I'-Fredholm operators. The corresponding definition slightly
extends the corresponding definition for bounded operators given by M.Breuer [B] (see
also [S2]).

Definition 2.2. Let Li, Lo be Hilbert I'-modules, A : Ly — Lo a closed densely
defined linear operator (with the domain D(A)) which commutes with the action of I" in
L1 and L,. The operator A is called I'-Fredholm if the following conditions are satisfied:

(i) dimp Ker A < o0;

(ii) there exists a closed I'-invariant subspace  C Lo such that @ C Im A and
codimrQ(= dimr(Ls 6 Q)) < oo.

Let us also recall the following definition from [S2]:

Definition 2.3. Let L be a Hilbert I'-module, @ C L is a I'-invariant subspace (not
necessarily closed). Then

(i) @Q is called I'-dense in L if for every € > 0 there exists a I'-invariant subspace
Q. C @ such that Q. is closed in L and codimrQ. < € in L.

(ii) Q is called almost closed if Q is I-dense in its closure Q.

If Q is I-dense in L then it is also dense in L in the usual sense i.e. Q = L (see Lemma
1.8 in [S2]). Note also that if I" is trivial (or finite) then @ is I’-dense in L if and only if
@ = L (in particular in this case @ is almost closed if and only if it is closed).

Lemma 2.4. If A: L1 — Lo is a I'-Fredholm operator then Im A is almost closed.

Proof. This statement can be reduced to the case when A is bounded by replacing
Ly by D(A) with the graph norm. Then the statement is due to M.Breuer [B] (see also
Lemma 1.15 in [S2]). O
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Lemma 2.5. ([S2]) Let L be a Hilbert I'-module, L1 C L and Q C L its I'-invariant
subspaces in L such that Ly is closed and @ is I'-dense in L. Then QQ N Ly is I'-dense
in L1. More generally, if Q is almost closed then QQ N Ly is almost closed and its closure
equals QN Ly.

Corollary 2.6. Let A : Ly — Lo be a I'-Fredholm operator, L3 C Lo is a closed
I'-invariant subspace such that Ly C Im A. Then L3 NIm A is I'-dense in Ls.

Now let us return to the analytic situation described above. For proving Theorems
0.2 - 0.4 we will have need of the following

Proposition 2.7. Let A be a self-adjoint linear operator in L?(M, E) such that A
commutes with the action of I', D(A) C W¢ where ¢ > 0 and

(2.2) lullz < C([Aull?* + ullg), we D(A).

Then A is I'-Fredholm.

Proof. It follows from (2.2) that the estimate (1.6) is satisfied on L = Ker A. There-
fore Proposition 1.5 implies that dimp Ker A < oo.

Let Es be the spectral projection of A corresponding to the interval (—d,d). Then
again dimp Im Es < oo by Proposition 1.5. On the other hand

Im (I — Es) = (ImEs)* cImA ,

which immediately implies that A is I'-Fredholm. O

For the proof of Theorem 0.6 we will need the following

Proposition 2.8. Under the assumptions of Proposition 1.7 the operator
ie = 00ip + 050 in L2 AP4(M), q > 0, is T-Fredholm for t > ~o/d0.

Proof. It follows from (1.7) that the estimate (1.9) is satisfied on L = Ker e in
L2AEA(M), q > 0, for t > ~0/8o with constant v = d1¢/ min(1/3,2/3(5ot —70)). Therefore,
Proposition 1.9 implies that dimp Ker ke < oo. Let Ej5 be the spectral projection of O
corresponding to the interval (—4,6). If 6 < 2/3(dot — o) then from (1.7) we obtain
the estimate (1.9) for all w € Im Ejs with the constant ¥ = d;t/ min(1/3,2/3(dot — 7o) —
9). Hence, by Proposition 1.9 we have dimp Im Es < co. The inclusion Im (I — Es5) =
(Im E(;)L C Im [Oie implies that e is T-Fredholm in L2, AP4(M), q > 0, for all
t> ’70/50. O

2. Now using Propositions 1.2, 2.7 and 2.8 we will be able to provide the complete
proofs of Theorems 0.2 - 0.4, 0.6, 0.7. We shall start with the following elementary

Lemma 2.9. Let U be an arbitrary set, g : U — C an unbounded function. Then
for any integer N > 0 the functions g,g>,...,g" are linearly independent modulo bounded
functions i.e. if B(U) is the space of all bounded functions on U and

(23) Clg+6292+...+CNgN c B(U) ,
thenci = ...cy = 0.
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Proof. Assuming that (2.3) is fulfilled consider the polynomial
p(t) = et + cot? +...entV, teC.

Then (2.3) implies that this polynomial is bounded along an unbounded sequence of com-
plex values of ¢t. Clearly this is only possible if the polynomial p is identically 0. O

Proof of Theorem 0.2. We shall use the notations from the introduction to this
paper.

Let us choose a defining function p of the manifold M (see (0.1)) so that the Levi
form (0.3) is positive for all w € C" — {0} (and not only for w € TS(bM) — {0}) at all
points z € bM. Using (0.4) we see that Re f(x,2) < 0 if z € bM and z € M is sufficiently
close to x. It follows that we can choose a branch of log f(z, z) so that g,(z) = log f(z, 2)
is a holomorphic function in z € M NU, where U, is a sufficiently small neighbourhood of
z in M. Note that we can (and will) choose U, = yU,.

Let us fix x € bM. Clearly g™ € L*(M NU,) for all m = 1,2,..., and all functions
g have a peak point at . Besides all these functions are linearly independent modulo
bounded functions by Lemma 2.9.

Let us choose a cut-off function x € C>(U,), so that x = 1 in a neighbourhood
of . We shall identify y with its extension by 0 to M, so it becomes a function from
C2°(M). The translation of x by v € T is a function v*x which is supported in a small
neighbourhood of vz: v*x(z) = x(y712).

Denote by L the closed I'-invariant subspace in L?(M) generated by all functions
X9y m=1,...,N. Clearly

? < oo},

N
(2.4) L={f1 =3 emrr(xgi): Y_lemn
m,y

yel' m=1
where ¢, , are complex constants. It follows that L has the form L?T' @ CV, hence
dimp L = N.

Let us consider the set of (0,1)-forms (which are smooth on M and have compact
support):

(2.5) Ixg™); m=1,2,....,N .

They are linearly independent for any integer N > 0. Indeed, assuming that
c10(xgx) + c20(xg3) + end(xgl ) = 0

with some complex constants cq,...,cy, we see that

C1X9z + CQXQ?E +.o CNXgiV

is holomorphic on M and has a compact support, hence it is identically 0, which implies
that ¢y = ... = ¢y = 0 due to Lemma 2.9.

21



Let Li be a closed I'-invariant subspace in L2A%!(M) generated by the set of forms
(2.5). Then again

N
le{w\w:ZZcmﬁé (x9z") Z|Cm7|2<oo}

vyl m=1

where ¢, , are complex constants, and dimp Ly = N. Clearly Ly C C*A%1 (M) i.e. all
elements of L; are C* forms of type (0,1) on M. Also L; C Imd, hence L; C Im O due
to the orthogonal decomposition (1.3).

Now we can apply Proposition 1.2, Proposition 2.7 and Corollary 2.6 to conclude that
Im ON L; is I'-dense in L;. Hence for any d > 0 there exists a closed I'-invariant subspace
Q1 C Lq such that ); C Im O and dimp @1 > N — §. Solving the equation Ow = a with
a € (1 we can assume that w 1 Ker O and in this case the solution w will be unique.
Denote the space of all such solutions by K. Then dimp K = dimp Q1 > N — 6.

Applying O to both sides of the equation [w = « we see that 90*0w = 0, hence
0*0w = 0 and Ow = 0. Therefore 00*w = a. Also w € A»1(M) (i.e. w € C*® on M) for
any such solution w due to the local regularity theorem for the ® Neumann problem (see
[F-K]).

Now denote

Q={flfeLof=acQ}.

As we have seen earlier 0 is injective on L, hence dimpr Q = dimr Q; > N — 6. If f € Q
then we can find a (unique) solution w € K of the equation Ow = a = Jf and then
h=f— 0w € L2O(M). All these functions h form a closed I-invariant subspace H C
L?O(M) with dimp H > N —§. Hence dimp L2O(M) = oo. Besides using the [-invariance
of H we see that we can always find a function h € H such that one of the coefficients
Cm,e;m = 1,..., N, in the expansion (2.4) (for the corresponding function f) does not
vanish. The point x will be a local peak point for this function. This completes the proof
of Theorem 0.2. O

Proof of Theorem 0.3. We should modify the proof of Theorem 0.2 by another
choice of locally given holomorphic functions with singularities at a point x € bM. Namely,
if f is a holomorphic polynomial from (0.4), then we should use {f=F, f=2% ... f=kN}
with sufficiently large integer & > 0 instead of {log f, ..., (log f)"} as we did in the proof of
Theorem 0.2. It is easy to check that all functions y f % are in appropriate Sobolev spaces.
Then we should apply Lemma 2.1 to evaluate the I'-dimension of the intersection Li N Lo
where L, is the '-invariant subspace generated by all forms d(xf~*™), m =1,..., N, and
Ly =TImd in L2A%Y(M).

All other arguments are similar to the ones used in the proof of Theorem 0.2. O

Remark. An interesting feature of Theorem 0.3 is that its proof does not use the
regularity results for the d-Neumann problem and so this theorem can be extended to a
number of less regular situations.

Proof of Theorem 0.4. We should apply the arguments given in the proof of Theo-
rem 0.3 to a strongly pseudoconvex I'-invariant neighbourhood M of M, find a sufficiently
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large space H of holomorphic functions on M with singularities on the boundary of M and
then take the space L of restrictions of all functions from H to M. Since the restriction
operator is injective the closure of L will have the same I'-dimension as H. O

Proof of Theorem 0.6. The statement (ii) can be proved exactly as the statement
of Theorem 0.2. So, if there exists on bM a point of strong pseudoconvexity then the
statement (i) is also valid. Let us prove (i) without this assumption.

We can suppose, further, that in a neighbourhood of M we have a I'-invariant function
® € C? which is strictly plurisubharmonic in a I-invariant neighbourhood U of bM.

Let us fix a sufficiently small ball B in U so that BNbM # () and y BN B = () for
any v € I', v # 1. Let x1,...,zxN be different points in B N bM and aq(x),...,an(x) be
non-negative cut-off functions from CZ°(B) such that a,, = 1 in a neighbourhood of z,,,
and a,, = 0 in a neighbourhood of xy, k #m, m=1,2,..., N.

Let us consider the following function

(2.6) O(x) = AR(x) + > v (am(x) - In dist(z, 2,)).

For any sufficiently large A the function ® is I-invariant and strictly plurisubharmonic in
a neighbourhood Uy C U of bM. With this choice of ® we will have y*a,, ¢ Lf&)(M) for
any vy €', m=1,2,...,N and t > n, where n = dimg M.

Denote by L the following closed I'-invariant subspace in L?(M)

L={f|fx) =) cmaVam@); D lemal® < oo}.

The subspace L has the form L2I’ ® CY and hence dimp L = N.
Let Ly be the following closed T-invariant subspace in L2 A%! (M) N L2A%* (M)

Ly ={w|w€ Ym0V am(x), Y lemyl* < o0}
m,y

v,m

We have again dimpr L1 = N. Applying Proposition 1.7, Proposition 2.8 and Corollary 2.6
we conclude that Im 0,5 N Ly is I-dense in L;. Hence, for any 6 > 0 there exists a closed
I'-invariant subspace ()1 C Ly such that 1 C Im 0,4 and dimr @1 > N — 4.

Denote Q@ = {f ‘ feL,0f=acQ}. Since d is injective on L we have dimr Q =
dimpr Q@ > N — 6. If f € Q then we can find a solution w, w € Lf&’AO’l(M), of the
equation o = 0O, w, hence a solution 8 = 5;‘&>w € Lf&) (M) for the equation 0 f = a = 0.
Hence the functions h = f — 52}1-)@0 form a closed T-invariant subspace H C L2O(M). It

follows from the construction of ® in the form (2.6) that H N Lf&)O(M) = {0}, if t>n.
Hence dimr H = dimr @ > N — § and dimp L2O(M) = co. O

Proof of Theorem 0.7. The proof of this Theorem does not use I'-dimensions
and is based only on the Hormander type estimate from Corollary 1.9. The idea of the
construction below goes back to Bombieri [Bo].
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~ Under the assumptions of Corollary 1.9 it follows that for any ¢ > ~¢/do the equation
0B = a, Oa = 0 has a solution with the estimate

1
(27) I8l < ol

Since the constant in (2.7) depends only on M and the minimal eigenvalue of i99® on M,
this result is valid for a singular strictly plurisubharmonic function ® of the form (2.6) (see
[Bo]).

Let us fix points z1,...,zxy on M and complex numbers c¢q,...,cy and find h €
L?O(M) such that h(z,,) = ¢, m = 1,..., N. To this end let us take cut-off functions
ai(z),...,ayn(z) from C°(M) such that a,, = 1 in a neighbourhood of x,,, supp a;, N
supp ar = () for m # k and all supp a,, are sufficiently small.

We can assume that ® is continuous on M. Let us introduce a singular strictly
plurisubharmonic function ® of the form (2.6). Let a = ZT]:]Lzl CmO am (z), where {c,,} are
any complex numbers. We have a € Lf&)AO’l(M) and a = 0 f, where f = Y cpam(x) €
L?(M).

Applying (2.7) we can find 3 € L?; A%'(M) such that 08 = a. The function f is
holomorphic in a neighbourhood of any {z,,} because & = 0 in such a neighbourhood.

It follows from the inclusion (§ € Lféonl(M) that 8(z,,) =0, m=1,...,N,ift > n.
Then h = f — € L2O(M) and h(zy) =cm, m=1,...,N. O

3. An example.

1. In this section we will give an example which shows that the action of a discrete
group I' in the previous results is important: just bounded geometry with uniformity of
all conditions is not sufficient even for the existence of a single non-trivial holomorphic
L? function. In fact our manifold M will have a free holomorphic action of a solvable
Lie group G such that the quotient M /G is the closed interval [—1,1]. Also M will be a
Stein manifold. Its non-compact boundary will be strongly pseudoconvex. Therefore the
uniformity of all the local conditions will be garanteed. The only thing which is missing
is the free action of a discrete (or in fact any unimodular) group with a compact quotient.
In particular the group G itself does not have any discrete cocompact subgroups.

Let B be the unit ball in C*:

B = {(wy,wsy) € C?||wi|* + |wa|* < 1.}
We will consider it as a homogeneous complex manifold with the Bergman metric. The
holomorphic automorphisms of B preserve the metric. Our manifold M will be a subdo-
main in B.

It is more convenient to work with a different representation of the classical domain
B: we prefer to present it as a Siegel domain of the second kind:

Q= {(2’1,2’2> € CQ|IH12’2 > |Zl|2 }
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The isomorphism of B and (2 is given by the formulas:
(3.1) wy =221 (2 + )7, wo = (20 — i) (20 +1)7 .

The manifold M will be a J-neighbourhood of the hyperplane section Imz; = 0 in the
Bergman metric on €2, for some § > 0.
We shall always use the notations z; = x1 + iy1, 220 = T2 + iy2. Then

Q= {(x1 +iy1, z2 +iy2)| y2 > 27 +yi .}
The linear automorphisms of {2 are given by the formulas
(3.2) (21,22) = (pz1 + &, Ipl* 22 + t + 2ipz1 € 4 i[€[7),

where p, £ € C, t € R.
Now let us consider a subdomain M in {2 given by

2
M = M, = {(z1,22)| y2 > 23 + ’Z—;},
where 0 < € < 1. As a limit case we will also use

Mo =Qn{y1 =0} = {(21,22)|y2 > ] + i, y1 =0}.

Let us consider a subgroup G of the group of automorphisms of  which is given by
the restrictions p = A > 0 and £ € R in (3.2). Clearly this will be a Lie group with
dimp G = 3. It is easy to see that G consists of all transformations of the form T ; H
(or, equivalently, of the form H)\T¢ ), where A > 0, {,t € R, H) is a “similarity”, T¢ ; is a
“translation” given by the formulas

H)\(Zl, 2’2) = ()\21, )\222>, Tg,t(zl, Zg) = (21 + & 20+t + 2008+ Zfz) .

The presentation of g in each of the forms T ; Hy, H)\T¢ ; is unique. The transformations
{Te:| &, t € R} form an abelian subgroup of the Heisenberg group acting on the boundary
of ).

If follows from (3.2) that the group G can be represented as the group of matrices

A2 2Nt g2
g=10 A §
0 0 1

where £, € R, A > 0.

Lemma 3.1. The action of G on §2 has the following properties:
(i) This action preserves M and M.
(ii) It is free on M.
(iii) The space of orbits on M is the closed interval [—1,1].
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Proof. The proofs of (i) and (ii) are straightforward. To prove (iii) we can do the
following. For any point (21, z2) € M (here and below the closure is always understood in
the Bergman metric), adjusting parameters £, ¢, A we can find a (unique) transformation
from G which maps (21, z2) to a point with z; = o2 = 0 and y, = 1 i.e. a point of the form
(i7,4). A simple calculation shows that in fact 7 = y;/1/y2 — z%. It is easy to see that the
formula for 7 defines 7 as a continuous function on M. The range of this function is in
fact [—e,e], where the endpoints —e¢ and e correspond to the two connected components
of bM (bM N {y1 < 0} and bM N {y; > 0}) so that G acts transitively on each of these
components. Therefore the map e~ 17 : M — [—1,1] identifies the space of orbits with
—1,1]. O

A straightforward calculation shows that M is strongly pseudoconvex. (This follows
basically from the fact that the function (z1,y1) — (23 + e 2y3) is convex.)

Also uniformity of all the metric conditions is obvious because of the free cocompact
action of G as a group of isometries of M.

2. Here we will prove

Proposition 3.2. There is no nontrivial holomorphic L?-functions on M i.e.
L20O(M) = {0}.

Here L? is understood with respect to the measure dv which corresponds to the re-
striction of the Bergman metric to M.

We will start with the following

Lemma 3.3. If f € L?O(M) then f|p, € L*(Mo,dvy), where dvg is the volume
element on My corresponding to the restriction of the Bergman metric to My.

Proof. Let us use the standard elliptic estimate

F@)P < Cs / F(2)[Pdu(z), z € My,

B(z,9)

where B(z, ) is the ball with the center x and the radius § with respect to the Bergman
metric, and ¢ is chosen so that these balls belong to M. Integrating this estimate over M,
we arrive to the desired result.

In more detail we can first choose a small § > 0 and integrate over a small ball in M
which gives the estimate

/B(mm% |f(2)[Pdvo () < Cs / 1£(2)]2dv(z) .

B(z,26)
Then using the bounded geometry property of M we can find a covering of My by the

balls B(x;,9), 7 = 1,2,..., such that the balls B(x;,26) have bounded multiplicity of
intersections. Summing over all j we get the estimate

/M (@) Pduo(x) < C /M F)Pdo(z). O
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Proof of Proposition 3.2. Let us recall that the Bergman metric on the unit ball
B C C? has the form

dwjdzf)j n i wkwjdwkdu_)j
(1= fwi]? = |w2]?) (1= |wi|? = |we[?)2 ]

d52:3[.

2
Jj=

1 3. k=1

The change of variables (3.1) transforms it to the Bergman metric on Q which is given by
the formula

1 . ,
(33) d82 = 3(Im Z9 — |21\2)_2(Im Z92 ledfl + ZdZQdEQ + %Zlengl — %fldzldfg) .
The corresponding volume element has the form

9 _
dv = £ (y2 — 1 = 47) *dardyrdaady,

Taking y; = 0 in (3.3) we get the induced metric on My:
2 2\—2 o 1o 1.,
dsy = 3(y2 — 27)” " (yadzy + Zdl'z + Zdyz — x1dx1dys) .

The corresponding volume element is

dvg = T(yg — x%)_5/2daj1dx2dy2 .

Consider the foliation of My by half-planes
H, = Myn{z = a} = {(a, z)|Im 25 > |a|*},
where a € R. The restriction of the metric (3.3) to H, is the Poincaré metric

3 _
12— a®) % (dx3 + dy3),

with the volume element
dv —§ — 22) " 2dxod
0,a = 4(y2 1’1) T20Y2 .

Let f € L*O(M). Denote fo = f|Mo = fo(z1,22) = fo(x1,%2,y2) and fo.a = fo|Ha =
fola,z2) = fola,z2,y2). Then fo € L?*(My,dvy) by Lemma 3.3. Comparing the ex-
pressions of dvy and dvg, and applying the Fubini theorem we see that the condition
fo € L?(My, dvo) implies that

fo.a(y2 —a®)"V* € L*(Ha, dvo,a)

for almost all a € R. Let us consider only values of a which have this property.
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Note that for any fixed a we have (y —a2)_1/ 4 _ 00 as 2o tends to any finite boundary

point zo € H, (i.e. toa point zo € C such that Im z2 = a?). Therefore fy , € L*(U,dvg ) in
a neighbourhood U of such a point. Note that fy , is harmonic with respect to the Poincaré
metric. Again using the standard elliptic estimate for the Laplacian of the Poincaré metric,
we see that fpq(22) — 0 as z2 tends to any finite boundary point of H,. Since f is also
holomorphic it should be identically 0 on H,. (If we map H, biholomorphically to the unit
disc D, then f will be transformed to a holomorphic function in D such that f vanishes on
the boundary of D with a possible exception of one point which is the image of oo in H,.)
Since this is true for almost all a we see that f|My = 0. It follows that f is identically 0
on M. O

Remark. Under the same conditions it may happen that G is not unimodular but
there are plenty of L? holomorphic functions on M. For example this is possible for the
simplest non-unimodular group: the group G of the matrices

1ot
where t € R, n € Z. Indeed, consider M which consists of all matrices
1 =z
o o

where m € Z, z € C, |Im z| < 1. Then M is a disjoint countable union of strips
{z|z € C,|[Im z| < 1}. Consider M as a (non connected) complex manifold with boundary
with M obtained by taking closure of each strip, so that M consists of the matrices of the
same form with [Im z| < 1. Clearly M is strongly pseudoconvex.

The action of G on M is obtained by left multiplication of the matrices: g - h = gh.
It amounts to interchanging the strips with extra translations by real numbers (depending
on the number of the strip). This action is obviously holomorphic and free. Introducing
the standard Euclidean metric on every strip (the metric induced by the standard metric
on C), we obtain an invariant metric. There are plenty L? holomorphic functions on each
strip, and they can be extended to M by 0. On the other hand it is easy to see that
M/G=[-1,1].

4. Open questions.

Here we give a list of open questions of various difficulty. It is assumed in all questions
that we are in the situation of Theorems 0.1-0.5.

Let M be strongly pseudoconvex.

1. Does there exist a finite number of functions in L2OQ(M) N C(M) which separate
all points in bM?

2. Assume that dimg M = 2. Does there exist f € L*O(M) N C(M) such that
f(x) #0 for all z € DM?

3. Is it true that for every CR-function f € L2(bM) N C(bM) (Opf = 0) there exists
F € L2O(M)NC(M) such that F|yp = f7
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