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ABSTRACT. We study relations between properties of the Miura map r +— g =
B(r) = ' + r? and Schrédinger operators Ly = —d?/dx? + q where r and
q are real-valued functions or distributions (possibly not decaying at infinity)
from various classes. In particular, we study B as a map from leoc(R) to the
local Sobolev space ngi (R) and the restriction of B to the Sobolev spaces
HB(R) with 3 > 0. For example, we prove that the image of B on Lﬁ)c(]R)
consists exactly of those ¢ € ngcl (R) such that the operator Lg is positive.
We also investigate mapping properties of the Miura map in these spaces. As
an application we prove an existence result for solutions of the Korteweg-de
Vries equation in H~1(R) for initial data in the range B(L?(R)) of the Miura

map.
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1. INTRODUCTION AND MAIN RESULTS

The Miura map is the nonlinear mapping
(1.1) B(r) =1 4 r?

which takes classical solutions of the modified Korteweg-de Vries (mKdV) equation
to classical solutions of the Korteweg-de Vries (KdV) equation. More precisely, let

mKdV (v) := v, — 6020 + Vgas
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and
KdV(u) := uy — 6uuy + tges
for functions v, u € C*°(R x R). Then
(1.2) KdV(B(v)) = (mKdV(v)), + 2v - mKdV(v)

so that KdV(B(v)) = 0 whenever mKdV (v) = 0. The Miura map has been used
extensively to relate existence and uniqueness results for solutions for the mKdV
and KdV equations. More fundamentally, the global geometry of nonlinear differen-
tiable mappings such as the Miura map has been studied to solve various nonlinear
differential equations.

It is well-known that the KdV equation can be successfully studied with the help
of the spectral theory of the Schrodinger operators

(1.3) Ly = —d*/da* + q.

In particular, in appropriate classes of potentials ¢, the spectrum of L, is preserved
by the KdV flow applied to g. (See e.g. [32].) The Miura map is formally re-
lated with the Schrodinger operator as follows: the relation ¢ = B(r) = r’ + 72 is
equivalent to the following factorization of L:

(1.4) Lg=Lpy = (0s = 7)"(0s — 1) = (=0: — 1) (0 — 1),

where 0, = d/dx, and A" means the operator formally adjoint to an operator A in
functions on R (with respect to the scalar product in L?(R)).

The aim of this paper is to study the Miura map and its geometry on the real
line with an emphasis on function spaces of low regularity. Our first result charac-
terizes the range of the Miura map. We denote by B the map (1.1) from real-valued
functions in L2 _(R) into the local Sobolev space H ! (R). If g is a real-valued dis-

loc

tribution in H;!(R), the operator L, maps C§°(R) into the Sobolev space H~*(R),

so that (Lq¢p, ¢) is well-defined for any ¢ € C§°(R). We write Ly > 0if (Lgp,¢) > 0
for all p € C§°(R).

Theorem 1.1. Let q be a real-valued distribution belonging to ngcl (R). Then the
following statements are equivalent.

(i) ¢ € Im(B), i.e., ¢ = 1" + 12 for some real-valued function r € L% (R).

(ii) The equation Lyy = 0 has a strictly positive solution y € H (R).

(iii) Ly > 0.

Next, we consider the restriction of B to the Sobolev space H?(R) for 3 > 0;
we denote this restriction by Bz. Although Bs has range contained in H°~1(R),
it is not true that Im(Bg) = Im(B) N HA~!(R); rather, an additional condition is
needed to characterize its range.

Theorem 1.2. Let 3 > 0 be arbitrary. A real-valued distribution ¢ € HP~1(R)
belongs to Im(Bg) if and only if

(i) Ly > 0, and

(ii) q can be presented in the form q = f' + g for f € L*(R) and g € L* (R).

In addition, we will give an alternative characterization of Im(Bg) in terms of
a “special integral” of ¢ on R which coincides with the ordinary integral of ¢ if
q € L* (R) (see Theorem 4.5).
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We also study the geometry of the Miura map. Whereas the Miura map on spaces
of periodic functions is known to be a global fold, the situation for non-periodic
functions is completely different. Let

(1.5) Ey = {q € Im(B) : B”'(q) consists of a single point }
and
(1.6) E, = {q € Im(B) : B~'(q) is homeomorphic to an interval} .

Here we consider B~1(q) with the natural Fréchet topology of L2 (R).

loc

Theorem 1.3. Im(B) = E; U E5 and both Ey and E3 are dense in Im(B) in the
natural Fréchet topology of ngcl (R).

As an application of our results on the Miura map, we prove an existence result
for solutions of the Korteweg-de Vries equation in H~1(R) for initial data in the
range Im(By) of the Miura map By : L?(R) — H~!(R). We follow the approach
of Tsutsumi [46], who proved such an existence result when the initial data is a
positive, finite Radon measure on R. His arguments, combined with our results on
the Miura map By, lead to the following theorem.

Theorem 1.4. Assume that ug € Im(By). Then there exists a global weak solution
of KdV with u(t) € Im (By) for all t € R. More precisely:
(i) u € L>(R, H~(R)) N Lf,.(R?);

(ii) for all functions ¢ € Cg°(R?), the identity

/ / (—upr — Uppee + 3up,) dx dt =0
R JR

holds, and
(iii) limy_o u(t) = ug in H1(R).

We state and prove a slightly stronger version of the above theorem in Section
6.

In Appendix C, we provide a few comments on the Miura map as well as on
other work related to the results presented in this paper.

Acknowledgements. Peter Perry and Mikhail Shubin thank the Mathematical
Institute at the University of Ziirich for its hospitality during part of the time that
this work was done. The authors thank Carlos Tomei for bringing the paper of
McKean and Scovel [33] to their attention. They also thank Vladimir Maz’ya and
Tatyana Shaposhnikova for pointing out the reference [39] (see the proof of Lemma
2.2).

2. PRELIMINARIES

2.1. Spaces of Distributions. For o € R, we denote by H*(R) the completion
of C§°(R) in the norm

lol = (f (1+16)" o ;li)l/z

(€)= /eXp(—ifx) u(z) d.

where

2)
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Clearly, H°(R) = L?*(R) and H*(R) C HP(R) if o > 3. Therefore H*(R) C L?*(R)
if « > 0. For any a € R, H*(R) is a space of tempered distributions. A distribution
u belongs to HZ (R) if xyu € H*(R) for any function x € C5°(R). We consider
HZ (R) and L} (R) with p > 1 with their natural Fréchet topology - see [45],
chapter 31-12.

A classical result of distribution theory (see, for example, chapter 1 of [14])
asserts that if ¢ € H,_!(R), then ¢ = Q' for a function Q € L2 (R). If ¢ € H~1(R)
for B > 0 we have a sharper result. Let

H*R) = [ H’(R) C C*(R)
3>0

Lemma 2.1. Let 3 > 0 and let ¢ € HP~Y(R). There exist functions f € H°(R)
and g € H®(R) so that ¢ = f' + g as elements of H°~*(R).

Proof. Let ¢ € C§°(R) with ¢(£§) = 1 near £ = 0, and choose
F©) = (&)~ (1= w(©) q(e)

and

O

Finally, the following result will be useful in studying the continuity of the Miura
map and the regularity of solutions to the Riccati equation ¢ = r’ + 2.

Lemma 2.2. The multiplication {u,v} — wv can be extended from the bilinear
map C°(R) x C§°(R) — C5°(R) to continuous bilinear maps

(2.1) HP(R) x H*(R) — H?(R), 3> 1/2,

(2.2) HY*(R) x HY*(R) — H'Y275(R) for any § > 0,
(2.3) HAR) x H*(R) — H**~Y2(R), 0 < 8 < 1/2,
(2.4) L*(R) x L*(R) — LY(R) ¢ H~Y27%(R) for any 6 > 0.

Proof. All of the statements, except the last one, are particular cases of more
general multidimensional results formulated, for example, in Theorem 1 of section
4.6.1 of [39]. The last statement is obvious except the last inclusion; this follows
by duality from the imbedding H'/?*9(R) — L>°(R), which is a particular case of
a well-known Sobolev imbedding theorem. O

Let us also introduce a notation (-,-) for miscellaneous sesquilinear pairings ex-
tending the pairing

() = [ w@i@ids, w.veCFR).

by continuity. In particular, we will use the extended pairings in the following cases:
(i) w is a distribution on R, v € C§°(R);
(ii) w € H*(R), v € H*(R), where s € R;
(iil) v € Hj (R), v € He5,,(R), where s € R and H_;, (R) is the space of

compactly supported distributions from H~*(R).
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The integration by parts formula
(2.5) (U',v) = —(U,0)

holds in all these cases, e.g. for U € HZ''(R), v € Heop(R), s € R, by continuity
of the pairing.

2.2. Continuity of the Miura Map. It is easy to see that the Miura map de-
fines a bounded continuous map from L?(R) into H '(R) (we use the standard
embedding L'(R) C H~!(R) which follows by duality from the Sobolev embedding
HY(R) C L*(R)). Localizing this, we see that the Miura map defines a bounded
continuous mapping from L? _(R) into Hy_!(R). This is extended to more general

loc loc
Sobolev spaces as follows.

Proposition 2.3. Let 3 > 0. The Miura map is a continuous mapping from HP(R)
into H3~Y(R) and from H{ZC(R) into Hﬁ:l(R) which is bounded, i.e. maps bounded
subsets into bounded subsets.

Remark 2.4. For the definition of bounded sets in Fréchet spaces see e.g. [45],
Chapter 14, especially Proposition 14.5.

Proof. Tt suffices to prove the first statement since the second follows by localization.
It is clear that the map r — 7’ is a bounded continuous map from H?(R) into
HP~Y(R) so it suffices to show that the map 7 + 72 is a bounded continuous map
from HP(R) into H#~!(R). This follows from Lemma 2.2 and the trivial embedding
of H*(R) into H”(R) if o > . O

2.3. A First-Order System. Let y € H} _(R) be a solution of the equation
(2.6) -y +qy=0

where g € ngcl(R). Then we can conveniently rewrite the equation in the form of
a first-order system

Y = Qutu
(27) { u/ — _Q2y _ QU
where @ € L (R) is a real-valued function with Q" = ¢ (this is a well-known

procedure in the study of differential operators with singular coefficients; see §1.1
of [41] and references therein). This system is equivalent to equation (2.6) in the
following sense. If y € H (R) is a solution of (2.6), then taking u = y' — Qy
we obtain by straightforward substitution that the pair {y,u} satisfies (2.7) in the
sense of distributions. Tt follows that u € WL (R), the space of L (R)-functions
with distributional derivatives in L] _(R). On the other hand, if y and u belong to
E/Vlloc)l(]R) and the pair {y, u} satisfies (2.7), then in fact y € H_(R) and y satisfies
2.6).

Since the coefficients of the linear system (2.7) are in L] (R), the standard
existence and uniqueness result holds for the corresponding initial value problem
on the whole real line, and the solutions {y,u} depend continuously on the initial
data.

The next lemma shows that nonnegative solutions of L,y = 0 are either strictly

positive or identically zero.
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Lemma 2.5. Suppose that y € HL (I) is a solution of Lyy = 0 with a real-valued
q € H ! (I), where I is an open interval in R. Assume that y(zo) = 0 for some
2o € I. Denote u=1y" — Qy as in (2.7). Then the following statements hold true:

A. We have the following trichotomy for the behavior of y near xq:

(i) If u(zg) =0, then y =0 on I.

(#) If u(zg) > 0 then in a neighborhood of o we have y(x) < 0 for x < xg, and
y(zo) > 0 for x > xp.

(111) If u(xo) < 0 then in a neighborhood of xo we have y(x) > 0 for x < xq, and
y(xo) <0 for x > xg.

B. If y # 0, then all zeros of y on I are isolated.

C. If y(x) > 0 near xo then y(x) =0 on I.

Proof. Clearly, (i) follows from the uniqueness of solution {y,u} of (2.7) with the
given initial conditions y(xo) = yo,u(zo) = uo.

Define z(z) = y(z) exp (— f; Q(s) ds) and note that, as u is absolutely contin-

uous, so is 2'(z) = u(x)exp (f f;ﬂ Q(s) ds). Clearly, z(zg) = 0, and z(z) has the
same sign as y(z) for all x € I. Also, u(zg) > 0 is equivalent to 2’(xg) > 0, so (i%)

and (4i7) immediately follow.
Clearly, B and C follow from A. O

3. PosiTiviTy, POSITIVE SOLUTIONS, AND THE MIURA MAP

In this section we prove Theorem 1.1. First, we describe the connection between
the Miura map and positive solutions of Lyy = 0. For a real-valued distribution
q € H; }(R), let Pos(g) denote the (possibly empty) set of functions y € HL (R)
with the properties that L,y = 0, y(x) > 0 for all z € R, and y(0) = 1.

Lemma 3.1. Let q be a real-valued distribution belonging to Hy ! (R).

(a) If y € Pos(q) then g = B(y'/y).

(b) If ¢ = B(r) for some r € L} (R) then y(x) = exp (fy r(s) ds) belongs to
Pos(q).

The proof is easily obtained by straightforward calculations.
The maps

P%@ByHé%%@@NGBA@

" B (q) > r — exp (/: r(s) ds> € Pos(q)

are continuous if we topologize B~!(¢) with the topology induced from L (R) and
Pos(g) with the topology induced from H{. (R). These maps are mutual inverses.

Hence, we have shown:

Proposition 3.2. The set B~1(q) is nonempty if and only if Pos(q) is nonempty.
For any r € B~Y(q), B~Y(B(r)) is homeomorphic to Pos(B(r)).

Next, we show that if L, > 0, then Pos(g) is nonempty. To this end, we introduce
the sesquilinear forms

(3.1) mmwzéwwvmm+mw>
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and

(3.2 tale.w) = [ P @@ do+(a.70)
defined respectively on C§°(R) and C§°(I), where I = (a,b) is a bounded, open
interval of R.

The form t, is also well defined by (3.1) for p,¢ € H},,,(R), where H}, (R)
is the space of compactly supported functions from H'(R). Note that t,(¢,¢) =
(Lgip, @) if ¢ € C°(R), so that if Ly > 0, then both t, and t, ; are positive quadratic
forms. Approximating ¢ € H},,,(R) by functions from Cg°(R), we easily obtain

that t,(p, ) >0 for all ¢ € H!,(R) as well.

comp
It is easy to see that t;; admits a closure, which has the domain

Hy(I) = {¢ € H'(I) : ¥(a) = $(b) = 0} .
(See also Lemma 1.8 of [41].) Tt is a closed positive quadratic form which will also
be denoted t, ;. Note that if ¢, € Hj(I) and ¢g, o are their extensions on R by
0, then @, € HL,  (R), and

comp

(33) tq,](@a 111)) = tq(SOOv wO)

Let L, ; be the self-adjoint operator associated to t, ; by the Friedrichs construc-
tion. Clearly, L, ; has positive spectrum. Moreover, it has compact resolvent, or,
equivalently, discrete spectrum. (This follows from the compactness of the imbed-
ding of HJ(I) into L?(I); see also [41], where the asymptotics of the eigenvalues is
found.) By the min-max principle, the lowest eigenvalue of L, s is given by

No(D) = inf {tg,1(,0) : ¢ € HY(I) and [l ) =1} >0
and the infimum is achieved by a corresponding eigenfunction h € H}(I).

Lemma 3.3. Let q be a real-valued distribution belonging to ngcl (R). If Ly > 0,
then A\o(I) > 0 for every bounded open interval I.

Proof. As A\o(I) > 0 it suffices to show that no bounded interval I has Ag(I) = 0.
Suppose, on the contrary, that such an interval I exists, and let h € H}(I) be an
L?-normalized, real-valued eigenfunction with the eigenvalue 0, so, in particular,
tg,1(h,h) = 0. Extend h to a function n = hg € H},,,,,(R) as above, i.e. by setting

n(xz) = 0if z € R\ I. By (3.3), we conclude that t,(n,n) = t,; (h,h), hence
t, (n,m) =0, So, for any ¢ € C5°(R) and ¢ € R,

ty (n+to,n+ 1) =2t Re t4(n,0) +1° ty(, 9)

is nonnegative due to positivity of t;. It follows that Re t;(n,¢) = 0 for all
¢ € C°(R), hence t,(n,¢) = 0 also for all p € C§°(R). It follows that n solves the
equation L,n = 0 and has a compact suppport. By Lemma 2.5 we obtain n(z) = 0
identically. This contradicts the assumption that [|A] 2y = 1, and the lemma is
proved. O

Corollary 3.4. Let q be a real-valued distribution from ngcl (R). If Ly > 0 and
Yy € Hlloc(R) solves Lyy = 0, then y can have at most one zero.

Proof. If y(a) = y(b) = 0 for a < b, then zero is a Dirichlet eigenvalue of L, ; with
I = (a,b), contradicting Lemma 3.3. O
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Proposition 3.5. Let q be a real-valued distribution which belongs to ngcl (R). If
Lq >0, then Lgy = 0 has a strictly positive solution.

Proof. For ¢ € R\ {0}, let {y,u} € HL_(R) x Wlf)cl(]R) be the unique solution of
(2.7) with y(c) = 0 and u(c) = 1. As y satisfies Lyy = 0, Corollary 3.4 implies that
y(0) # 0. Denote by {y., u.} the scaled solution of (2.7),

(3.4) Ye(x) = y(x)/y(0), uc(x) = u(x)/y(0).

Then y. € HL (R) is the unique solution of L,y = 0 with y(0) = 1 and y(c) = 0.
Next, choose ¢,/ € R so that 0 < ¢/ < ¢. Note that w(x) = y.(x) — yr () is a
solution of L,y = 0 with w(0) = 0, but w(c) > 0. By Corollary 3.4, w(x) > 0 for
2 > 0 and by Lemma 2.5 and Corollary 3.4 w(x) < 0 for < 0. It follows that, on
the half-line ¢ > 0, the map ¢ — y.(x) is monotone decreasing for any given x < 0
and monotone increasing for any given x > 0.

We wish to construct a positive solution of Ly = 0 by taking the limit ¢ — 4o00.
To this end denote by (§1,%1) and (ge,u2) the fundamental solutions of (2.7),
determined by 31(0) = 1, @1(0) = 0 and g2(0) = 0,42(0) = 1 respectively. By
Lemma 3.3, g2(—1) # 0. Hence, for any o € R

a—7i(=1)

g2(—1) 2(2)
is the unique solution of L,y = 0 with y(—1) = o and y(0) = 1. Moreover, it follows
that for any € R, a — z(x; ) is continuous. (In fact, the map a — z(-; ) is an
affine, hence continuous map R — H! (R).)

Note that y.(z) = z(z;y.(—1)). Now consider the solution y, of Lyy = 0,
y(0) =1, y(n) = 0. Then a,, = y,(—1) is a strictly positive, decreasing sequence.
Let ae = limy, 00 . By the continuity of z(x; o) with respect to a and the fact
that y, () = z(z; ), it then follows that z(z; as) = limy, o Yn(2) for any z € R.
We claim that o, > 0 and that z(z; as) is positive. To prove this, first note that
for any n > 1, y,(z) > 0 for all < n and hence lim,,— - yn(z) > 0 for all x € R.
If oo = 0, then

0< lim y,(—2) = lim 2(—2;a,) = 2(—2;0) = y_1(—2) < 0,

n—oo n—oo

z(x;0) = g1 () +

a contradiction. Hence as, > 0. As a consequence, z(x; ) iS a nonnegative
solution of L,y = 0 and hence strictly positive by Lemma 2.5. O

Proof of Theorem 1.1. In the statement of Theorem 1.1, we have (ii)=-(i) by
Lemma 3.1(a). To show that (i)=>(iii), we compute that, for ¢ = 7’ + r? and any
¢ € 5 (R),

2
(35) (L) = [ I = rel’ da =0,
Finally, (iii)=-(ii) by Proposition 3.5. O

4. THE IMAGE OF THE MIURA MAP

In this section we prove Theorem 1.2. Recall that Bg denotes the restriction of
the Miura map to the Sobolev space H?(R) for 3 > 0.

We begin by considering the case 8 = 0. In the light of Theorem 1.1, we need
to find necessary and sufficient conditions on a potential ¢ € H~!(R) so that there
exists a solution r € L?(R) of the Riccati equation r'+r? = q. Hartman [19], chapter
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X1.7, Lemma 7.1 has studied this problem for continuous ¢ and his arguments still
apply in our more general setting.

Lemma 4.1. Suppose that ¢ € H=1(R) is a real-valued distribution and that

;/OTQ(x) dx

for an antiderivative Q € L% .(R) of g. Then every solution r € L (R) of the
Riccati equation v’ + 12 = q belongs to L*(R). Conversely, if r € L?>(R), then every
antiderivative Q of ¢ = r' +r? satisfies (4.1).

Proof. (i) Assume that Q € L (R), Q' = q, and @ satisfies (4.1). We need to
show that for any solution r € L2 (R) of ' + 12 = g, the integrals fo ) ds and

ffoo 2(s) ds are finite. Let us show that the first integral is finite. Slnce Q is an
antiderivative of ¢, it follows that, for a constant C,

(4.1) sup
|T|>1

< +00o

(4.2) r(x) —|—/ r2(s) ds = Q(z) + C.

0
By assumption, the Césaro mean 7! fo dx of the right-hand side of (4.2) is
bounded as T' — +o0o. We suppose that fo ) ds — +00 as x — 400 and obtain

a contradiction as follows.
First note that if f € L{ (R) and f(z) — 400 as * — +00 then the same holds
for its Césaro mean, i.e.

1 (7
(4.3) T/ f(z) de — 400 as T — +oo0.
0
Hence, taking Césaro means of (4.2) we see that, if f; 2(s) ds — +o00 as x —
+o00, then 77! fo ) dx — —o0 as © — +o00. Moreover, there is a T so that for
all T' > Ty,

7f/ da:>—/ (/ sds> dz > 0.

By the Cauchy-Schwarz inequality,

-7t /OT r(z) de < T2 (/OT r2(x) dw)
4T/OT r?(x) dx > UOT </0z r2(s) ds> da:r

Setting I(T fo Jy r2(s) ds dz, we have that
AT T'(T) > I(T)?

from which it follows by integration that

1 1 1

— — —— > —log (T/Ty) .

1w 1) = 1
This contradicts that by (4.3), I(T) — 400 as T' — +oo. A similar argument
shows that f (s) ds is finite. Hence r € L?(R).

1/2

so that
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(ii) If, on the other hand, ¢ = 7’ + r? for » € L?(R), then the function Q(x)
r(x)+ [, r*(s) ds satisfies (4.1) by the Cauchy-Schwarz inequality applied in [0, T

O

Corollary 4.2. Suppose that q € Im(By), i.e., ¢ =" + 1% for some r € L*(R). If
u € L2 _(R) solves the Riccati equation v’ + u? = q, then u € L*(R).

loc

Proposition 4.3. A real-valued distribution ¢ € H=(R) belongs to Im(By) if and
only if

(i) Ly > 0, and

(ii) q can be presented as q = f' + g for real-valued functions f € L*(R) and
g € L'(R).

Proof. Suppose that ¢ € Im(By), i.e., ¢ =7’ +r? for some r € L?(R). Then L, > 0
by Theorem 1.1 and ¢ = f’ 4+ g with f =, ¢ = r2. On the other hand, suppose
that ¢ € H-!(R) with L, > 0, and ¢ = f’ + g for f € L*(R) and g € L'(R). By
Theorem 1.1, ¢ € Im(B), so ¢ = ' + 72 for some r € L% (R). The antiderivative

loc

Q(z) = f(z)+ [y g(s) ds obeys the condition (4.1), sor € L*(R) by Lemma 4.1. [J

Proposition 4.4. The set Im(By) has no interior points, and hence is not open
in H=Y(R). Further, the set Im(By) is not closed in H~1(R).

Proof. First we show that Im(Bp) has empty interior. If ¢ € C°(R) N Im(By), we
can perturb ¢ by a small potential well far separated from the support of ¢ and
create a bound state. More precisely, for ¢ > 0, let
—e x| < 1/(2e

ww={ T 1163
Observe that [ v.(2)dz = —1but [|ve|| ;o) = €. Suppose that ¢ € C5°(R) NIm(By)
with support contained in [—a,a]. Let w.(x) = v.(x — 2a — 2¢71); then w. has
support disjoint from the one of ¢q. By choosing ¢ sufficiently small, we can assure
that the potential ¢. = ¢ + w. is close to ¢ in L*(R) norm. Let x € C°(R) be a
nonnegative function with y(x) = 1 for |z| < 1/(2¢), x(z) = 0 for |z| > e}, and
[X'(z)| < 3e. Finally, let n(z) = x (z — 2a — 2¢7'). Then

2
(Lg.m,m) :/ln’(x)| —1<18 —1.

Hence, by Theorem 1.1, ¢. ¢ Im(B) for 0 < £ < 1/18. Since C§°(R) is norm-dense
in H~1(R), this shows that Im(Bp) contains no open neighborhood in the norm
topology of H1(R).

Next, we show that Im(By) is not closed. Suppose that ¢ is any nonnegative
function with ¢ € L*(R) but ¢ ¢ L*(R). We may approximate ¢ by nonnegative
potentials g, € C§°(R) so that g, — ¢ in L?(R). Hence, g, — ¢ in H~1(R) and
by Proposition 4.3, ¢ € Im(By) for any k > 1. Moreover, since L, > 0, it follows
from Theorem 1.1 that ¢ € Im(B). On the other hand, as ¢ > 0, no antiderivative
Q of ¢ satisfies condition (4.1). Thus Im(By) is not closed in the norm topology on
H7L(R). O

The image of By can also be characterized by a ‘special integral’ of ¢q. Let
{Xn},>1 be a sequence of nonnegative C3°(R) functions with (i) x,(z) = 1 for
lz| < m, (ii) xn(z) = 0 for |z| > n+ 1, and (iii) |x,(z)] < 2 for all z € R.
Given ¢ € H 1(R), we define the special integral of ¢, denoted [g], to be the
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number lim,, (g, x») if this limit exists and is finite. One easily checks that [g]
is well-defined, i.e., does not depend on the choice of sequence {x,},~, satisfying

properties (i), (ii), and (iii) above. If ¢ € Tm(By) then, for any r € By '(q),
: . 2
(44) Jim (g, xn) = lim {(=r.x0) + (1% xn) } = I7l72w)

which shows that [¢g] > 0 on Im(By) with [g] = 0 if and only if ¢ = 0. Moreover, if
r1 and 73 belong to B~!(q), then 1l 2@y = lIr2ll L2 (w)-
The special integral has the following properties:

@) [f]= Jg fdwif fe L'(R) C HT'(R);

(b) Dom ([ - ]) is a linear subspace in H*(R), and f + [f] is linear;

() [ = 0 for any f € L*(R);

(d) If f € L?(R), then [f] exists if and only if f is conditionally integrable, i.e.

the limit lim7_, o fTT f(z) dx exists. In this case, the limit equals [f].

Using the special integral we can give an alternative characterization of Im(By).

Theorem 4.5. A real-valued distribution ¢ € H~*(R) belongs to Im(By) if and
only if:

(i) Ly > 0, and

(i) [q] exists.

Moreover, for any q € Im(By), one has [q] > 0.

Proof. First, suppose that L, > 0 and [g] exists. To prove that ¢ € Im(By),
it suffices by Lemma 4.1 to show that ¢ has an antiderivative Q with bounded
Césaro means. By Lemma 2.1, any ¢ € H~'(R) may be written ¢ = f' + g for
f and g belonging to L?(R). We can therefore take Q(z) = f(z) + G(z) where
G(z) = [, g(s) ds. We will use condition (ii) on ¢ to show that G is bounded.
Since [f'] = 0 for any f € L?(R), we have [¢q] = [g] and [g] exists. Since, also,
g € L*(R), the existence of [g] implies that g is conditionally integrable. Thus,
lim,, o v, exists where «,, := ffn g(z) dx. This is equivalent to the existence

of limg—. 4o [, 9(x) dx if g € L*(R). We need to show that the numbers o;f =

Jo 9(z) dz and o, = ffn g(x) dx are also bounded. Let {n,},~, be a sequence
of C§°(R) functions with 0 < n,(z) < 1, g,(x) = 1 for = € [0,n], n,(z) = 0 for
z € R\[-1,n + 1], and |n),(x)| < 2. Since (LM, M) > 0,

2
—(f 2naml) + / gn2 o> — ) acm, -

Since ||y, [| 2z < 4 and
n+1

0
(201 34/_1 (@) dx+4/ F@)] e <8 FlLa

n

as well as

0 n+1

Jomdo=ai+ [ g@mi) des [ g do < af+2 gl
—1 n

it then follows that o;f > —C with C independent of n. A similar argument shows

that a;, > —C with C independent of n. As a,, = a;f + ; we conclude that the

sequences {a;}} and {a;, } are both bounded, so G is bounded. Since L, > 0 we

have 7/ + 12 = g for some r € L2 (R) by Theorem 1.1, and applying Lemma 4.1 we

loc

conclude that r € L*(R). Hence q € Im(By).
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On the other hand, if ¢ € Im(By), then L, > 0 by Theorem 1.1 and ¢ = 7' + r?
for some r € L?(R), hence by properties (c) and (d) of the special integral, [q] exists
and [q] = [|r|[ 72, > 0. 0

Corollary 4.6. An odd distribution ¢ € H=1(R) cannot be in Im(By) unless q = 0.

Remark 4.7. Generally, the condition Ly > 0 can be considered as a weak form
of positivity for q. If it is satisfied then the existence of the special integral [q] for
q € H7Y(R) implies much stronger existence-of-limit type results. For evample, let
us take any family of functions xr, r, € C§°(R), T1,T> € R, such that x7, 1, = 1
on [=T1,Ts], xry, 7, = 0 on R\ (=11 — 1,T5 + 1), and the derivatives xp, 1,(z)
are uniformly bounded. Then Ly > 0 and existence of [q] imply the existence of the
limat

lim
T 7,1_,2_>_"_OO<Q7 XTy,Ts > 5

which in case ¢ € L*(R) is equivalent to the existence of the limit

T>
lim / q(z)dz.

T1,To—40 —T

To prove the above statements we can, for example, use Theorem 4.5 to find
r € L?(R), such that ¢ =" + 1%, and the result easily follows.

We now consider the restriction Bg : H?(R) — HP~1(R) for 3 > 0.

Lemma 4.8. Let 3> 0. If ¢ € Im(By) N HP~Y(R) and r € L% (R) is a solution
of the Riccati equation v’ +r? = q, then r € H?(R).

Proof. By Corollary 4.2, the result holds for = 0. Hence, it suffices to prove
that in case the claimed result holds for a given Gy > 0, it also holds for any
B € [Bo, Bo + 1/4]. So, assume that ¢ := 1’ +r* € H?~}(R) with 8y < 8 < o + 1
and 7 € H%(R). Then r? belongs to H~'/279(R), H?%~1/2(R), H'/?9(R), or
H" (R) respectively when By = 0, 0 < By < 1/2, Bo = 1/2, or By > 1/2 (see
(2.1)-(2.4)). In the first and last cases, 6 > 0 can be chosen arbitrarily small. Then
7 = q—r?isin H*~1(R) with s = min(3, 1/2—6), min(3,28y+1/2), min(3,3/2—43)
or min(3, By + 1) respectively. As r € L?(R) it then follows that r € H*(R) and
since By < 8 < fo + 1/4 implies s = 3 in all cases, we get the desired result. (Il

Proof of Theorem 1.2. First, suppose that ¢ € H%~(R) satisfies conditions (i)
and (ii) of Theorem 1.2. From the trivial inclusion H?(R) C H°(R) and Proposition
4.3, it follows that ¢ € Im(By), ie., ¢ = r’ + r? for some function r € L?(R).
Applying Lemma 4.8 we see that r € H?(R), so ¢ € Im(Bjp) as claimed. Second, if
q € Im(Bg), then L, > 0 by Theorem 1.1 and ¢ = f’ + g with f =r € L*(R) and
g=r?¢e L' (R). O

5. GEOMETRY OF THE MIURA MAP

In this section, we prove Theorem 1.3. According to Proposition 3.2, B~(q) is
homeomorphic to the set of positive solutions y of L,y = 0 with y € H}_(R) and
y(0) = 1. As before we denote this set by Pos(g). We will show that Pos(q) is
either a point or homeomorphic to a line segment.
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Suppose that Pos(q) is nonempty and choose y; € Pos(q). Using the Wronskian
we can find another solution

o) = (@) [ () ? ds
0
The general solution to Lyy = 0 is then
y(@) = y1(z) (1 + 2 F ()
where

F(x) = /OZ y1(s)2ds.

Observe that F' is a monotone increasing function with F'(0) = 0. If we define
numbers my € (0, +o0c] by

(5.1) my = lirf F(x)

and

(5.2) m_ =— lim F(x),

then F takes values in (—m_,my). We will set m;' = 0 if my = +oo, and

similarly for m~". The conditions y(0) = 1 and y(z) > 0 for all  determine that
any y € Pos(q) is written

y(@) = y1(z) (1 + cF(x))

with ¢ € [—m;l,mjl]. Letting

(5.3) y4(@) = 1 (@) (1 = m3 (o))
(5.4) y- (@) = (@) (1 +m='F(@))
we see that

(5.5) yi(z) <ylz) <y-(z), >0
(5.6) y—(z) <ylx) <yi(z), <0

for any y € Pos(q), and

Pos(q) = {y+ + (1 = O)y— : 0 € [0,1]}.
Thus, either (i) m4 = m_ = +00, y; = y— and Pos(q) consists of a single element,
or (ii) at least one of my is finite, y; # y_. Noting that 6 — Oy, + (1 — O)y_ is

a continuous map from [0,1] to the Hausdorff space H]_(R) we see that Pos(gq) is
homeomorphic to the interval [0,1]. We have proved:

Lemma 5.1. Suppose that q € Hl;}(]R) is a real-valued distribution and Lgq > 0.
Then Pos(q) is either a point or homeomorphic to a line segment.

Next, we show that the sets Ey and Es defined in (1.5) and (1.6) are both dense
in H_!(R). We begin with a simple lemma which will be useful in the proof of

loc

Theorem 1.3.

Lemma 5.2. There exists a family of potentials {w:} ., contained in C§°(R) N Ey
so that (i) supp(w.) C [—e7,e7!] and (ii) lwell gy — 0 ase | O for any B € R.
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Proof. Let y € C*(R) with y(z) =1 for x < —1, y(x) =z for x > 1, and y(z) > 0
for any = € R. The potential w(x) = y”(x)/y(z) has y as a positive solution
of Lyy = 0 and w = B(r) with r = y'/y. Since [;~y(s)"2ds < oo, it follows
from the remarks preceding Lemma 5.1 that w € Es. Now let y.(x) = y (ex) and
w. () = y(x)/ye(z). Then w. € Ey with support in [—e~!,e7], proving (i). To
prove (ii), note that w.(z) = e?w (ex) so that for any nonnegative integer j,

|02 we =e"t270]

2 2
HL2(R) = w“L?(R)'
Since [[ul gra gy < [l o) for a < fandu € HP(R), this shows that lwell oy —

0ase ] 0, for any 0 € R.
Lemma 5.3. B(C3°(R)) is dense in Im(B) and B(C§°(R)) C E;.

Proof. Let ¢ € Im(B) and let r € B~1(q). Let {r,} € C°(R) with r,, — r in
L} .(R). By the continuity of the Miura map, B(r,) — B(r) in H!(R). Thus
B (C§°(R)) is dense in Im(B). If ¢ = B(r) for r € C§°(R), then Pos(q) contains
the element y; () = exp (fox r(s) ds) which is bounded above and below by strictly
positive constants. It follows that m = m_ = 400 (see (5.1) and (5.2)), By the
analysis of positive solutions preceding Lemma 5.1, y; = y_ and Pos(q) consists of

a single point. Hence B(C°(R)) C Fj. O
On the other hand:
Lemma 5.4. F5 is dense in Im(DB).

Proof. Since B(C§°(R)) is dense in Im(B), it suffices to show that for any ¢ €
B(C§°(R)) there is a sequence of elements g, from E» with g, — ¢ in H ! (R) as
n — oo. Suppose that ¢ € B(C§°(R)) with support in [—a, a] for a > 0 and consider
the sequence
Gn =4+ vp

for n > 1, where

Vn(7) = wy/p(z — a — 2n)
and w; is the family constructed in Lemma 5.2. Then v,, — 0 for n — oo in H?(R)
for any B € R. Let p € H (R) be the unique positive solution to Lyp = 0 with
p(0) = 1; note that p(z) is constant away from the support of ¢. If y. is the positive
solution for w, constructed in Lemma 5.2, it is easily seen that the function

), r<a+l1,
(5.7) zn () = { iga)+ 1)y1/n (x—a—2n), z>a+1,
is a positive solution to Lg,y = 0. It follows from (5.7) and the fact that y, /,(2) =
x/n for x large and positive that fooo 2n(8)72ds < oo. Thus, by the analysis of
positive solutions preceding Lemma 5.1, ¢, € Fy. Since v, — 0 in H?(R) for any
0 € R, qn—q—>0inngcl(]R). O

Proof of Theorem 1.3. That Im(B) = E; U E5 follows from Lemma 5.1 and
Proposition 3.2. The density statements were proved in Lemmas 5.3 and 5.4. [

We close this section with some further remarks on the dichotomy of the Miura
map. First, we give a version of Theorem 1.3 for the restriction of the Miura map
to H?(R), 8 > 0.
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Theorem 5.5. Im(Bg) = E1 5 U Eap where Ej 5 = E; N Im(By) N HP~Y(R),
j =1,2. Moreover E; g is dense in Im(Bg) for j =1,2.

Proof. The first statement follows from the fact, established in Theorem 1.2, that
Im(Bg) = Im(By) N H#~Y(R). The proofs of Lemmas 5.3 and 5.4 can be adapted
with trivial changes to show the density of E; 3 in Im(Bg). O

Finally, let
(5.8) No(a) = inf { Ly, 9) : ¢ € G (R), N1l oy = 1}

or, equivalently,

(5.9) Mo(g) = inf { “;f;f;g’ e HL, (R)\ {0}} ,

and define the sets
Eq = {q € Im(B) : Ao(q) = 0}
and
Es ={qeIm(B): \(q) > 0}.
If ¢ has compact support, it is clear that Ag(g) = 0 since we can choose test functions
whose support is disjoint from the support of ¢ and

. 2
inf {[l¢/)*: ¢ € C°(R), [lpllaqay =1} = 0.
Note that the map E, x Rsg — E- given by
(¢,c) —q+c
is a continuous, bijective map onto E-.

Theorem 5.6. (i) E~ C Fy and E; C E,.
(ii)) Ex N Eq £ 0, i.e., Eq is not a fold of the dichotomy. Moreover, Eo is dense in
Im(B), and Ey and Eo N E, are dense in E,.

Remark 5.7. The fact that Es N Ey # 0 has already been observed by Murata [36],
Remark to Theorem 2.2, in his investigation of critical and subcritical potentials —
see Appendiz C.

The proof of Theorem 5.6 will rely on the following proposition.

Proposition 5.8. Suppose that q € ngi(R) and Ao(q) > 0. Then the equation
L,y = 0 has two linearly independent positive solutions y1,y2 € Hi (R).

Remark 5.9. For potentials ¢ € Li (R), the result above is due to Murata [36],
Remark after Theorem 2.7.

In the proof of Proposition 5.8 we will use

Lemma 5.10. Assume thaty € H}
such that Lgy =0 on R\ S. Then

(5.10) Loy =Y (u(z = 0) — u(z +0))é(- — 2),

z€S

(R), and there exists a discrete subset S C R,

where u =y — Qy, Q' = q as in (2.7). In other words,

(5.11) (4. L) = 3z~ 0) ~u(z + 0))2(2).
zES

for every v € C°(R).
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Proof. Using partition of unity, we can split any function ¢ € C5°(R) into a finite
sum of functions ¢g such that for every k a neighborhood of supp ¢y contains at
most one point from S. Therefore, taking into account translation invariance, we
see that it suffices to consider the case when S = {0}. So we will assume that
y€ HL (R)and L,y =0 on R\ 0.
Integrating by parts (see (2.5)) and using (2.7), we get
(W Lew) = (¥, ¢") + (ay, ¢)
= (u+Qy.¢) + (ay,9) = (v, ') + (qy — (Qv)', ¥)
= (u,¢') = (QY', ) = (u.¢') = (Q°y + Qu, p).

Integrating by parts in the first term in the right hand side we obtain

0 o0
(u, ') = / wgde + / ugdz = (u(~0) — u(+0))2(0) — ('], ),

where [u/] is the locally integrable function on R which coincides with «’ on R\ {0}.
Since [u'] = —Q%y — Qu due to (2.7), we finally obtain

(4, Lgp) = (u(=0) — u(+0))¢(0),
as required. O

Corollary 5.11. Let y satisfy the conditions of Lemma 5.10 and have a compact
support (so that S can be taken finite). Then

(5.12) () = / (I + alyP)de = 3 (u(z — 0) — u(z + 0)y(2).
z€S

Proof. Taking limit in (5.11) over a sequence gy, converging to y in HJ,,, (R), we

obtain (5.12). O

Proof of Proposition 5.8. Using notations from the proof of Proposition 3.5 (see
(3.4)), for any ¢ > 0 define a test function (to use in (5.9))

y—c(z), € (—c,0);

(5.13) Ye(@) = S ye(z), 2 €[0,0);
0, x ¢ (—c,c).
Clearly, 1. € Hl\pp (R), 9(0) = 1, and Lytp. = 0 on R\ S where S = {—¢,0,c}.

Applying Corollary 3.4 to y.—y., we see that ¢ — .(x) is an increasing function
of ¢ > 0 for any fixed z € R. Therefore, the L?>-norm |1/, increases with c as well.
By Corollary 5.11 we have

tlI(Q/Jm wc) = ’LL,C(O) - U‘C(O)
It follows from Lemma 2.5 that u_.(0) decreases and u.(0) increases as ¢ increases.
Therefore, ¢ — t4(¢., ) is decreasing as ¢ increases. It follows that the fraction in
(5.9) is decreasing as well. To prove the desired statement, it is enough to establish
that the limit of this fraction is 0 as ¢ — +oo, provided we know that the equation
L,y = 0 has only one positive solution with y(0) = 1. To this end note that
the limits of y_. and y. exists and are both positive solutions, according to the
arguments given in the proof of Proposition 3.5. Due to our uniqueness of positive
solution assumption these limits should coincide. But then we should also have
lim u_.(0) = lim wu.(0),

c——+o00 c—+o00
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because y_.(0) = y.(0) = 1 and the map y — {y(0),«(0)} is a linear topological iso-
morphism between the space of all solutions of L,y = 0 with the H] _(R)-topology
and the space C? It follows that

CETOO tq (d)a 1/10) =0,
which implies the desired statement. O

Proof of Theorem 5.6. To prove part (i), it is enough to show that F~ C Fs since
it then follows by taking complements that F; C FE,. In Proposition 5.8, we
established that any ¢ € Im(B) with Ag(¢g) > 0 has two linearly independent,
positive solutions of L,y = 0 in HL _(R), so E~ C Es.

To prove part (ii), we first note that, by Lemma 5.2, there are compactly sup-
ported potentials in Es, and by the remark above, A\o(q) = 0 for such potentials,
so By N E, is nonempty. Next, note that B (C5°(R)) C C°(R) so B (C°(R)) C E,.
On the other hand, by Lemma 5.3, B (C§°(R)) is dense in Im(B), so E, is dense in
Im(B). We have already shown that F; is dense in Im(B), so F; is also dense in
E, by part (i). The proof of Lemma 5.4 shows that Es N E, is dense in E,. O

Remark 5.12. Note that the map ® : Eq X R>g — Im(B) defined by (q,¢) — q+c
is continuous and bijective, but not a homeomorphism. Otherwise, ®(Eq x {0}) C
Im(B) would be closed, and, as E1 is dense in Im(B), we conclude that Eq = Im(B),
a contradiction. The interpretation that Es is at least “one dimension larger” than
FE1 could therefore be somewhat misleading. Note that the inverse of ® is given by
@~ : Im(B) — FexR>0, ¢ — (¢ — Xo(q), \o(q)). Hence, @~ not being continuous

means that ¢ — X\o(q) is not continuous in Hy . (R).

6. APPLICATION TO KDV

In this section we apply our results on the Miura map to prove existence of
solutions of the Korteweg-de Vries equation in H~1(R) for initial data in the range
Im(By) of the Miura map By : L?(R) — H~'(R). We follow the approach of
Tsutsumi [46], who proved such an existence result for initial data a positive, finite
Radon measure on R. His arguments combined with our results on the Miura map
By lead to the following theorem. Recall that, for a real-valued distribution u €
H7Y(R), [u] denotes the special integral of u (see Theorem 4.5 and the discussion
that precedes it).

Theorem 6.1. Assume that ug € Im(By). Then there exists a global weak solution
of KAV with u(t) € Im (By) for all t € R. More precisely:
(i) u € L (R, H~Y(R)) N L% (R?),

(ii) for all functions ¢ € Cg°(R?), the identity

2 _
- t TTT x -
//(ugo Uz + 3Upy) dz dt =0
R /R

holds,

(iii) limy o u(t) = ug in H-Y(R), and

() 0 < [u(t)] < [ug] for allt € R and limy—.¢ [u(t)] = [uo] .

Remark 6.2. Recall that ug € Im(By) means that ug € H~1(R) with the property
that Ly, > 0 and [ug] exists. Instead of the assumption for [ug] to exist, one can

equivalently assume that ug = f' + g for some functions f € L*(R) and g € L'(R)
— see Theorem 1.2 and Proposition 4.3.
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To prove Theorem 6.1, we need to recall a result of Kato [27] and, independently,
of Kruzhkov and Faminskii [31] — see also [4] and [18]. Consider the modified
Korteweg-de Vries equation (mKdV)

(6.1) 0w = —03v + 6v20,v
with initial data
(6.2) v(0) = vy.

Theorem 6.3. [27], [31] Let vg € L?(R). Then the initial value problem (6.1)-(6.2)
has a weak solution in L>°(R, L?(R)). More precisely, v satisfies:

(Z) CAS LOO(R7L2(R)) N LIQOC(R7H11C)C(R))7

(ii) the identity

/ / (fvgot — VPppr + 21}3(,095) dt de =0
R JR

holds for all ¢ € C°(R?),
(iii) lim;_o v(t) = vy in L2(R), and
() vl 2@y < llvoll2(ry for all t € R.

The following result improves the one of Tsutsumi [46] by adapting it to our
more general setting, and relies on the identity (1.2).

Proposition 6.4. Let v = v(t) be a solution of (6.1)-(6.2) with vo € L*(R) and
the properties listed in Theorem 6.3. Let ug = vy + v3. Then u := v’ +v% is a
solution of KdV. More precisely:

(i) u e L®(R, H-(R)) N L2, (R?),

(ii) the identity

R JR

holds for all ¢ € C§°(R?),
(iii) limy o u(t) = ug in H Y(R),
() 0 < [u(t)] < [uo] for all t € R, and limy_q [u(t)] = [uo] .

Proof. Statement (i) follows from Theorem 6.3(i) together with the fact that By :
L?*(R) — H~1(R) is a bounded, continuous map — see Proposition 2.3. Statement
(iii) follows from Theorem 6.3(iii) and the continuity of By whereas the claimed in-
equality in (iv) follows from Theorem 6.3(iv) and the fact that [u(t)] = ||v(t)||iz(R)
— see formula (4.4). To prove the second statement in (iv), note that by Theo-
rem 6.3(iii), limi—o [v(t)]| 2Ry = voll o). As [u(?)] = ||v(t)||iz(R), the second
statement in (iv) then follows as well. Statement (ii) is proved in [46]. For the
convenience of the reader we include a detailed proof of it.

Let p: R x R — R be the smooth mollifier, i.e. a smooth positive function with
support in the unit disc in R?, p(0,0) > 0, and normalized by [p. p(t,z) dt dz = 1.

For € > 0, set
1 t x
ta)=—pl-=]).
pe (t, @) Egp(€,€>
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Given the solution v(t) of mKdV, define for (¢,z) € R?
velt, ) 1= (pe * ) (1,2)
= / p(t—sx—y) v(sy) dsdy.
R2

Note that for any € > 0 and (t,2) € R?, p. (t — s,z — y) € C§°(R?) as a function of
(s,y) € R?. Further define the function u. € C§°(R?),

2
Ug = Ve + V.

ox
According to (1.2), one has

(6.3)
O P o (0 N[O (D
ate T aps e T P e T \ar T ) o e T 9 T P\ a2

+ 6 ((98:5 + 21)5) (pE * (1)286171)) — v?aaxv5> .
By assumption, v is a weak solution of mKdV, hence
0 3 5 0 0 o3 5 0
&vs + %UE — 6p; * (v 83}1}) = pPe * <5’tv+ %v — 6v 695”)
=0.

Multiplying (6.3) by an arbitrary test function ¢ € C$°(R?) and integrating by
parts, one obtains

0 o3 5 0
(6.4) /}R2 (—ugatcp —Usp 3¢ + Sugaxga) dt dx
0 0 0
20 \ 20 o
6/]R2 {pg * (1} &cv) vz &UUE} ( axgp—l—%ggo) dt dx

o? ) )
_ 3 _ (o9 5 O
= 2/R2 (Ps * U va) (8;32%0 2<paxv8 ZUEamgp> dt dx.

By Theorem 6.3(i),

) ) ,

—v, — —vin L

or ox IOC(RQ)’

Lemma 6.5 below together with Theorem 6.3(i) implies that v € LS (R?). Hence,

loc
2 2 .3 3:0 712 (M2
v: —v°, v — v° in Li ((R*).
Combining all of this, one obtains

pe*yg—ygz(pe*’ug—’ug)—(’l}g—vg)—)0 as € — 0 in L]QOC(R2)

and

0 o} 0 0
2g0£v€ + 27}6%@ — 2@%0 + 211%@ in L?(R?).

Since ue = 9,v, + v?, it follows that

u. — u in L (R?)

and, as supp ¢ is compact,
0? 0 0
/R2 (ps v — v?) (8952('0 — 290%05 — 21158:6@) dt dv — 0
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as € — 0. Therefore, taking the limit ¢ — 0 in (6.4), we conclude that

0 o3 5 0
/R2 (—uatgo — uﬁw + 3u &Ega) dt dz = 0.

O

Lemma 6.5. Let Q :=1x J with I :=[-T,T) and J := [-R, R] where T > 0 and
R >0. Let
Bry=L>(I,H'(J))NL>(I,L*(J))

1/2
esssup,er [|f(t - )2 </ I £(t, ||H1 dt) :

Then, for any f € Br 5, the inequality

with norm

(6.5) £ 1700 < C esssupeer £t ) zes - /Ilf Wi gy dt

holds, where C' > 0 is a constant which depends only on R. In particular, By ;
embeds continuously into L5(Q).

Proof. Let us assume first that f € C§°(R?). By the standard Sobolev embedding
theorem, the space H'/3(J) is densely and continuously embedded in L8(J) (see
g. [39], Theorem 1, p 82),

||9||L6(J) <Cj ||g||H1/3(J)

for all g € H'/3(.J) and some positive constant C;. Further, by interpolation, one
has for any g € H'(J) (see e.g. [39], Remark 2, p 87)
1/3 2/3
lgll 17y < C llgllite s gl 7oy

Setting C' = (C,C")°, we see that
6 / 6
|t atde< [ (€515 )
IxJ I
<C [P Mg I (Dl

By approximation, the above inequality holds for any f € By, ;. For such f we have

/Mf W I (6 s, dt

< esssupo; ||/ (¢ hal/w Wy, dt.

Combinig the two previous inequalities ends the proof. O

Proof of Theorem 6.1. The proof is the one given in Tsutsumi [46], adapted to
our more general setting. By our assumption, By(vg) = ug for some vy € L?(R).
By Theorem 6.3, there exists a solution v € L* (R, L*(R)) N L _ (R, HL (R)) of
(6.1)-(6.2). By Proposition 6.4, u(t) := B(v(t)) is a solution of KdV satisfying
(i)-(iv). O
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APPENDIX A. POSITIVE SOLUTIONS FOR SQUARE-WELL POTENTIALS

In this appendix we present some elementary but important examples of poten-
tials in Im(B) and the associated positive solutions. Let

b, —a<z<a

Qa,b(x) =
0, x| > a
where a,b > 0. It is easy to see that
1/ cosh(ba), T < —a
(A1) y4(z) =< cosh(b(x + a))/ cosh(ba), —a<z<a

(cosh(2ab) + b(xz — a) sinh(2ab)) / cosh(ba), r>a
and y_(z) := y4+(—=x) are linearly independent positive solutions of —y"" + ¢,y = 0.
IfA>0andb= ()\/2(1)1/2 then [ gq5(z) dz = A. Taking a | 0 we recover in the
limit ¢ = Ad where ¢ is the Dirac §-distribution at = 0. In this limit
1 z <0
Yo (z) =
14Xz x>0
and again y_(z) = y4 (—x).

Let us determine the preimage of ¢ = Ad by the Miura map. From the explicit
formulas we have [~ y(s)~?ds < oo but fEOO Y+ (s)~2ds = +o0, while the reverse
is true for y_. If H is the Heaviside function

0 z<0
H(zx) =
1 >0
then the logarithmic derivatives
yi(w)  AH(z) y(x)  yi(=2)
y+(z)  14+Az" y_(2) y+(—)
belong to L?(R). Hence

B7Y(\6) = {(1 —0)

AH(z)  AH(—z)
1+ Mz 1- Xz

|0<0<1}.

APPENDIX B. POSITIVE SCHRODINGER OPERATORS

In this Appendix we provide more information about Schrédinger operators L,
which are positive or, more generally, semibounded below, and have real potentials
s ngcl (R). Namely, we will show that the corresponding quadratic form (defined
on C§°(R)) is closable and describe the domain of its closure. We will also describe
the domain of the corresponding self-adjoint operator. Finally, for strictly positive
L, (such that A\o(g) > 0, see (5.8), (5.9)) we construct Green’s function and use it
to give an alternative proof of Proposition 5.8.

The case of semi-bounded L, for many purposes is reduced to the case when
L, > 0 or even to the case when Ly is strictly positive (that is Ao(¢) > 0) by adding
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a sufficiently large constant to g. So let us assume first that L, > 0. By Theorem
1.1 there exists a function r € L% (R) such that ¢ = B(r). Then L, admits a
formal factorization (1.4), i.e., a presentation L, = PP, where P = (9, —r) and
Pt = — (9, + 1), so that P* is the operator formally adjoint to P in L?(R).
Clearly, P, PT are well defined on the space C§°(R) which is dense in L?(R), so

that P, PT map C§°(R) to L?(R) and

(Pu,v) = (u, PTv), wu,v € C&°(R).
It follows that the operators P, P are closable, with the closures which we will
denote by P, P*. They also have adjoint operators in L?(R), which will be denoted

P* (PT)*. These operators are closed extensions of P¥, P respectively. Since
P* (Pt)* are closed, we have

(B.1) Pc (PH*, PtcpP~
Lemma B.1. (i) We have
(B.2) P=(P"*, P+=PpP"

(i) The domains of the operators in (B.2) are as follows:
(B.3) (P) = {u € L2R) N WL (R) : Pue LQ(R)} ,
(B.4) D(PF) = {v € L2R)NWL(R) : PToe LQ(R)} :

where the operators P, PT are applied in the usual distributional sense.
(#ii) C§°(R) is an operator core for each of the operators in (B.2).

Proof. Tt is easy to see that the right-hand sides in (B.3), (B.4) coincide with
the domains of the adjoint operators (PT)*, P* respectively. Indeed, the relation
(PT)*u = f means that u, f € L?(R) and for every ¢ € C$°(R)

(u, PYo) = —(u,050) — (u,r0) = (f, ).
Since ru € L{ (R), this is equivalent to d,u — ru = f, where 9, is applied in the
sense of distributions. It follows that d,u = f + ru € L (R), hence u € Wli’cl (R)
or, equivalently, u is absolutely continuous. This means that the right hand side
of (B.3) coincides with ®((P*)*). The same argument applies to the operator P*
and the right-hand side of (B.4).

Taking into account the inclusions (B.1), we see that to establish all statements of
the lemma, it suffices to show that the right hand sides of (B.3), (B.4) belong to the
domains of P, P* respectively. This is easily done by use of Friedrichs’ mollifiers.
It is essentially a special case of Friedrichs’ [13] well-known result on equality of
weak and strong extensions of differential operators, but we give the proof for the
reader’s convenience. We will give the arguments for P (the arguments for PT are

the same).
So let us assume that
(B.5) u e L*(R) N WL (R), Pu e LA(R).

We need to show that v may be approximated by a sequence {uy,},~, from C§°(R)
with u,, — u and Pu,, — Pu in L?(R). First, we show that it suffices to consider
u satisfying (B.5) and additionally having compact support. To this end, take
X € Cg°(R). Then xu also satisfies (B.5) and P (xu) = x'u + xPu. If x,, € C§°(R)
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satisfies the conditions 0 < y,, <1, xn(z) = 1 for |z| < n, xn(x) =0 for |x| > n+1,
and |x}(z)| < 2, then x,u — u in L*(R) as n — co. Moreover, x,u — 0 and
XnPu — Pu in L?*(R) as n — 00, so P(xnu) = X,u + XnPu — Pu in L*(R) as
n — oo Thus, we may assume that u has compact support.

Given u satisfying (B.5) and having compact support, we now use Friedrichs
mollifiers to construct a sequence of approximants from C§°(R). Let j € C§°(R) be
a nonnegative function with [ j(z) dz =1, and, for any k € N, let ji(z) = kj(kz),
and let up = u * ji. Clearly ux € C°(R) and up — u in L?*(R). We claim that
Puy, — Pu in L*(R). Since v € Wl (R) and r € L{ (R), it follows that ru €
LY(R). Moreover, as u satisfies (B.5) and the support of u is compact, Pu € L(R).
Therefore u/ = Pu + ru belongs to L'(R). Hence, u is a bounded, continuous
function which shows that ru € L2(R). As a consequence, u' = Pu + ru € L*(R).
Thus u}, — v’ in L2(R), uy, — u in L=(R) as k — oo and so

Pup — Pu = (uj, —u') +r (up — u)
converges to zero in L?(R) as k — oo. O
Now let us recall a classical theorem of von Neumann [47] (see also [38], Theorem
XT1.23) which asserts that if A is a closed densely defined operator in a Hilbert space,

then the (generally unbounded) operator H = A* A is self-adjoint. Here the domain
of A*A is naturally defined as

D(A*A) = {u € D(A), Au € D(A")}.

(Note that an essentially inverse statement also holds: if two densely defined oper-
ators A, AT are formally adjoint, that is

(Au,v) = (u, ATv), ueDA),veDA),

and At A is essentially self-adjoint, then the closures A, A* are adjoint to each
other; see the appendix to [42].)

The following lemma is well-known.

Lemma B.2. Let A be a closed densely defined operator in a Hilbert space, and
H = A*A. Denote by ty the quadratic form of H, and let ®(ty) be its domain i.e.
D(ty) = D(HY?). Then D(tz) = D(A) and

ty (u,u) = ||Aul|?, u € D(A).

Proof. Take the polar decomposition A = U|A|, where |A| = (A*A)Y/? = H'/? and
U partial isometry with Ker U = Ker A (see e.g. Sect. VIIL9 in [38]). It remains
to notice that ®(A) = D(|A|) (because U is bounded), and

tr(u,w) = | HY2ul® = ||| Alu)® = | Aul?,  u € D(A),
because U is an isometry on the range of |A|. O

Note that a positive self-adjoint operator H is uniquely defined by its (positive,
closed) quadratic form (see e.g. Theorem VIIIL.15 in [38]).

Taking the quadratic form t;, corresponding to a potential ¢ € ngcl (R) and
assuming that it is positive (or, more generally, semi-bounded below), we can con-
struct a unique self-adjoint operator H with this form. It follows from the consid-
erations above that when the form t; is positive, we can write this operator in the
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form H = P*P, and the domain of H is

(B.6) D(H)={uc L*R), (0, —r)u € L*(R), (0p +7)[(0x — r)u] € L*(R)},

where r € L _(R) is a solution of the Riccati equation r’ 472 = q.

In case when L, is semibounded below but not positive, the arguments given
above should be applied to the operator L, + ¢ with ¢ > 0 such that L, 4+ ¢ > 0,
with subsequent subtracting of the same constant ¢ from the resulting operator
(which does not change the domain of the operator). The resulting operator H will
not depend of the choice of ¢ because different choices of ¢ lead to the same (closed)
quadratic form of the resulting operator.

The following lemma simplifies calculation of Hu if we know that u € D(H).

Lemma B.3. Let g € H ;! (R) be such that L, > 0. Then H can be estended to a
linear operator Lq with the domain

(B.7) D(Ly) = {u € Hyo(R) N L*(R), Lu € L*(R)},

where Eq is —02 + q applied in the sense of distributions, i.e. both 8% and q act
as linear continuous operators H (R) — H_}(R) (9% acts as the distributional

derivative, and q acts as a multiplier in these spaces).

Proof. If u € D(H) (as described by (B.6)) then u € L2(R) and f := v/ —ru €
L2(R). Since ru € L (R), we see that v’ € L. _(R), hence u € WL (R), ie. u
is absolutely continuous. But then ru € L (R), and u € H. (R). Now we can
conclude that

(0 +1) (0 —r)u = (=0; + q)u,
where all operations should be applied in the distributional sense. We proved that
D(H) c D(L,) and H, applied as a factorized operator (see (1.4)), is a restriction

of L. O

Remark B.4. In particular, we can apply H on ®(H) as —02+q applied termuwise,
which is usually easier than to apply it in the factorized form. To illustrate it, note
that it may easily happen that ©(L,) does not contain any function u € C3°(R)
(except w = 0). This is true e.g. for the potential

q(z) = ché(x — k), ch < 00,
k=1 k=1

where ¢, > 0 for all k, and the set {x}7° | is dense in R. Therefore, the same is
true for ©(H).

Remark B.5. The operator Zq may be defined on the domain (B.7) even without
semi-boundednes requirement. But in this case the resulting operator (called usually
“maximal operator”) in L*(R) will not necessarily be self-adjoint even if ¢ € C*°(R)
(see e.g. Sect. X.1 in [38] or Sect. II.1 and II.4.2 in [3]).

Now, note that A\g(¢q) (as defined in (5.8)) is the bottom of the spectrum of the
self-adjoint operator H. So, if A\g(¢) > 0, then there exists a bounded, everywhere
defined linear operator T := H~! in L?(R). It maps L?(R) onto D(H). We will
now analyze the properties of the Schwartz kernel of T', which is Green’s function
for the operator H, where H is an arbitrary, but fixed Schrédinger operator with a
real potential ¢ € H} (R™) such that \o(q) > 0.
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Lemma B.6. The following estimates hold for any bounded open interval I C R
and any v € HL (I):

—1/2
(B.8) ol ey < 112 Ml oy + oy
and
1/2
(B.9) W gy < / IPull p2cry + Il g2y lull 2 -

where |I| means the length of the interval I.

Proof. Both estimates are well-known but we provide the proofs for the convenience
of the reader. We start with

u(z) —u(y) = /"I/’ u'(s)ds, x,y€l,

which implies

u(@) —u()| < 1W|2n),
hence

u(@)| < Ju()| + W]l (1),
and

lwll oo 1y < lu(y)] + 1wl L1 (1),
for all y € I. Integrating with respect to y € I and dividing by I, we get
lullpoe (ry < HIHlulloray + I/l
Applying the Cauchy-Schwarz inequality in the first term in the right hand side,
we obtain (B.8).
From v/ = Pu+ru, taking L'-norms of both sides and using the Cauchy-Schwarz
inequality we obtain
/|l Ly < 1Pl iy + lrull oy < V2 Pullzay + 7l el ez,

which proves (B.9). O

Lemma B.7. Let us assume that ¢ € H;,'(R) with \o(q) > 0. Then
1) The operator PT is defined everywhere in L*(R) and ||PT|| = \o(q) /2.
2) PTP* = I on ®(P).

Proof. 1) Since P*(PT) = (P*P)T = I, the operator PT is everywhere defined in
L3(R). Also, for any u € L?(R),

|PTu||® = (PTu, PTu) = (TP*PTu,u) = (Tu,u) = ||T"/?ul]?,

so the first statement immediately follows. (In fact, the presentation PT = U T2,
with U = PT'/2  is the polar decomposition of PT.)
2) For any u,v € ©(P*P) we have
((PTP*)Pu, Pv) = (PT(P*P)u, Pv) = (Pu, Pv),

so PTP*u = u for all u € ®(P*P). It remains to recall that ®(P*P) is dense in
L3 (R). O
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Heuristically, Green’s function G = G(z,y) should be given by

(B.10) G(z,y) = (T6(- — y))(x).
So it is expected to satisfy
(B.11) (=02 +q(2))G(z,y) = d(z —y),

and be the Schwartz kernel of a bounded linear operator in L?(R). More precisely,
we will prove:

Lemma B.8. Let us assume that ¢ € H;,}(R) with \o(q) > 0. Then there exists a
measurable, real-valued function G(x,y) on R x R with the following properties:
(i) For any bounded interval I in R, there is a positive constant C(I) so that

sup ( [ctawy? dy) " e

xel

and the map x — G(x, - ) is Holder continuous of order 1/2 as a mapping from I
into L?(R).
(ii) For any f € L*(R),

(Tf) () = / G(x.y) f() dy

(iii) G(z,y) = G(y,x) almost everywhere.
(iv) For each fized x, the function G(x, - ) belongs to D(P).
(v) For any ¢ € C°(R) and any x € R, (PG(z,-), Pp) = ¢(z).

Remark B.9. Part (v) states that G(zx,y), viewed as a function of y with © as
parameter, solves the equation L,G(z,y) = 6, (y) in distribution sense.

Proof of Lemma B.8. In what follows, r € L? (R) is fixed and satisfies ¢ = 1/ + 12,

loc
I denotes a bounded interval in R, and C(I) denotes a generic constant depending

on |I] and r. Its value may vary from line to line.
We will make repeated use of the following observation, based on Lemma B.6.
If » € D(P) and I is a bounded interval, then by Lemma B.6,

(B.12) sup ()| < O (9o ) + [PV o)

Using the boundedness of ¢ and the fact that Py € L?(R), we can then deduce
that

(B.13) 1 llz2ry < Pl oy + Il 1l
< O (1l + [P 2y ) -

Since, by Lemma B.7, ||FT¢||L2(R) < CllYll 2wy, it follows from (B.12) and
(B.13) that for any 1 € L?(R), one has Ty € H}_(R) with

(5.14) sup (76 (&) < ) [ sy
and
(B.15) JE @] < e vlse .
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In particular, for each x, the map = — (T%) (z) is a bounded linear functional on
L3(R). It follows from the Riesz representation theorem that there is an element
G, of L?(R) with

(TY)(x) = (¢, Ga).
We claim that, also, the map I > z — G, € L?(R) is Holder continuous of order
1/2. To see this, we use (B.15) together with the Cauchy-Schwarz inequality to
conclude that for z and y belonging to I,

(T9)(x) — (T9)(y)| < CU) |z =y [ gz
and thus

sup {16, G — G| - € L2(R), [l pagey = 1} < C(D) |z — /2.

This proves the required Holder continuity. It follows that the map x — G, is a
weakly measurable map from I into L*(R) with [|Gy|| 2y bounded uniformly in
x € I, so that  — G, may be regarded as an element of the space L?(I; L*(R))
consisting of weakly measurable, square-integrable functions on I taking values in
L?*(R). By Theorem II1.11.17 of [11], there is a measurable function G(z,y) on
I x R with the property that G;(z, - ) = G, for every z € I. As

(0, T) = /1 @)l dy do

for any ¢ € L>°(I) and ¢ € L?*(R), it is easy to see that for any bounded intervals

I and J with I C J, the restriction of Gy to I X R equals G; almost everywhere

with respect to product measure on I x R. Taking a sequence of bounded intervals

{I,} with I, /" R as n — 0o, we can construct a measurable function G on R x R

that obeys properties (i) and (ii). Property (iii) follows from the symmetry of T'.
To prove property (iv), let ¢ € D(P*) and note that

(Ga, PTp) = (TP ) ().
By Lemma B.7, H?TP*Q@HLQ ) < [l 2(g) holds. Hence TPy € WLH(R) and,

loc
for any bounded interval I,

sup [(TP") (@) < CU) NIl 2wy

(R

so that
(G, P* o)l < C(I) 1@l 12wy
for any ¢ € D(P*). This shows that G, € D(P**) = D(P), proving (iv).
Finally, to prove (v), let ¢ € D(H) and compute
p(x) = (THep)(x)
= (Hyp,G.)
= (Pyp, PGy).

Since D(H) is dense in D(P) and point evaluations are continuous inﬁD(?) it

follows that p(z) = (Py, PG,) for all ¢ € D(P). Since C°(R) C D(P), (v) is
proved. 0

To construct positive solutions from Green’s function, we will need the following
lemma.
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Lemma B.10. Suppose A\o(q) > 0 and that y € H} (R), Lyy = 0, and either
(i) y € L*(0,00) and Py € L?*(0,00), or

(ii) y € L*(—0,0) and Py € L*(—00,0) .

Then, either y has no zeros on R or y is identically zero on R.

Proof. We will give the proof assuming (i) holds since the proof assuming (ii) holds
is similar. Suppose that y € H (R) solves Loy = 0, (i) holds, and y(x) = 0 for
some zy € R. We will assume without loss that g = 0. By assumption (i), the
function (@)
o y(xr), 0<xr<oo
w(z) = { 0, =<0

belongs to L*(R) N HL (R), and Pw € L*(R), hence w € Wﬁ)cl(R) It follows from
Lemma B.1 that w € D(P).

We claim that there is a sequence {¢,} from C§°(R) with support contained in
(0,00) so that ¢, — w and Py, — Pw in L%(R). If so then, on the one hand,

(B.16) (Pgn, Pw) =0

since Lyy = 0 and L,y = L,w as distributions on (0, c0). Taking limits in (B.16)
as n — oo we have

(B.17) (Pw, Pw) =0,
hence Pw = 0. On the other hand, we have
(B.18) (Pen, Pon) > Xo(q) [lonl?

where Ao(g) > 0. Taking limits as n — oo in (B.18) and using (B.17), we conclude
that w = 0. It follows from the uniqueness of solutions to L,y = 0 with prescribed
initial data that y = 0 identically.

Thus, it remains to prove the existence of a sequence {p,} with the claimed
properties. First, we show that w may be approximated by functions which vanish
identically near x = 0. Let x € C*®(R) with 0 < x(z) <1, x(z) = 0 for z < 1,
x(xz) =1 for x > 2, and |x'(z)] < 2 for all x € R. Let x.(x) = x(z/e). The

functions w.(z) = xc(z)w(z) converge to w in L*(R) as ¢ — 0 by dominated
convergence. We claim that, also, Pw. — Pw in L%(R). To see this, compute
(B.19) Pwe = x(x)w(z) + Xe(z)(Pw)(x).

The second term in the right-hand side of (B.19) converges to Pw in L?(R) by
dominated convergence while the first one converges to 0 in L?(IR) by the following
reasons. Observing that

[ewrperas s [ [ o)

we conclude

2 2e 5
dm§4/ ' (4)? dt,
0

/X’E(a:)2 lw(z))* dz — 0 as e — 0.

Thus Pw. — Pw in L?(R).

Letting ¢ = 1/n, the function w /,, has support in [1/n,00). We can use smooth
cut-off functions and Friedrichs mollifiers as in the proof of Lemma B.1 to find
a Cg° function ¢, with support in [1/(2n),00) so that ||y —wl/nH < 1/n and
|Pn — Pwi/y|| < 1/n. In this way we obtain a sequence {¢,,} from C§°(0,00) so
that [, — w| — 0 and [Py, — Pw|| — 0 as n — oc. O
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As an application of the results obtained in this appendix, we give an alternative
proof of Proposition 5.8

Proof of Proposition 5.8. We claim that there exists an € R so that y —
G(z,y) does not vanish identically on (z,00). If not then G(x,y) = 0 for all (x,y)
with y > 2 and hence, by Lemma B.8(iii), for all y # x. Therefore G(z,y) = 0
a.e., a contradiction. Now choose such an z. Then the function ¥4 (y) = G(x,y)
for y > x is not identically zero on (z,00). From Lemma B.8(i), (iv), and (v),
VYy(y) € L? (z,00), Py € L?(x,00), and Lgpy = 0 for y > x. Let Q be an
antiderivative of ¢ and let {y,,uy} be the unique solution to the system (2.7) with
initial data y4 (z4+1) = ¥4 (z+1) and (u4) (z+1) = (Y4 — Q) (x+1). Then y4
coincides with ¢, on (z,00), so y4 and Py, belong to L?(0,00). It follows from
Lemma B.10 that y has no zeros, so by changing signs if necessary we conclude that
yy € L%(0,00) and y, is strictly positive on R. A similar construction considering
the function 9_(y) = G(z,y) for some = € R and y < z leads to a strictly positive
solution y_ of L,y = 0 with y_ € L?(—00,0). If y; and y_ were linearly dependent,
then after multiplying one of them by an appropriate constant, we would obtain
a function ¢ in the domain of H, v not identically zero, with Hy¥ = 0, which is
impossible since Ag(q) > 0. Thus y4 and y_ are linearly independent. O

APPENDIX C. RELATED WORK

The Miura map was introduced by Miura [34], [35] and played an important
role in the search of integrals of motion for the Korteweg-de Vries equation. Miura
discovered that his map takes smooth solutions of mKdV to smooth solutions of
KdV. Hence it can serve as a tool to derive results on the initial value problem for
KdV from results on the initial value problem for mKdV — see e.g. [46]. Despite the
fact that the Miura map is not one-to-one, when considered, for example, as a map
between appropriate Sobolev spaces, it is also possible to use it to derive results for
the initial value problem of mKdV from results of the initial value problem of KdV
—see e.g. [16], [9], [26].

Miura map on the circle: Motivated by earlier work of Ambrosetti and Prodi [2] on
certain nonlinear elliptic boundary value problems, McKean and Scovel [33] stud-
ied - among other nonlinear maps - the Miura map on the circle T. They exhibited
a global fold structure for the Miura map when viewed as a map from H!(T) to
L*(T). For further results in this direction, see Bueno and Tomei [7]. Later, Ko-
rotyaev [29], [30] and Kappeler and Topalov [24] extended the global fold picture to
the Miura map from periodic functions in L?(T) to H~!(T). Kappeler and Topalov
proved existence and well-posedness of solutions to the mKdV equation with initial
data in L?(T) [26], using [24] and their results on the initial value problem for the
periodic KAV equation established in [25].

Miura map on the line: On the line, the Miura map and related topics have also
been investigated extensively, and not exclusively with a view towards applications
for solving the initial value problem of KdV or mKdV.

e Positive solutions of Schrodinger equations or more generally of second order
elliptic equations — in particular in connection with spectral properties of the cor-
responding operators — have been extensively studied in various settings. We only
mention the result, referred to as Allegretto-Piepenbrink theorem in [10], Theorem
2.12 or in [44], section C.8. This theorem states that for potentials ¢ € L (R"),

loc
satisfying some additional conditions, (—A + ¢)u = Au has a nonzero solution u
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(in the sense that v € W) (R") and qu € L _(R™)), which is nonnegative every-
where, if and only if inf(spec(—A + ¢)) > A. See [10] or [44] for further details
and references to the papers of Allegretto and of Piepenbrink as well as additional
references. In the one-dimensional case at hand, the equivalence of the statements
(ii) and (iii) of Theorem 1.1 for potentials ¢ € L] _(R) is well known — see [19], The-
orems XI.6.1 and XI.6.2 and Corollary XI.6.1, [36], Appendix 1, or [17], Theorem
3.1. Thus Theorem 1.1 as stated above shows in particular that this equivalence
continues to hold for ¢ € H ;! (R).

e With regard to the characterization of the image of the Miura map By , we men-
tion the result of Ablowitz et. al. [1] which characterizes the image of Schwartz
space by By in terms of the scattering data of these potentials as well as the result
of Tsutsumi [46], stating that any finite, positive Radon measure is in the image of
the Miura map By : L?(R) — H~1'(R). Further, the case where ¢ is continuous is
treated by Hartman [19], Chapter XI.7, Lemma 7.1. The result stated in Theorem
1.2 sharpens all these results and puts them into a broader perspective.

e The dichotomy described in Theorem 1.3 has another interpretation which does
not involve the Miura map at all: Murata [36], Appendix 1, describes the dichotomy
stated in Theorem 1.3 — again for potentials in ¢ € LllDC (R) — in terms of the notion
of subcritical, critical, and supercritical potentials, where in his terminology (i) ¢
is called subcritical if L, has a positive Green’s function, (ii) ¢ is called critical if
L, > 0 and does not have a positive Green’s function , and (iii) ¢ is called su-
percritical if L, is not nonnegative. See Simon [43] for an alternative notion of
subcritical and critical potentials. In [36], Theorem A.5, Murata shows that (i)
q € L} (R) is subcritical iff L,y = 0 admits two linearly independent positive so-

loc

lutions in W' (R) and that (i) ¢ € L\ (R) is critical iff L,y = 0 has up to scaling

loc loc

one positive solution y € VVliC1 (R). These results of Murata for one-dimensional
Schrodinger operators were later extended by Gesztesy and Zhao [17], Theorem
3.6, to more general Sturm-Liouville operators. Our results on the dichotomy for
Schrodinger operators obtained in this paper extend the results of Murata (and of
Gesztesy and Zhao) in two directions. First, we consider potentials which are real-
valued distributions in a Sobolev space with negative index of smoothness § > —1.
Hence they are not necessarily functions. Second, we describe geometric aspects of
the dichotomy: see Theorem 1.3 and Theorem 5.6.

Schrodinger operators with singular potentials: Recently, the operators L, consid-
ered on an interval (a,b), with potential ¢ in a Sobolev space with negative index
of smoothness, have been studied by various authors. In particular, we mention
the paper [41] where different approaches to define the operator L, are discussed
in detail and asymptotics for the eigenvalues and eigenfunctions of these operators
are obtained. See also [20], [21], [23], [29], [30], [37], [40], [41] as well as [41] for
further references.

Initial value problem for KdV: The initial value problem for KdV on the line has
been extensively studied. We only mention that, based on the works of Bourgain
[5], [6], it has been proved by Kenig-Ponce-Vega [28] that KdV is locally uniformly
C° well-posed on H*(R) for s > —3/4 and later, by Colliander, Keel, Staffilani,
Takaoka and Tao [9], that KdV is globally uniformly C° well-posed on H*(R) for
s > —3/4. An existence result for the limiting case s = —3/4 has been obtained
by Christ, Colliander and Tao [8]. Beside the work of Tsutsumi already mentioned
above on solutions of KdV with positive Radon measures as initial data, it has
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been shown in [22] that for measures of bounded variation with sufficient decay at
infinity as initial data, there exists a classical solution for ¢ > 0.
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